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Kaifeng DUANZ, Ryuichi TANI2, Kenetsu UCHIDAS,
Keita ZUSHII* and Osamu NAGAOKA?®

1student member of JSCE, Graduate School of Engineering., Hokkaido University
(5 Chome Kita 8 Jonishi, Kita Ward, Sapporo, Hokkaido 060-0808, Japan)
E-mail: kaifeng.duan.k5@elms.hokudai.ac.jp (Corresponding Author)
2Member of JSCE, Assistant Professor, Faculty of Engineering., Hokkaido University
(5 Chome Kita 8 Jonishi, Kita Ward, Sapporo, Hokkaido 060-0808, Japan)
E-mail: r-tani@eng.hokudai.ac.jp
3Member of JSCE, Professor, Faculty of Engineering., Hokkaido University
(5 Chome Kita 8 Jonishi, Kita Ward, Sapporo, Hokkaido 060-0808, Japan)
E-mail: uchida@eng.hokudai.ac.jp
4Nonmember of JSCE, DOCON CO., LTD.
(6,Kita 1 Jo Nishi 1-Chome, Chuo Ward, Sapporo, Hokkaido 060-0001, Japan)
E-mail: kz1899@docon.jp
SMember of JSCE, DOCON CO., LTD.
(6,Kita 1 Jo Nishi 1-Chome, Chuo Ward, Sapporo, Hokkaido 060-0001, Japan)
E-mail: on1255@docon.jp

This study proposes a computationally efficient method for the traffic states estimation by using floating
car data. The traffic states in a road network are obtained by solving a full information maximum likelihood
estimation (FIMLE) problem under user equilibrium (UE) constraints. Solving the FIMLE problem under
equilibrium constraints requires much computations time. Therefore, a solution algorithm based on the
sensitivity analysis for UE is proposed in this study. We estimate the traffic states in the Asahikawa network
in Hokkaido, Japan by applying the method proposed in this study.
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1. INTRODUCTION

The field of traffic planning has witnessed a signif-
icant impact due to the advancements in information
and communication technology. Previously, traffic
data collection was carried out through manual
means, but the development of traffic data collection
technology such as traffic detectors and ETC2.0 has
facilitated the collection of comprehensive road traf-
fic states. The development of a precise system capa-
ble of processing large traffic data is crucial for accu-
rately estimating road traffic states.

Several studies have been conducted to estimate
traffic states in networks. Hara (2018) estimated link
speeds following a multivariate normal distribution
from accumulated and observed probe car data and
developed a method to complement link speeds on
road links where probe car data is not available.

Tani and Uchida (2020) constructed a maximum

likelihood estimation model with equilibrium con-
straints based on a traffic assignment model that con-
siders the uncertainty of the road network and pro-
posed a method to estimate the joint distribution of
link traffic flow and delay time for the entire network
for multiple time periods.

Additionally, Bayesian inference has been used to
estimate traffic states. Hazelton (2010), and Parry
and Hazelton (2013) estimate traffic flows by net-
work-based models using Bayesian inference. Wei
and Asakura (2013) present a Bayesian method for
estimating road network traffic flows. The traffic
flows are computed using a stochastic user equilib-
rium (SUE) traffic assignment model.

Kawamura et al. (2021) proposed a method for es-
timating the posterior distribution of traffic condi-
tions. The probability distribution of traffic condi-
tions is estimated from the maximum likelihood esti-
mation model constructed by Tani and Uchida (2020)



as the prior distribution, and then Bayesian estima-
tion using traffic flow data obtained from traffic de-
tectors and travel time obtained from probe data as
the likelihood. The proposed method is based on the
Bayesian estimation of the posterior distribution of
the traffic condition.

Zheng and Van Zuylen (2013) offer an artificial
neural network approach based on probe car data for
link travel time estimation. Tani et al. (2018) pro-
posed a method to estimate stochastic path travel
times by using both traffic counter data and probe car
data.

Tobin and Frizes (1988) proposed a sensitivity
analysis method for an equilibrium (UE) traffic as-
signment problem. Yang and Bell (2009) modify the
method by Tobin and Frizes (1988).

In this study, a method for the estimation of traffic
states using link delay data is proposed. The link de-
lay data collected by Electronic Toll Collection Sys-
tems 2.0 (ETC2.0) is used in the method. The ETC2.0
can collect the travel times only on links where vehi-
cles with ETC2.0 pass. The market penetration rate
of the ETC2.0 is not high so far. Therefore, there are
some links in a road network in Japan where no travel
time is collected. To cope with a road network where
some of the link data is unavailable, the traffic states
estimation is formulated as a full information maxi-
mum likelihood estimation (FIMLE) problem with
UE constraints in this study. An efficient algorithm
for solving the FIMLE problem based on the sensi-
tivity analysis for UE is also presented.

The rest of this paper is as follows. Section 2 for-
mulates a network model including the definition of
traffic flows, travel times, and a UE traffic assign-
ment problem. Section 3 introduces the FIMLE prob-
lem UE constraints. Section 4 proposes an efficient
solution algorithm based on sensitivity analysis for
UE. Section 5 demonstrates and verifies the proposed
method in a real network. Finally, the concluding re-
marks and future directions are shown in the final
section.

2. NETWORK MODELS

(1) Notations

The notations below are adopted in this study.
Random variables are expressed in capital letters, and
lowercase letters are used to denote the expected val-
ues of the corresponding random variables.

A Set of links in the network
I Set of OD pairs

J; Set of path

0 Total OD demands

Q; Demand between OD pair i

T, Travel time on the link a
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T, Delay time on the link a
Cq Traffic capacity on the link a
pi The ratio of demand for OD pair i to
the total OD demands
Dij Probability of selecting path j in
OD pair i
Eij Travel time on path j between OD pair i
Fj; Traffic flow on path j between
OD pair i
v, Traffic flow on the link a
t0 Free flow travel time on the link a
a, Parameters of BPR function
Cij Generalized path travel cost on
path j between OD pair i
Wi Minimum path travel cost between OD pair i
A Link/path incidence matrix
F,u,Z Q,C Vector of path flows, minimum path

travel costs, path travel times,

OD demands, and generalized travel
costs

Mean vector of path flows,
generalized travel costs, and OD
demands

(2) Traffic flow

Consider a road network G(N,A) with a set of
nodes N and a set of links A. The total demand Q in
this network that follows a log-normal distribution is

Q~LN(u,0?) (M
where u and o2 are the parameters of the log-normal
distribution. The demand Q; for OD pair i € I is ex-

pressed as

Qi=pi-QVi€el (2)
where the ratio p; for OD pair i holds Y;¢; p; = 1.
OD demand Q; follows the following log-normal dis-

tribution.
Qi~LN (g, 0, ) Vi€l )
Its parameters are
to, = 1+ 1In(p) Vi€l 4
05, = 0% Vi€l (5)

The vector of mean OD demand is represented as
follows:

Ko = (#Ql' - Hop "'““Qm) ©
The path flow F;; is calculated as the product of the
OD demand Q; and p;; which is the probability of se-
lecting route j between OD pair i.
Fij=pij Qi = pij pi-Q (7
Vi€elvjeE]J;



The path flow follows the following log-normal dis-
tribution.

Fy~LN (s, o7,,) ®

VielLVj€]J;

where

ur; = +1In(py - p;) )

VielvjeE]J;
of; =0*Vi€LVj€E]; (10)

The link flow is expressed as the sum of path flows
that pass through the link:

Va=zzFij'5aj (11)
i€l jej;
=Zzpij'Pi'Q'5aj=15a'Q
i€l jej
Va€eA
where
. 12
Pa=zz5aj‘Pij'Pi (12)
i€l jeJ;
Va €A
Its parameters are given as follows.
Va~LN(py,, 07 ) Va € A (13)
Uy, = p+ ln(foa) Va€eA (14)
oy =0’Va€A (15)

(3) Travel time

In this study, the link travel time is defined by the
BPR function. Using the previously defined link flow
and the link capacities C,~LN (uc,, 0Z,) (Va € A),
the link travel time follows the following shifted log-
normal distribution.

Va\P (16)
Ta(Va Ca) = 12 <1 +va() )
Ca
Va€eA
Link travel time is expressed as follows.
td-«a 17
Ta(Va'Ca) = tg + . (Va)ﬁa (17)
c,Pa
Ba
=t3+ya-(—a> Va€A
Ca
Ya=1t0 a, Va€ A (18)

The link travel time shown above can be divided
into a deterministic term (free flow travel time) and a
random term (link delay time).

The random term is affected by changes in link
flow and link capacity. Since the link flow and link
capacity follow mutually independent log-normal
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distributions, the link delay time also follows a log-
normal distribution. The link delay time follows the

following log-normal distribution.
Ba

Ta=Ya (Z—“) ~LN (ptzy, 02 (19)
g’a €A
where
Hr) = In(ya) + Ba - In(Ba)
+L, - (,u - llca) Va €A (20)
072,4 =(Ba)? (o + Uga) (21)

Va €A
The link travel time follows a shifted log-normal

distribution. Thereby, the link travel time is
T,=t3+T, Va€A (22)

In other words, the distribution of link travel time
is a positive parallel shift to the distribution of link
delay; hence, the traffic states were estimated using
the link delay, which follows the log-normal distribu-
tion, and not link travel time. Then, the mean of link
travel time is given by

E[T,] = ta + E(Ty)
— tO l 2
=tg +exp :“T,{"‘ZUT,;
Va€eA

(23)

The path travel time is expressed as the sum of the
link travel time as follows.
Eij = ZTa (SaJVl € I,VJ E]i
a€A
where &, is the variable that equals 1 if path j uses

24)

link and 0 otherwise. Here the mean of path travel
time is calculated as follows,

E[E;] :ZE[Ta]-aaj

a€cA
Vi€, Vj€J;

the vector of path travel times is expressed as follows.
(26)

(25)

= - - - T
= = (.:11, ey ‘:ij' ey ':|I||]1|)

(4) User equilibrium assignment model
The generalized path travel cost is calculated by
the sum of the mean of link travel time.

Cij = Z E[T,] - 64y 7
a€cA
Vi €l,Vj €]
T
CcC = (Cll' C12 CU Cl”l]l.l) (28)



where &, is the variable that equals 1 if path j uses
link and 0 otherwise. The vectors of path flows, OD
demands, and the mean vectors of path traffic flows
and OD demands are respectively represented by

F = (Fia o, Fyjy oo Fiyp) (29)
f=(fiv - fijo ---'f|1||1i|)T (30)
Q= (Qu o Quvees Q1) 1)
4= (g1 ' Gor e qyr) (32)

When mean vector of path flows is f > 0, the min-
imum path travel cost between OD pair i is expressed
as follows.

wi = min{c;;,Vj € J;}Viel (33)

Here, the vector of minimum path travel costs is

shown below.

n= (ul,...,/,ti,...,m”)T (34)
For any path j € J; between OD pairi € I, the
mean vector of path flows f is in Wardropian equi-
librium (User Equilibrium) shown below.
fij>0—>Cij=‘lliViEI,Vj€]i (35)
fij=0—>Cij2‘lliViEI,Vj€]i (36)
The equilibrium condition for User Equilibrium (UE)
assignment for a given OD pair is that the generalized
costs of the used routes are all equal and are smaller
than or equal to the costs of the unused routes.
Given this equilibrium condition, the user equilib-
rium condition can be expressed as the following var-
iational inequality problem:

z cij(fij— fij) =0 37)
i€l jeJ;
S ea
i€l jeJj;
fi; = 0VieLvj€eJ; (39)

where fi;" is the path flow in User Equilibrium
state.
In addition, (37)-(39) can be expressed as follows,

c-(f—fIH)'=0
f=>0 (40)
3. FULL INFORMATION MAXIMUM

LIKELIHOOD ESTIMATION

The preceding sections showed the definition of the
network models, and a user equilibrium assignment
model, which forms equilibrium constraints for the
objective function. This section presents the FIMLE
problem, referring to Tani and Uchida (2021).
The vector of link delay times is

T = (T4, ... T4 ., Tlay) (41)

that follows the following multivariate log-normal
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distribution.

T'~MVLN(ptyr, 211) (42)
where
ur = (#Tl’ Hpt - MTlitll) r (43)
2
I O-Tll'T|’A|
i T (44)
T1ipmi Iy

O'TG’L,TI; = Ba 'Bb -2 (45)

The method for estimating traffic conditions in this
study is based on the method proposed by Tani and
Uchida (2020).

Given G days of traffic observation data, define
the observed state vector m, and the observed value
vector d,, for the observation on day g € {1, ..., G}.
d, is a vector representing the traffic conditions ob-
served across the road network onday g € {1, ..., G},
defined as

ag = (fl fa i’|A|) gef{l,..,G} (46)
where £, is the logarithm of the observed delay
time of link a. For instance, the link delays observed
on day g € {1, ...,G} in a simple network which is
comprised of three links are 10 min at link1 and 5min

—~

at link 2, then the d is expressed as follows.
d; = (In(10) In(5) — ) (47)

If there is no observed value or the observed value
is less than or equal to zero, the corresponding value
is assumed to be —oo. Since the link delay time is de-
fined as the increase in travel time relative to free
flow travel time. The link delay time cannot be de-
fined if the link travel time is less than or equal to the
free flow travel time.

Observed state vector m, shown by (48) reflects
the traffic state on links, and its entry m, 4 equals 1
if the link delay time is observed on link a and 0 oth-
erwise.

my = [ma,g,Va S A] (43)
where
= {1, if tg# —o (49)
“9 0, otherwise
The my corresponding to (49) is
m,; =(110) (50)

M, is defined as the diagonal matrix of m, from
which each row containing only zero entries is re-
moved. This indicates that only data from observed
links are used to calculate the likelihood. For exam-
ple, my = (11 0), as shown in (50), M, can be ex-
pressed as:

(1 0 0 (51)
My = (0 1 0)
the number of data observed on day g € {1, ..., G} is

n(g). _
Link delay for the entire road network follows a



multivariate Log-normal distribution, as mentioned
before, it is denoted as T’ ~MVLN (g1, Z71), and the

natural logarithm of link delays follows a multivari-
ate normal distribution, denoted as
In (T")~MVN(py1, Z77). Here, the parameters are
the same for both. Therefore, the estimates obtained
by full information maximum likelihood estimation
using link delay that follow a multivariate log-normal
distribution as likelihoods are the same as those ob-
tained by full information maximum likelihood esti-
mation of a multivariate normal distribution. The
method used in this study takes advantage of this
property to estimate the parameters by using full in-
formation maximum likelihood estimation of a mul-
tivariate normal distribution.

The FIMLE problem in this study is defined as:

max L(w o%|d,vg €(1,..,G}) =

1/4 T ~
exp (—7 (dy — 1) Z5(@*)(dy — g (1))

n(9) i
21 2 |Z5(0%)|?

(52)

9€{1,..,G}

s.t. (37)-(39), where

24(0%) = MyZp (0*)M (53)
vg €{1,..,G}

to(w) = Mgpr (Vg €{1,..,G} (54

d, =Myd)vge{l,..,G} (55)

4. SOLUTION ALGORITHM BASED ON
SENSITIVITY ANALYSIS FOR UE FLOWS

When solving the likelihood maximization prob-
lem mentioned in section 3 to estimate the traffic
state, it is difficult to find the gradient of the objective
function with equilibrium constraints.

Therefore, this chapter introduces the sensitivity
analysis proposed by Yang and Bell (2009) to the
FIMLE problem for converting the equilibrium con-
straints to linear constraints. Yang and Bell (2009)
considered that the perturbation parameters exist in
the link cost function t(V, ;) and the OD traffic de-
mand vector q(&4). Here, the perturbation parame-
ters are assumed to be the perturbations &, and &4 for
link toll and OD demand. In this study, the perturba-
tion of the link toll &; is not considered and the un-
known variable is the OD demands. In the following,
the perturbation parameter for OD demands will be
denoted by €. The q(¢) is represented by

q®) =q+e¢ (56)
The path flow calculated at q(g) can be approxi-

mated by

flq@®)=f(q +V.f-¢ (57)
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where f* was defined in Equation (40), V. f is calcu-
lated by the method of sensitivity analysis. Thus,
f(q(e)) is the vector of path flows calculated at
q(€). The link flows can be defined as

v(e) = fq(e)) - A (58)
The ratio of link flows to mean OD demands in (12)

is calculated as

v, (€)

A (59)
Pa(e) = e)

It is complex to solve the likelihood function with
equilibrium constraints directly and which requires a
large amount of computation time. However, the
method of sensitivity analysis converts the equilib-
rium constraints to linear constraints, which makes
the objective function finding the optimal solution
easier. The maximum likelihood estimation problem
can be written as follows.

max L(y, 2, £|ang €{1,..,6}) =
exp <—%(ag — Ky (s,u))TEg‘l(az)(ag e u)))

(60)

@ 1
2m 2 |E,(07)]2

z q:(€) = exp (u + %)

i€l

9€{1,..,.G}

S.t.

(61)

Step 0 Set n = 1 and the initial settings
Initialization  for parameters u and o2 of total
OD demand and p;

Step 1 User Equilibrium assignment is
UE assign- performed to obtain the traffic
ment conditions.

Step 2 Calculate the £ based on the re-
Sensitivity sults of traffic conditions calcu-
analysis lated in step 1.

Step 3 Solve the full information likeli-
Full infor- hood maximization problem to

mation likeli- optimize €. Each OD demand

hood maxi- and new parameters y and o2 are
mization updated by optimized &.
Update of u

and o?



Step 4 If convergence is achieved, the

Convergence calculation is terminated. If not,

set n =n + 1 and return to Step
1

5. NUMERICAL CALCULATIONS

(1) Network information

The road network in Asahikawa, Japan, shown in
Figure 1, is used for the numerical calculation. The
network has 340 directed links, 135 nodes, and 182
OD pairs. And the red nodes represented in the figure
show centroid nodes from/to which OD demand is
generated/absorbed.

Figure 1. Asahikawa network

(2) Observation data preparation (ETC2.0)

The link delay times collected by ETC2.0 in October
2021 were used in the calculation. The data was col-
lected from 9:00 am to 10:00 am for 31 days.

Table 1 shows an example of observation data
where ‘-’ indicates no observation data is available.
From this table, it is shown that there are some links
in the network where no observation data is available.

Table 1. Observed link delay times for the
Asahikawa network

Link No.

Day 104 112 113 114 115 116 117 118
10 7144 126.4 - - - 76.4 1304 -
1 1576.4 105.4 718.4 239.4 824 68.4 164.4 234
12 7434 1294 - 255.4 180.4 1124 9.4
13 1152.4 1284 - 221.4 92.4 82.4 216.4 2.4
14 744.4 1224 - - - 57.4 1274 04
15 1661.4 144.4 - 179.4 65.4 65.4 2114 354
16 821.4 102.4 950.4 156.4 0.0 724 1014 124
17 6808.4 184.4 - - 92.4 2.4 88.4 -
18 924.4 1194 7284 224.4 96.4 744 155.4 144
19 1363.4 1314 - - - 68.4 237.4 7.4

It is obvious from Table 1 that there are some out-
liers, such as a delay time of 6808.4 seconds, for
which data cleansing is required before the estima-
tion of traffic states.

In this study, an outlier is defined as a value that is
more than three scaled median absolute deviations
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(MAD) from the median. For a finite-length vector B
made up of N scalar observations, the median abso-

lute deviation (MAD) is defined as
MAD = median(|B; — median(B)|)
i=12..N
Find the outlier using the above procedure, assign
it the value zero, and then execute the numerical cal-
culation.

(62)

(3) Results for the Asahikawa network

The estimated u and o2 for the Asahikawa network
are 10.3580 and 0.0562 and their convergence pro-
cess is illustrated in Figure 2.

oer ‘\ 1035 P
08 | \,,,_ —
| 103 1

0
o 25 n £ 0 5 10 20 25 0 35

15
Rerations

(a) (b)
Figure 2. Convergence process of u (a) and o2 (b)
for the Asahikawa network.

600

OD demand (pcu/h)
8 8 8
o o o
OD demand (pcu/h)

~
S
=]

3
3

OD node number OD node number

Figure 3. Demand for each OD pair for the
Asahikawa network.

Figure 4. Estimated average link flow.
Figure 3 shows the estimated mean demand for
each OD pair (there are a total of 182 OD pairs). The

total OD demand estimated is 3.2406 X
10*[pcu/hour]. The estimated OD demands for OD



pairs 44-14, 44-6, 104-6, and 84-14 are significantly
larger than those for other OD pairs, given that the
centroid node of 84 is located near a primary school
and the centroid nodes of 44, 104 and 14 are located
near residential areas. In the vicinity of centroid node
6, there is the expressway from the outskirts to the
center of Asahikawa City.

Figure 4 shows the estimated average link flow for
the Asahikawa network. In this study, a road section
in the network is comprised of opposing two directed
links, and since the flows of opposing two directed
links are essentially the same. The link flow shown in
Figure 4 is the average of mean link flows for the two
opposing directed links. The average link flow in the
central part is around 600-1,200 [pcu/hour], and the
links in red have flows between 2,400-3,000
[pcu/hour]. The reason for this is that the links are
located near the centroid nodes.

Lo
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Figure 5. Histograms of delay time and PDF of log-
normal distribution (a) to (i).

Figure 5 shows the relationship between the ob-
served link delay times and the probability density
function of the estimated lognormal distribution
function. Only the links with more than 25 observed
link delays are addressed in the figure. Since the
number of such links is large, we choose one of two
opposing links for a road section in the network.

Based on the results, the majority of estimated link
delays are similar to the observed delays.

(4) KL divergence
The KL divergence was used for comparing the
real observed link delays with the estimated results of
link delays by the proposed method, and the defini-
tion of KL divergence is shown as:
n

P
KL(PIQ) = ZP"I"E
i=1 t

where P; and Q; are the pr:)bability densities of the i
th bin in the two histograms.

(63)



The link delay times collected by ETC2.0 in Octo-
ber 2021 over a period of 31 days were used in the
calculation, and Figure 6 shows the corresponding
KL ggvergence results.

25

20|

KL divergenc
&

o 0% o ° ¢ o
5-...-. ‘o e, 32, ',:
.’.o .0.. ‘.’ ..'- o.“ ® °°
°

0

0 26 4‘0 66 i;() 1(;0 1‘20 11‘10 160 1éO
Link number
Figure 6. Results of KL divergence

As evidenced in Figure 6, 80% of the KL diver-
gence values fall within the range of 0 and 5, and
98% of the KL divergence values fall within the
range of 0 and 10, except for link 170, which has a
significantly higher KL divergence value as it is a
dummy link. The results of the KL divergence anal-
ysis demonstrate that the proposed method accurately
estimated link delays in this study by achieving a
strong alignment between the true distribution and
the approximation.

6. CONCLUSIONS

This study developed a method to estimate the traffic
states by the FIMLE problem with UE constraints. In
addition, a solution algorithm for the FIMLE problem
based on the sensitivity analysis for UE is also pre-
sented.

Since the market penetration rate of the
ETC2.0 system is not high, therefore the fully
observed data cannot be obtained. The proposed
method in this study can address such incomplete
traffic data.

Numerical calculations are carried out in the
real Asahikawa network using real observed link
delays. Especially, the method proposed in this
study estimated relatively reasonable link delays
in the Asahikawa network. The accuracy of the
estimated links delays was verified by KL diver-
gence and the issue of traffic condition estima-
tion for multiple time periods in a large network
will be addressed in the future study.
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