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It is thought that the reliable path problem that finds the path with the minimum travel cost, which is a 
linear combination of mean and variance of path travel time (the m-v shortest path problem) in a correlated 
network, can be formulated as neither an additive problem nor a linear programming problem. The path 
travel cost in the additive problem is defined as the sum of the link travel costs related to that path. In this 
study, by applying the flow conservation low proposed in Uchida (2015), it is shown that the m-v shortest 
path problem in a correlated network can be formulated as a linear programming problem in a hypergraph 
to which efficient solution algorithms are already provided. In addition, by utilizing the property of hyper-
link flows in a hypergraph, it is shown that the m-v shortest path problem in this study can be formulated 
as a nonlinear optimization problem. The solution algorithm for the optimization problem is also presented. 
In this study, the reliable path problem that finds the path with minimum travel cost, a linear combination 
of the mean and standard deviation of path travel time (the m-s shortest path problem) in a correlated net-
work, is formulated as a concave minimization programming problem. A global optimization algorithm for 
the m-s shortest path problem developed based on the linear programming problem is also presented. Nu-
merical experiments are carried out to demonstrate the algorithm proposed in this study. 
 
   Key Words : reliable path, stochastic travel time, hypergraph, total unimodularity 
 
 

1. INTRODUCTION 
 
The shortest travel cost path search is carried out 
when we analyze transport network system. If the 
travel cost of a path in a network is additive in which 
the path travel cost is defined as the sum of the link 
travel costs related to that path, standard minimum 
path search algorithms based on node labeling can be 
applied for finding it. The reliable path search prob-
lems that find the path with the minimum travel cost, 
which is a linear combination of mean and vari-
ance/standard deviation of path travel time, are 
known as the non-additive and nonlinear problems. 
Different reliable path problems can be formulated 
based on a travel time reliability criterion. The relia-
ble path can be the path with the minimum of a higher 
percentile value of travel time (Frank, 1969; Nie and 
Wu, 2009), the path with the maximum probability of 
on-time arrival (Fan et al., 2005a; Nie and Fan, 2006; 
Nie and Wu, 2009), the path with minimum mean-
excess travel time (Chen and Zhou, 2010), as well as 
the path with minimum of travel cost that is a linear 
combination of travel time mean and standard devia-
tion (or variance) of path travel time (Hall, 1983; Lo 

and Tung, 2003; Xing and Zhou, 2011; Khani and 
Boyles, 2015). 

The reliable path search problem in a network in 
which the path travel cost that is a linear combination 
of mean and variance of path travel time is minimized 
(the m-v shortest path problem) has been studied in 
the literature. The reliable path problem in a network 
in which the path travel cost that is a linear combina-
tion of the mean and standard deviation of path travel 
time is minimized (the m-s shortest path problem) has 
also been studied in the literature. Even though the 
m-v shortest path problem in a non-correlated net-
work where every link travel time is statistically in-
dependent is formulated as a mixed-integer quadratic 
programming problem that is difficult to solve in a 
large network. Sen et al. (2001) proposed a continu-
ous relaxation method that produces a set of paths 
from which a solution of the m-v shortest path prob-
lem can be found. Khani and Boyles (2015) proposed 
an exact algorithm for the m-s shortest path problem 
in a non-correlated network. This algorithm finds a 
solution by repeatedly solving a subproblem that is 
formulated as the m-v shortest path problem. It is 
known that the m-s shortest path problem is 
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equivalent to the α-reliable path problem when path 
travel times follow normal distributions (Chen and Ji, 
2005). Statistically, independent link travel times in 
a network are assumed in the studies that address re-
liable path problems (Fan et al. 2005a; Nie and Wu, 
2009; Boyles and Waller, 2010; Khani and Boyles, 
2015; Chen et al., 2016). 

On the other hand, some studies assumed the sta-
tistically correlated link travel times in a network 
(Fan et al., 2005b; Nie and Fan, 2006; Sen et al., 
2001; Hutson and Shier, 2009; Shahabi et al., 2013, 
2014; Zockaie et al., 2013, 2014; Srinivasan et al., 
2014). In these studies, however, only the correlation 
between two link travel times which are located 
within a certain distance is considered. The m-s 
shortest path problem in a correlated network was ad-
dressed, and several methods for solving the problem 
were proposed in the literature. Xing and Zhou 
(2011) proposed a Lagrangian relaxation method by 
which the problem is decomposed into three easier 
sub-problems to solve. Zeng et al. (2015) proposed a 
similar method to one proposed in Xing and Zhou 
(2011) that employs a Lagrangian relaxation method 
based on Cholesky decomposition. Zhang et al. 
(2017) proposed a Lagrangian relaxation method 
based on Cholesky decomposition by which the prob-
lem is decomposed into two easier sub-problems to 
solve. Rostami et al. (2018) developed a branch-and-
bound algorithm by which both the upper and lower 
bounds of the m-s shortest path problem can be esti-
mated. Zhang and Khani (2019) proposed a method 
that adopts both a Lagrangian substitution and an 
eigendecomposition technique. 

In this study, both the m-v shortest path problem 
and the m-s shortest path problem in a network are 
studied. The m-s shortest path problem has been 
widely used in the literature since the standard devi-
ation of a stochastic path travel time has the same unit 
as the stochastic path travel time in a network. How-
ever, since the solution algorithm of the m-v shortest 
path problem can be used in solving the m-s shortest 
path problem, we address both the m-v shortest path 
problem and the m-s shortest path problem in this 
study. We assume that every link travel time in the 
network is statistically correlated. This assumption is 
supported by the studies that address travel demand 
uncertainty in a framework of the network flow 
model (Lam et al., 2008; Uchida, 2014; Uchida, 
2015). It is also assumed that the travel time covari-
ance between two different links and the mean and 
variance of each link travel time in the network are 
given. The remainder of this paper is structured as 
follows. In section 2, we show the notation used in 
the paper. In section 3, by applying the flow conser-
vation low proposed in Uchida (2015), it is shown 
that the m-v shortest path problem in a correlated 

network can be formulated as a linear programming 
problem. In section 4, it is shown the m-v shortest 
path problem in this study can be formulated as a 
problem that minimizes a linear function of hyperlink 
flows in a hypergraph subject to equality constraints. 
It is also shown that the coefficient matrix that is used 
in the equality constraints is a totally unimodular ma-
trix, and therefore the m-v shortest path problem in 
this study has an integer solution. In addition, by uti-
lizing the property of hyperlink flows in a hyper-
graph, it is shown that the m-v shortest path problem 
in this study can be formulated as a nonlinear optimi-
zation problem. The solution algorithm for the opti-
mization problem is also presented. In section 6, the 
m-s shortest path problem in a correlated network is 
formulated as a concave minimization programming 
problem. A global optimization algorithm for the 
problem developed based on the linear programming 
problem is also presented. In section 6, numerical ex-
periments are carried out to demonstrate the algo-
rithm proposed in this study. In section 7, some con-
cluding remarks are provided. 
 
 
2. NOTATION AND ASSUMPTIONS 
 
The following notations are used in this study. 
 
𝐴𝐴:  set of links in network 
|𝐴𝐴|:  number of links in 𝐴𝐴 
𝑁𝑁:  set of nodes in network 
|𝑁𝑁|:  number of nodes in 𝑁𝑁 
𝑜𝑜:  origin node 
𝑑𝑑: destination node 
𝑇𝑇𝑗𝑗:  stochastic travel time of path 𝑗𝑗 
𝜇𝜇𝑎𝑎:  mean of stochastic travel time of link 𝑎𝑎 
𝜎𝜎𝑎𝑎:  standard deviation of stochastic travel time 

of link 𝑎𝑎 
𝜌𝜌𝑎𝑎𝑎𝑎:  coefficient of correlation of travel times of 

links 𝑎𝑎 and 𝑏𝑏 
𝐿𝐿𝑛𝑛𝑖𝑖𝑖𝑖:  set of links each of which has head (or des-

tination) node of 𝑛𝑛 
𝐿𝐿𝑛𝑛𝑜𝑜𝑜𝑜𝑜𝑜:  set of links each of which has tail (or origin) 

node of 𝑛𝑛 
𝜔𝜔𝑎𝑎^𝑏𝑏:  flow which passes through both links 

𝑎𝑎 and 𝑏𝑏  in network (𝜔𝜔𝑎𝑎^𝑏𝑏 = 𝜔𝜔𝑏𝑏^𝑎𝑎 ) if 𝑎𝑎 ≠
𝑏𝑏 (or flow of hyperlink 𝑎𝑎^𝑏𝑏 in hypergraph) 

𝜔𝜔𝑎𝑎^𝑎𝑎:  flow of link 𝑎𝑎 (or flow of hyperlink 𝑎𝑎^𝑎𝑎 in 
hypergraph) 

 
The following assumptions are employed in this 

study. Only one link is directed from an origin node. 
In a similar way, only one link is directed to a desti-
nation node in a network. These two assumptions are 
always true if we add two nodes and two links, i.e., 
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the origin and destination nodes and the correspond-
ing two links, to a network to be analyzed. Hereinaf-
ter, the link directed from the origin node and the link 
directed to the destination node are referred to as the 
origin link and the destination link in this study, re-
spectively.  
 
 
3. SHORTEST PATH PROBLEM 
 
The shortest path search problem in a directed net-
work formulated based on linear programming is 
 

min ∑ 𝜇𝜇𝑎𝑎𝑎𝑎∈𝐴𝐴 ∙ 𝑥𝑥𝑎𝑎   (1) 
w.r.t. 𝑥𝑥𝑎𝑎   ∀𝑎𝑎 ∈ 𝐴𝐴 
s.t. 

∑ 𝑥𝑥𝑎𝑎𝑎𝑎∈𝐿𝐿𝑛𝑛𝑖𝑖𝑖𝑖
− ∑ 𝑥𝑥𝑏𝑏𝑏𝑏∈𝐿𝐿𝑛𝑛𝑜𝑜𝑜𝑜𝑜𝑜 = �

−1 if 𝑛𝑛 = 𝑜𝑜
1 if 𝑛𝑛 = 𝑑𝑑
0 otherwise

∀𝑛𝑛 ∈ 𝑁𝑁 

(2) 
𝑥𝑥𝑎𝑎 ≥ 0  ∀𝑎𝑎 ∈ 𝐴𝐴 

 
The constraints of (2) for an example network shown in 
Figure1 are expressed by using a coefficient matrix 𝑨𝑨 
and two row vectors, 𝒙𝒙 and 𝒃𝒃, as follows 
 

𝑨𝑨𝒙𝒙𝑇𝑇 = 𝒃𝒃𝑇𝑇  (3) 
where 

𝑨𝑨 = �
−1 0
1 −1

0 0
−1 0

0 1
0 0

1 −1
0 1

� 

𝒙𝒙 = (𝑥𝑥1 … 𝑥𝑥4), 𝒃𝒃 = (−1 0 0 1) 
 

 
Figure1 An example network. 

 
The objective function is of the linear form and  𝒃𝒃 is 

a vector with integer entries. As discussed in the latter 
section, the node-link incident matrix of the directed 
network 𝑨𝑨 is known as a totally unimodular matrix, the 
problem has an integer solution without introducing in-
teger constraints to the problem. 
 
 
4. THE M-V SHORTEST PATH PROBLEM 
 
The m-v shortest path problem in a correlated network 
can be formulated as the following integer program-
ming problem (IP): 
 

min 𝑔𝑔1 = ∑ 𝜇𝜇𝑎𝑎𝑎𝑎∈𝐴𝐴 ∙ 𝑥𝑥𝑎𝑎 + 𝛾𝛾1 ∙ ∑ ∑ 𝜓𝜓𝑎𝑎𝑎𝑎𝑏𝑏∈𝐴𝐴𝑎𝑎∈𝐴𝐴 ∙ 𝑥𝑥𝑎𝑎 ∙ 𝑥𝑥𝑏𝑏
   (4) 

w.r.t. 

𝑥𝑥𝑎𝑎 = {0, 1}  ∀𝑎𝑎 ∈ 𝐴𝐴   (5) 
s.t. 

∑ 𝑥𝑥𝑎𝑎𝑎𝑎∈𝐿𝐿𝑛𝑛𝑖𝑖𝑖𝑖 − ∑ 𝑥𝑥𝑎𝑎𝑏𝑏∈𝐿𝐿𝑛𝑛𝑜𝑜𝑜𝑜𝑜𝑜 = �
−1 if 𝑛𝑛 = 𝑜𝑜
1 if 𝑛𝑛 = 𝑑𝑑
0 otherwise

 ∀𝑛𝑛 ∈ 𝑁𝑁

   (6) 
where 

𝜓𝜓𝑎𝑎𝑎𝑎 = 𝜌𝜌𝑎𝑎𝑎𝑎 ∙ 𝜎𝜎𝑎𝑎 ∙ 𝜎𝜎𝑏𝑏   (𝜓𝜓𝑎𝑎𝑎𝑎 = 𝜎𝜎𝑎𝑎2). 
 
𝛾𝛾1 in (4) represents the value of path travel time relia-
bility (measured by variance) relative to the expected 
travel time. 𝑥𝑥𝑎𝑎  is the binary decision variable that 
equals one if link 𝑎𝑎 is part of the m-v shortest path and 
zero otherwise. The integer constraints shown by (5) 
make the problem difficult to solve. 

On the other hand, the m-v shortest path problem in 
this study is formulated as the following linear pro-
gramming problem 
 
min 𝑔𝑔2 

= ∑ 𝜇𝜇𝑎𝑎 ∙ 𝜔𝜔𝑎𝑎^𝑎𝑎𝑎𝑎∈𝐴𝐴 + 𝛾𝛾1 ∙ ∑ ∑ 𝜓𝜓𝑎𝑎𝑎𝑎𝑏𝑏∈𝐴𝐴𝑎𝑎∈𝐴𝐴 ∙ 𝜔𝜔𝑎𝑎^𝑏𝑏 (7) 
w.r.t. 𝜔𝜔𝑎𝑎^𝑏𝑏  ∀𝑎𝑎, 𝑏𝑏 ∈ 𝐴𝐴, 
s.t. 

�

∑ 𝜔𝜔𝑏𝑏^𝑏𝑏𝑏𝑏∈𝐿𝐿𝑛𝑛𝑖𝑖𝑖𝑖
− ∑ 𝜔𝜔𝑐𝑐^𝑐𝑐𝑐𝑐∈𝐿𝐿𝑛𝑛𝑜𝑜𝑜𝑜𝑜𝑜 = −1 if 𝑛𝑛 = 𝑜𝑜

∑ 𝜔𝜔𝑏𝑏^𝑏𝑏𝑏𝑏∈𝐿𝐿𝑛𝑛𝑖𝑖𝑖𝑖
− ∑ 𝜔𝜔𝑐𝑐^𝑐𝑐𝑐𝑐∈𝐿𝐿𝑛𝑛𝑜𝑜𝑜𝑜𝑜𝑜 = 1 if 𝑛𝑛 = 𝑑𝑑

∑ 𝜔𝜔𝑎𝑎^𝑏𝑏𝑏𝑏∈𝐿𝐿𝑛𝑛𝑖𝑖𝑖𝑖
− ∑ 𝜔𝜔𝑎𝑎^𝑐𝑐𝑐𝑐∈𝐿𝐿𝑛𝑛𝑜𝑜𝑜𝑜𝑜𝑜 = 0 ∀𝑎𝑎 ∈ 𝐴𝐴 otherwise

   (8) 
𝜔𝜔𝑎𝑎^𝑏𝑏 = 0 if {𝑎𝑎, 𝑏𝑏} ⊆ 𝐿𝐿𝑛𝑛𝑜𝑜𝑜𝑜𝑜𝑜  ∀𝑛𝑛 ∈ 𝑁𝑁 (9a)  
𝜔𝜔𝑎𝑎^𝑏𝑏 = 0 if {𝑎𝑎, 𝑏𝑏} ⊆ 𝐿𝐿𝑛𝑛𝑖𝑖𝑖𝑖  ∀𝑛𝑛 ∈ 𝑁𝑁 (9b)  
𝜔𝜔𝑎𝑎^𝑏𝑏 = 𝜔𝜔𝑏𝑏^𝑎𝑎   ∀𝑎𝑎, 𝑏𝑏(≠ 𝑎𝑎) ∈ 𝐴𝐴 (10) 
𝜔𝜔𝑎𝑎^𝑏𝑏 ≥ 0  ∀𝑎𝑎, 𝑏𝑏 ∈ 𝐴𝐴  (11) 

 
The m-v shortest path problem in this study can be 

solved by assigning the origin-destination (o-d) de-
mand of one to the shortest path between the o-d pair 
in a network. The linear function (7) is the total m-v 
travel time cost to be minimized. The o-d demand as-
signed to a path or a link can be regarded as path 
choice probability or link choice probability, respec-
tively. The total m-v travel time cost is calculated us-
ing the given mean link travel times and variance and 
covariance of link travel times in the network.  

On (8), the first and second equality constraints 
show that the o-d demand flows out from the origin 
node 𝑜𝑜  via links in the set 𝐿𝐿𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜  and flows into the 
destination node 𝑑𝑑 via links in the set 𝐿𝐿𝑑𝑑𝑜𝑜𝑜𝑜𝑜𝑜. The third 
equality constraint is introduced for the calculation of 
travel time covariance. It shows that the sum of link 
flows that pass through link 𝑎𝑎 ∈ 𝐴𝐴 and flow into node 
𝑛𝑛 via links in the set 𝐿𝐿𝑛𝑛𝑖𝑖𝑖𝑖 has to flow out from the node 
via links in the set 𝐿𝐿𝑛𝑛𝑜𝑜𝑜𝑜𝑜𝑜, c.f., (14) in Uchida (2015). 
Accompanied with two boundary conditions which 
are the first and second equality constraints of (8), the 
third equality constraint enables to calculate the flow 
that passes through two different links  𝑎𝑎  and 𝑏𝑏 , 
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𝜔𝜔𝑎𝑎^𝑏𝑏  ∀𝑎𝑎, 𝑏𝑏(≠ 𝑎𝑎) ∈ 𝐴𝐴 , without enumerating paths 
from the origin node to the destination node. Such 
flow costs 𝛾𝛾1 ∙ 𝜓𝜓𝑎𝑎𝑎𝑎 ∙ 𝜔𝜔𝑎𝑎^𝑏𝑏 in the objective function. 
On the other hand, the flow on link 𝑎𝑎, 𝜔𝜔𝑎𝑎^𝑎𝑎   ∀𝑎𝑎 ∈ 𝐴𝐴, 
costs (𝜇𝜇𝑎𝑎 + 𝛾𝛾1 ∙ 𝜓𝜓𝑎𝑎𝑎𝑎) ∙ 𝜔𝜔𝑎𝑎^𝑎𝑎  in the objective func-
tion. The number of equality constraints in (8) is 2 +
|𝐴𝐴| ∙ (|𝑁𝑁| − 2) . The number of equality constraints 
from the third constraint in (8) can be large if a net-
work is large. In such a network, however, in most of 
the links in 𝐴𝐴 that seem not to be used by the virtual 
o-d demand, both sides of the equality condition be-
come zero. Therefore, depending on the predefined 
virtual o-d demand, one can reduce network size to 
reduce the number of equality constraints denoted by 
the third constraint in (8). 

(9) shows that no flow passes through different two 
links in the set of 𝐿𝐿𝑛𝑛𝑖𝑖𝑖𝑖 or 𝐿𝐿𝑛𝑛𝑜𝑜𝑜𝑜𝑜𝑜 which is defined at node 
𝑛𝑛 ∈ 𝑁𝑁. The number of equality constraints by (9) is 
determined depending on the network topology ad-
dressed. (10) represents that the symmetric entries 
have the same value. From (10), if (9) is not consid-
ered, the number of unknown variables of this prob-
lem is ∑ 𝑘𝑘|𝐴𝐴|

𝑘𝑘=1 = 1
2
∙ |𝐴𝐴| ∙ (|𝐴𝐴| + 1)  where |𝐴𝐴|  is the 

number of links in the network. 
 
 
5. THE M-V SHORTEST PATH PROBLEM 
EXPRESSED IN A HYPERGRAPH 
 
(1) Total unimodularity of the constraints (8)-(10) 
 
In this section, it is shown that the m-v shortest path 
problem can be regarded as a linear programming prob-
lem in a hypergraph which is comprised of hyperlinks. 
Each hyperlink in a hypergraph in this study has at most 
three nodes which are tail node(s) and head node(s). 
Based on the discussion on the problem in a hypergraph, 
it is also shown that the m-v shortest path problem stud-
ied in the previous section has the integer solution. In 
the following, the formulation of the m-v shortest path 
problem in a hypergraph as well as the illustrative nu-
merical expressions for the network shown in Figure1, 
are presented. 

The constraints shown by (8) and (9) for the example 
network in Figure1 are shown as 
 

𝑯𝑯𝑝𝑝𝝎𝝎𝑇𝑇 = 𝒉𝒉𝑝𝑝𝑇𝑇  (12) 
where 

𝑯𝑯𝑝𝑝 = �
𝑯𝑯1 ⋯ 𝟎𝟎
⋮ ⋱ ⋮
𝟎𝟎 ⋯ 𝑯𝑯4

� 

𝑯𝑯1 = �
−1 0 0 0

1 −1
0 1

−1 0
1 −1

� 

𝑯𝑯𝑎𝑎 = �1 −1 0
0 1 −1�  ∀𝑎𝑎 ∈ {2,3} 

𝑯𝑯4 = �
1 −1
0 1

−1 0
1 −1

0 0 0 1
� 

𝝎𝝎 = (𝝎𝝎1 … 𝝎𝝎4) 
𝝎𝝎𝑎𝑎 = (𝜔𝜔𝑎𝑎^1 … 𝜔𝜔𝑎𝑎^4) ∀𝑎𝑎 ∈ {1,4} 

𝝎𝝎2 = (𝜔𝜔2^1 𝜔𝜔2^2 𝜔𝜔2^4) 
𝝎𝝎3 = (𝜔𝜔3^1 𝜔𝜔3^3 𝜔𝜔3^4) 

𝒉𝒉𝒑𝒑 = (𝒉𝒉1 … 𝒉𝒉4) 
𝒉𝒉1 = (−1 0 0) 

𝒉𝒉𝑎𝑎 = (0 0) ∀𝑎𝑎 ∈ {2,3} 
𝒉𝒉4 = (0 0 1) 

 
In this example, link1 is the origin link and link4 is the 
destination link. The coefficient matrix 𝑯𝑯𝑝𝑝 for the net-
work shown in Figure 1 is summarized in Table 1. 𝑯𝑯𝑝𝑝 
is a block diagonal matrix that can be regarded as a 
node-hyperlink incident matrix of the hypergraph 
shown in Figure2. This hypergraph is comprised of four 
sub-hypergraphs. Each sub-hypergraph in the figure is 
disconnected from each other. In this study, the sub-hy-
pergraph that is situated at the top of the figure is re-
ferred to as the origin link-specific hypergraph. The 
sub-hypergraph that is situated at the bottom of the fig-
ure is referred to as the destination link-specific hyper-
graph. The second and third sub-hypergraphs in the fig-
ure are referred to as the link2-specific hypergraph and 
the link3-specific hypergraph, respectively. Link𝑎𝑎-spe-
cific hypergraph (𝑎𝑎 ∈ {2,3}) has three hyperlinks, i.e., 
𝑎𝑎^1, 𝑎𝑎^2 (or 𝑎𝑎^3) and 𝑎𝑎^4, and two nodes, i.e., 𝑎𝑎_𝑛𝑛1 
and 𝑎𝑎_𝑛𝑛2. The origin or destination link-specific hyper-
graph has an additional node of 𝑜𝑜  or 𝑑𝑑 , respectively. 
The flow on hyperlink 𝑎𝑎^𝑏𝑏 (𝑏𝑏 ∈ {1, . . . ,4}) is 𝜔𝜔𝑎𝑎^𝑏𝑏 that 
corresponds to the flow passing through both links 𝑎𝑎 
and 𝑏𝑏 in the network shown in Figure1. Since 𝜔𝜔2^3 =
𝜔𝜔3^2 = 0 from (9a) or (9b), there is no hyperlink corre-
sponding to such hyperlink flows in the link𝑎𝑎-specific 
hypergraph (𝑎𝑎 ∈ {2,3}). The coefficient matrix of 𝑯𝑯𝑎𝑎 is 
also regarded as a node-hyperlink incident matrix of the 
link𝑎𝑎-specific hypergraph. 
 
 Table 1 Node-hyperlink incident matrix of the hyper-
graph 

 
 

 
1^1 1^2 1^3 1^4 2^1 2^2 2^4 3^1 3^3 3^4 4^1 4^2 4^3 4^4 

𝑜𝑜 -1              

1_𝑛𝑛1 1 -1 -1 
           

1_𝑛𝑛2 
 

1 1 -1 
          

2_𝑛𝑛1 
    

1 -1 
        

2_𝑛𝑛2 
     

1 -1 
       

3_𝑛𝑛1 
       

1 -1 
     

3_𝑛𝑛2 
        

1 -1 
    

4_𝑛𝑛1 
          

1 -1 -1 
 

4_𝑛𝑛2 
           

1 1 -1 

𝑑𝑑              1 
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Figure 2 Hypergraph. 

 
For expressing the constraints shown by (10), we 

introduce the following matrix 

𝑱𝑱 =

⎝

⎜
⎛

𝑱𝑱12
𝑱𝑱13
𝑱𝑱14
𝑱𝑱24
𝑱𝑱34⎠

⎟
⎞

 

where 
𝑱𝑱𝑎𝑎𝑎𝑎 = �𝟎𝟎 1⏞

𝑎𝑎^𝑏𝑏

𝟎𝟎 −1�
𝑏𝑏^𝑎𝑎

𝟎𝟎� 
�(𝑎𝑎, 𝑏𝑏)|𝑎𝑎 ∈ {1, . . . ,3},𝑏𝑏 > 𝑎𝑎, {𝑎𝑎, 𝑏𝑏} ⊈ 𝐿𝐿𝑛𝑛1

𝑜𝑜𝑜𝑜𝑜𝑜� 
 
Note that, 𝑱𝑱23  is not shown in 𝑱𝑱  since 𝜔𝜔2^3 =
𝜔𝜔3^2 = 0 from (9a) or (9b). Finally, the constraints 
shown by (8), (9) and (10) are denoted as 
 

𝑯𝑯𝝎𝝎𝑇𝑇 = 𝒉𝒉𝑇𝑇  (13) 
where 

𝑯𝑯 = �
𝑯𝑯𝑝𝑝
𝑱𝑱 � 

𝒈𝒈 = (𝒈𝒈𝑝𝑝 𝟎𝟎) 
 
The coefficient matrix of 𝑯𝑯 for the network shown in 
Figure1 is summarized in Table 2. 𝑯𝑯 can be regarded 
as a node-hyperlink incident matrix of the directed 
hypergraph shown in Figure 3. We call this directed 
hypergraph as the augmented hypergraph. Each link-
specific hypergraph is now connected with each other 
by the hyperlinks and nodes added by (10). Also, 
each link-specific hypergraph has an origin node and 
a destination node. For example, the origin link-spe-
cific hypergraph has the origin node 𝑜𝑜  and destina-
tion node 𝐶𝐶. The destination link-specific hypergraph 
has the origin node 𝐶𝐶  and the destination node 𝑑𝑑 . 
Each hyperlink in the augmented hypergraph has at 
most three nodes that are head node(s) and tail 
node(s). For example, hyperlink 1^2  has one tail 
node 1_𝑛𝑛1  and two head nodes 1_𝑛𝑛2  and 𝐴𝐴 . A 

hyperlink in the augmented hypergraph is repre-
sented by each column of 𝑯𝑯  or Table 2, where tail 
node(s) and head node(s) are denoted by −1 and 1, 
respectively. 
 

Table 2 The coefficient matrix of 𝑯𝑯. 

 
 

 
Figure 3 Augmented hypergraph. 

 
We now suppose that each hyperlink flow in the aug-

mented hypergraph is either zero or one. The augmented 
hypergraph and (13) show that the o-d flow of one is 
generated from the origin node 𝑜𝑜  and flows into the 
origin link-specific hypergraph via the hyperlink 1^1. 
The o-d flow reaches its destination node 𝐶𝐶. If hyperlink 
1^𝑎𝑎  (𝑎𝑎 ∈ {2, . . . ,4})  in the origin link-specific hyper-
graph carries flow, such hyperlink flow 𝜔𝜔1^𝑎𝑎 becomes 
the o-d flow for the link𝑎𝑎-specific hypergraph, 𝜔𝜔𝑎𝑎^1 , 
via the hyperlinks added by (10). For example, if hyper-
link 1^2 carries flow, the corresponding hyperlink flow 
of 𝜔𝜔1^2 = 1  flows into both nodes 1_𝑛𝑛2  and 𝐴𝐴 . Thus, 
the hyperlink flow flowing into node 𝐴𝐴 becomes the o-
d flow for the link2 -specific hypergraph, 𝜔𝜔2^1 , and 
reaches its destination node 𝐷𝐷 . Since hyperlink 1^3 

 
1^1 1^2 1^3 1^4 2^1 2^2 2^4 3^1 3^3 3^4 4^1 4^2 4^3 4^4 

𝑜𝑜 -1              

1_𝑛𝑛1 1 -1 -1 
           

1_𝑛𝑛2 
 

1 1 -1 
          

2_𝑛𝑛1 
    

1 -1 
        

2_𝑛𝑛2 
     

1 -1 
       

3_𝑛𝑛1 
       

1 -1 
     

3_𝑛𝑛2 
        

1 -1 
    

4_𝑛𝑛1 
          

1 -1 -1 
 

4_𝑛𝑛2 
           

1 1 -1 

𝑑𝑑              1 

A 
 

1 
  

-1 
         

B 
  

1 
    

-1 
      

C 
   

1 
  

  

   
-1 

   

D 
      

1 
    

-1 
  

E 
         

1 
  

-1 
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carries no flow, in this case, all hyperlink flows in the 
link3-specific hypergraph carry no flow, i.e., 𝜔𝜔3^𝑎𝑎 = 0 
∀𝑎𝑎 ∈ {1,3,4} . All hyperlink flows in the destination 
link-specific hypergraph are determined by the hyper-
link flows 𝜔𝜔𝑎𝑎^4  ∀𝑎𝑎 ∈ {1,2,3} that are calculated in the 
link𝑎𝑎 -specific hypergraph. For example, if hyperlink 
2^4  in the link2-specific hypergraph carries the flow, 
i.e., 𝜔𝜔2^4 = 1, such flow becomes the hyperlink flow, 
𝜔𝜔4^2 , in the destination link-specific hypergraph. As 
mentioned earlier, when the o-d demand of zero is as-
signed to the link𝑎𝑎 -specific hypergraph ∀𝑎𝑎 ∈ {2,3,4} , 
every hyperlink flow in the link𝑎𝑎-specific hypergraph is 
zero, i.e., 𝜔𝜔𝑎𝑎^𝑏𝑏 = 0  ∀𝑏𝑏 ∈ {1, . . . ,4}  and that becomes 
the hyperlink flows in the other link-specific hyper-
graphs, i.e., 𝜔𝜔𝑏𝑏^𝑎𝑎 = 0 ∀𝑏𝑏 ∈ {1, . . . ,4} . This property 
plays an important role when solving the m-v shortest 
path problem in this study. 

Since the coefficient matrix 𝑯𝑯 shown in (13) is totally 
unimodular to be shown, the m-v shortest path problem 
has the solution of 𝜔𝜔𝑎𝑎^𝑏𝑏 ∈ {0,1}∀𝑎𝑎,𝑏𝑏 ∈ 𝐴𝐴. This is true 
for a general directed network. We will discuss the total 
unimodularity of the coefficient matrix corresponding 
to a general directed network. The definitions of a uni-
modular matrix and a totally unimodular matrix are 
shown next. 

A square nonsingular matrix 𝑴𝑴 ∈ ℤ𝑛𝑛×𝑛𝑛 is unimodular 
if 𝑑𝑑𝑑𝑑𝑑𝑑(𝑴𝑴) ∈ {1,−1}. A matrix 𝑨𝑨� ∈ ℤ𝑚𝑚×𝑛𝑛 is totally uni-
modular if every square submatrix of 𝑨𝑨� is unimodular 
or singular, i.e., 𝑑𝑑𝑑𝑑𝑑𝑑�𝑨𝑨�� ∈ {0,1,−1} . Therefore, the 
necessary condition for the coefficient matrix 𝑨𝑨 shown 
in (3) to be totally unimodular is 

𝑨𝑨 ∈ {0,1,−1}𝑚𝑚×𝑛𝑛 
since the determinant of every one by one submatrix of 
𝑨𝑨 needs to be 0, 1 or −1. 
 
Theorem 1. 
Node-link incident matrix 𝑨𝑨 of a network shown in (3) 
is totally unimodular. 
 
Lemma 1. 
Every diagonal matrix, 𝑯𝑯𝑎𝑎 , for the link𝑎𝑎 -specific hy-
pergraph in 𝑯𝑯𝑝𝑝 shown in (12) is totally unimodular. 
 
Proof is given in Appendix 1. 
 
Consider next the coefficient matrix of the augmented 
hypergraph 𝑯𝑯 ∈ {0,1,−1}𝑚𝑚×𝑛𝑛 corresponding to a gen-
eral directed network. From the definition, each column 
of  𝑯𝑯 has at most three nonzero entries. 
 
Lemma 2. 
𝑯𝑯 is totally unimodular. 
 
Proof is given in Appendix 2. 
 
Corollary 1. 
The m-v shortest path search problem has an integer 

solution. 
 
Since 𝑯𝑯 is totally unimodular and the objective func-
tion is of the linear form, the m-v shortest path search 
problem in this study has the integer solution. It goes 
without saying, the m-v shortest path problem formu-
lated in this study can be solved by a standard algo-
rithm of a linear programming problem. 
 
 
6. NONLINEAR OPTIMIZATION 
PROBLEM FOR THE M-V SHORTEST 
PATH PROBLEM AND ITS ALGORITHM 
 
Although it is shown that the m-v shortest path search 
problem in this study has an integer solution, the 
number of unknown variables in the problem be-
comes large when addressing a large network even 
though (9) and (10) reduce some unknown variables 
that are not needed in solving the problem. In the fol-
lowing, we will propose a formulation of the m-v 
shortest path search problem which is easier to solve 
problem for a large network. The number of unknown 
variables in the problem is |𝐴𝐴|. 

We consider first the solution of a linear program-
ming problem defined for the origin link-specific hy-
pergraph as: 
 

min 𝑑𝑑(𝝎𝝎1) 
 w.r.t. 𝝎𝝎1 s.t. (3) and 

𝝎𝝎1 ≥ 𝟎𝟎.   (14) 
 
Note that, 𝑨𝑨 in (3) is totally unimodular since that is 
a node-link incident matrix of a directed network. As 
long as the objective function 𝑑𝑑(𝝎𝝎1) is of the linear 
form with respect to 𝜔𝜔1^𝑎𝑎 ∀𝑎𝑎 ∋ 𝐴𝐴 , the solution of 
this problem has an integer solution. Suppose that a 
basic solution of the problem is denoted as 𝜔𝜔�1^𝑎𝑎∀𝑎𝑎 ∈
𝐴𝐴. The solution can be classified into two kinds of 
hyperlink flows, i.e., 𝜔𝜔�1^𝑎𝑎 = 0 ∀𝑎𝑎 ∈ 𝐴𝐴𝑧𝑧𝑧𝑧𝑧𝑧𝑧𝑧  and 
𝜔𝜔�1^𝑎𝑎 = 1 ∀𝑎𝑎 ∈ 𝐴𝐴𝑜𝑜𝑜𝑜𝑜𝑜  where 𝐴𝐴𝑧𝑧𝑧𝑧𝑧𝑧𝑧𝑧  and 𝐴𝐴𝑜𝑜𝑜𝑜𝑜𝑜  ( 𝐴𝐴 =
𝐴𝐴𝑧𝑧𝑧𝑧𝑧𝑧𝑧𝑧 ∪ 𝐴𝐴𝑜𝑜𝑜𝑜𝑜𝑜  and 𝐴𝐴𝑧𝑧𝑧𝑧𝑧𝑧𝑧𝑧 ∩ 𝐴𝐴𝑜𝑜𝑜𝑜𝑜𝑜 = {∅} ) are the sets 
of links in a directed network. The hyperlinks associ-
ated with links in 𝐴𝐴𝑜𝑜𝑜𝑜𝑜𝑜, 1^𝑎𝑎 ∀𝑎𝑎 ∈ 𝐴𝐴𝑜𝑜𝑜𝑜𝑜𝑜, carry flow 
and those associated with links in 𝐴𝐴𝑧𝑧𝑧𝑧𝑧𝑧𝑧𝑧, 1^𝑎𝑎 ∀𝑎𝑎 ∈
𝐴𝐴𝑧𝑧𝑧𝑧𝑧𝑧𝑧𝑧, carry no flow in the origin link-specific hyper-
graph. The hyperlinks that carry flow 𝜔𝜔�1^𝑎𝑎 = 1 ∀𝑎𝑎 ∈
𝐴𝐴𝑜𝑜𝑜𝑜𝑜𝑜 comprise an acyclic path from the origin node o 
to its destination node in the origin link-specific hy-
pergraph. 

We will consider then the hyperlink flows in the 
link𝑎𝑎-specific hypergraph, 𝜔𝜔�𝑎𝑎^𝑏𝑏(𝑎𝑎 ≠ 1), that are im-
plicitly associated with the hyperlink flows in the 
augmented hypergraph. Consider first the hyperlink 
flows 𝜔𝜔�𝑎𝑎^𝑏𝑏 ∀𝑏𝑏 ∈ 𝐴𝐴 in the link𝑎𝑎-specific hypergraph 
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where 𝑎𝑎 ∈ 𝐴𝐴𝑧𝑧𝑧𝑧𝑧𝑧𝑧𝑧. Since 𝑎𝑎 ∈ 𝐴𝐴𝑧𝑧𝑧𝑧𝑧𝑧𝑧𝑧, therefore 𝜔𝜔�1^𝑎𝑎 =
0 ∀𝑎𝑎 ∈ 𝐴𝐴𝑧𝑧𝑧𝑧𝑧𝑧𝑧𝑧. And thus, 𝜔𝜔�1^𝑎𝑎 becomes the o-d flow 
for the link𝑎𝑎 -specific hypergraph 𝜔𝜔�𝑎𝑎^1.  Finally, we 
obtain 𝜔𝜔�𝑎𝑎^𝑏𝑏 = 0 ∀𝑎𝑎 ∈ 𝐴𝐴𝑧𝑧𝑧𝑧𝑧𝑧𝑧𝑧 ,∀𝑏𝑏 ∈ 𝐴𝐴. Consider next 
the hyperlink flows 𝜔𝜔�𝑎𝑎^𝑏𝑏  ∀𝑏𝑏 ∈ 𝐴𝐴  in the link𝑎𝑎 -spe-
cific hypergraph where 𝑎𝑎 ∈ 𝐴𝐴𝑜𝑜𝑜𝑜𝑜𝑜. Some of the hyper-
link flows in the link𝑎𝑎-specific hypergraph are given 
as 𝜔𝜔�𝑎𝑎^𝑏𝑏 = 0  ∀𝑏𝑏 ∈ 𝐴𝐴𝑧𝑧𝑧𝑧𝑧𝑧𝑧𝑧 . Since 𝜔𝜔�1^𝑎𝑎 = 0  ∀𝑎𝑎 ∈
𝐴𝐴𝑧𝑧𝑧𝑧𝑧𝑧𝑧𝑧, there exist hyperlink flows such that 𝜔𝜔�𝑏𝑏^𝑎𝑎 =
0  ∀𝑎𝑎 ∈ 𝐴𝐴𝑧𝑧𝑧𝑧𝑧𝑧𝑧𝑧  ∀𝑏𝑏 ∈ 𝐴𝐴  in the link𝑏𝑏 -specific hyper-
graph. Since 𝜔𝜔�𝑎𝑎^𝑏𝑏 = 𝜔𝜔�𝑏𝑏^𝑎𝑎, it is shown that  𝜔𝜔�𝑎𝑎^𝑏𝑏 =
0 ∀𝑏𝑏 ∈ 𝐴𝐴𝑧𝑧𝑧𝑧𝑧𝑧𝑧𝑧. The rest of the hyperlink flows in the 
link 𝑎𝑎 -specific hypergraph are given as 𝜔𝜔�𝑎𝑎^𝑏𝑏 =
1 ∀𝑏𝑏 ∈ 𝐴𝐴𝑜𝑜𝑜𝑜𝑜𝑜. Since the o-d flow must reach its desti-
nation node, the hyperlinks 𝑎𝑎^𝑏𝑏  ∀𝑏𝑏 ∈ 𝐴𝐴𝑜𝑜𝑜𝑜𝑜𝑜  com-
prise an acyclic path from the origin node to the des-
tination node in the link𝑎𝑎-specific hypergraph. The 
path in the link𝑎𝑎 -specific hypergraph ∀𝑎𝑎 ∈ 𝐴𝐴𝑜𝑜𝑜𝑜𝑜𝑜  is 
the same as that in the origin link-specific hypergraph 
in terms of network topology. The insights provided 
above are summarized as follows by supposing 
𝜔𝜔�1^𝑎𝑎 = 0 ∀𝑎𝑎 ∈ 𝐴𝐴𝑧𝑧𝑧𝑧𝑧𝑧𝑧𝑧 and 𝜔𝜔�1^𝑎𝑎 = 1 ∀𝑎𝑎 ∈ 𝐴𝐴𝑜𝑜𝑜𝑜𝑜𝑜.  
 
Lemma 3. 
If 𝑎𝑎 ∈ 𝐴𝐴𝑧𝑧𝑧𝑧𝑧𝑧𝑧𝑧 then it is shown that 𝜔𝜔�𝑎𝑎^𝑏𝑏 = 0 ∀𝑏𝑏 ∈ 𝐴𝐴. 
If 𝑎𝑎 ∈ 𝐴𝐴𝑜𝑜𝑜𝑜𝑜𝑜  then it is shown that 𝜔𝜔�𝑎𝑎^𝑏𝑏 = 0 ∀𝑏𝑏 ∈
𝐴𝐴𝑧𝑧𝑧𝑧𝑧𝑧𝑧𝑧 and 𝜔𝜔�𝑎𝑎^𝑏𝑏 = 1 ∀𝑏𝑏 ∈ 𝐴𝐴𝑜𝑜𝑜𝑜𝑜𝑜. 
 
The proof is given in Appendix 3. 
 
By using this property, every hyperlink flow in each 
link-specific hypergraph can be calculated by using 
hyperlink flows in the origin link-specific hypergraph. 
The hyperlink flows in the link𝑎𝑎-specific hypergraph 
except for the origin link-specific hypergraph are 
 

𝜔𝜔�𝑎𝑎^𝑏𝑏 = � 0 if 𝜔𝜔�1^𝑎𝑎 = 0
𝜔𝜔�1^𝑏𝑏 if 𝜔𝜔�1^𝑎𝑎 = 1 ∀𝑎𝑎(≠ 1) ∈ 𝐴𝐴,∀𝑏𝑏 ∈ 𝐴𝐴 

 
The conditions shown above are equivalent to 
 

𝜔𝜔�𝑎𝑎^𝑏𝑏 = 𝜔𝜔�1^𝑎𝑎 ∙ 𝜔𝜔�1^𝑏𝑏 ∀𝑎𝑎(≠ 1) ∈ 𝐴𝐴,∀𝑏𝑏 ∈ 𝐴𝐴 
 
The conditions above show that the number of un-
known variables in the m-v shortest path search prob-
lem in this study can be reduced to |𝐴𝐴|. The corre-
sponding problem by using the hyperlink flows in the 
origin link-specific hypergraph is formulated as 
 
min 𝑒𝑒(𝝎𝝎1) = 𝝎𝝎1(𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑(𝝁𝝁) + 𝛾𝛾1 ∙ 𝚺𝚺)𝝎𝝎1

𝑇𝑇 
= ∑ 𝜇𝜇𝑎𝑎 ∙ 𝜔𝜔𝑎𝑎^𝑎𝑎𝑎𝑎∈𝐴𝐴 + 𝛾𝛾1 ∙ ∑ ∑ 𝜓𝜓𝑎𝑎𝑎𝑎 ∙ 𝜔𝜔𝑎𝑎^𝑏𝑏𝑏𝑏∈𝐴𝐴𝑎𝑎∈𝐴𝐴  

  (15) 
w.r.t. 𝝎𝝎1, s.t. (3), (9a), (9b) and (14),  
where 

𝜔𝜔𝑎𝑎^𝑏𝑏 = 𝜔𝜔1^𝑎𝑎 ∙ 𝜔𝜔1^𝑏𝑏 ∀𝑎𝑎 ∈,∀𝑏𝑏 ∈ 𝐴𝐴 (16) 

𝝁𝝁 = (𝜇𝜇1 … 𝜇𝜇|𝐴𝐴|) 
 
𝚺𝚺  in (15) is the variance-covariance matrix of link 
travel times in a directed network. In this problem, 
the o-d flow of one is generated from the origin node 
of 𝑜𝑜  and finally reaches its destination node in the 
origin link-specific hypergraph. The objective func-
tion in this problem is no longer a linear function of 
the variables, 𝜔𝜔1^𝑎𝑎 ∀𝑎𝑎 ∈ 𝐴𝐴, because of (16). The sec-
ond constraint does not allow the o-d flow flowing 
into the hypergraph to split at each node in the origin 
link-specific hypergraph. Therefore, the feasible so-
lution is always 𝜔𝜔1^𝑎𝑎 = {0,1} ∀𝑎𝑎 ∈ 𝐴𝐴. 

The Hessian of the objective function is 2 ∙
(𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑(𝝁𝝁) + 𝛾𝛾1 ∙ 𝚺𝚺) . Since 𝚺𝚺  is a positive semidefi-
nite matrix, i.e., 𝒙𝒙𝚺𝚺𝒙𝒙𝑇𝑇 ≥ 𝟎𝟎 ∀𝒙𝒙 ≠ 𝟎𝟎 , and thus 2 ∙
𝒙𝒙(𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑(𝝁𝝁) + 𝛾𝛾1 ∙ 𝚺𝚺)𝒙𝒙𝑇𝑇 > 0  ∀𝒙𝒙 ≠ 𝟎𝟎 . This implies 
that the Hessian is a positive definite matrix. It fol-
lows that the objective function is strictly convex. 
Although, the constraints denoted by 𝑨𝑨𝝎𝝎1

𝑇𝑇 = 𝒃𝒃𝑇𝑇 
form a convex set, the constraints denoted by (9a) or 
(9b) do not form a convex set. Therefore, the problem 
generally has no unique solution because of the non-
convexity and non-smoothness of the feasible set. 

To cope with this property of the problem, we pro-
pose an algorithm which solves correctly the problem 
shown above (the problem that maximizes (15) s.t (3), 
(9a), (9b) and (14)) by iteratively solving the sub-
problem that is obtained by linearly approximating 
the original objective function at a feasible solution. 
The objective function approximated at a feasible so-
lution, i.e., at the 𝑛𝑛th iteration solution 𝝎𝝎1

𝑛𝑛, is 
 
𝑒𝑒(𝝎𝝎1) ≈ 𝑒̃𝑒(𝝎𝝎1) = 𝑒𝑒(𝝎𝝎1

𝑛𝑛) + ∇𝑒𝑒(𝝎𝝎1
𝑛𝑛)(𝝎𝝎1 −𝝎𝝎1

𝑛𝑛) 
= 𝑒𝑒(𝝎𝝎1

𝑛𝑛)−�(𝜔𝜔1^𝑎𝑎
𝑛𝑛 − 𝜔𝜔1^𝑎𝑎) ∙ 𝜆𝜆1^𝑎𝑎

𝑛𝑛

𝑎𝑎∈𝐴𝐴

 

= 𝑒𝑒(𝝎𝝎1
𝑛𝑛)−�𝜆𝜆1^𝑎𝑎

𝑛𝑛 ∙ 𝜔𝜔1^𝑎𝑎
𝑛𝑛

𝑎𝑎∈𝐴𝐴

+ �𝜆𝜆1^𝑎𝑎
𝑛𝑛 ∙ 𝜔𝜔1^𝑎𝑎

𝑎𝑎∈𝐴𝐴

 

where 

𝜆𝜆1𝑎𝑎
𝑛𝑛 =

𝜕𝜕𝑒𝑒(𝝎𝝎1
𝑛𝑛)

𝜕𝜕𝜔𝜔1𝑎𝑎
 

= 2 ∙ �(𝜇𝜇𝑎𝑎 + 𝛾𝛾1 ∙ 𝜓𝜓𝑎𝑎𝑎𝑎) ∙ 𝜔𝜔1^𝑎𝑎
𝑛𝑛 + 𝛾𝛾1 � 𝜓𝜓𝑎𝑎𝑎𝑎 ∙ 𝜔𝜔1^𝑏𝑏

𝑛𝑛

𝑏𝑏(≠𝑎𝑎)∈𝐴𝐴

� 

 
The first and second terms of the right-hand side of 
the approximated function are constant terms. There-
fore, the solution of the minimization problem of 
𝑒̃𝑒(𝝎𝝎1)  is obtained by minimizing ∑ 𝜆𝜆1^𝑎𝑎

𝑛𝑛
𝑎𝑎∈𝐴𝐴 ∙ 𝜔𝜔1^𝑎𝑎 . 

The corresponding minimization sub-problem is for-
mulated as 
 

𝑚𝑚𝑚𝑚𝑚𝑚∑ 𝜆𝜆1^𝑎𝑎
𝑛𝑛 ∙ 𝜔𝜔1^𝑎𝑎𝑎𝑎∈𝐴𝐴   (17) 

w.r.t. 𝝎𝝎1, s.t. (3) and (14). 
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The solution of this problem is obtained by assigning 
the o-d demand of one to the minimum path between 
o-d pair in the origin link-specific hypergraph where 
each hyperlink cost is given by 𝜆𝜆1^𝑎𝑎

𝑛𝑛 . The solution of 
the problem shown above, i.e.,  𝝎𝝎1

𝑛𝑛+1�𝜔𝜔1^𝑎𝑎
𝑛𝑛+1 ∈

{0,1} ∀𝑎𝑎 ∈ 𝐴𝐴�, is the feasible solution at the next it-
eration. Since the o-d flow does not split at each node 
in the link-specific hypergraph, the constraints shown 
by (9a) or (9b) always hold. Therefore, 𝝎𝝎1

𝑛𝑛+1 is re-
garded as an updated basic solution to the original 
linear programming problem. The value of the objec-
tive function (15) can be calculated from each basic 
solution 𝝎𝝎1

𝑛𝑛+1. As long as the value of the objective 
function decreases, the basic solution is updated by 
solving the sub-problem formulated above. The algo-
rithm proposed in this study is summarized as follows. 
 

Algorithm 1. 
Step 0: Initialization 
Set 𝑛𝑛 = 0. Set an initial feasible solution 𝝎𝝎1

𝑛𝑛 and 
calculate the value of 𝑒𝑒(𝝎𝝎1

𝑛𝑛). 
Step 1: Solve the sub-problem 
Solve the sub-problem that minimizes (17) s.t. (3) 
and (14). The solution is denoted as 𝝎𝝎1

𝑛𝑛+1. 
Step 2: Termination and the solution update 
If ∇𝑒𝑒(𝝎𝝎1

𝑛𝑛)(𝝎𝝎1
𝑛𝑛+1 − 𝝎𝝎1

𝑛𝑛) ≥ 0, then the solution of 
the original problem is 𝝎𝝎1

𝑛𝑛. Set 𝑛𝑛 = 𝑛𝑛 + 1 and go 
to Step 1 otherwise. 

 
 
7. THE M-S SHORTEST PATH PROBLEM 
 
The m-s shortest path problem in a correlated net-
work in this study is formulated as the following con-
cave programming problem (CPP) 
 

min 𝑔𝑔3 = ∑ 𝜇𝜇𝑎𝑎 ∙ 𝜔𝜔𝑎𝑎^𝑎𝑎𝑎𝑎∈𝐴𝐴 + 𝑓𝑓(𝜂𝜂) (18) 
s.t. (8)-(11), where 

𝑓𝑓(𝜂𝜂) = 𝛾𝛾2 ∙ �𝜂𝜂 

𝜂𝜂 = ��𝜓𝜓𝑎𝑎𝑎𝑎
𝑏𝑏∈𝐴𝐴𝑎𝑎∈𝐴𝐴

∙ 𝜔𝜔𝑎𝑎^𝑏𝑏 

 
𝛾𝛾2 in (18) represents the value of path travel time re-
liability (measured by standard deviation) relative to 
the expected travel time. Although the feasible region 
forms a convex set, the objective function of the 
problem is strictly concave. Therefore, a local mini-
mum solution of the m-s shortest path problem can 
be found if a standard algorithm for nonlinear opti-
mization problems is applied to the CPP. Although it 
is known that each local solution is a corner solution, 
that is not a global solution which we need to find. 
Therefore, we will next present a global optimization 
algorithm for the m-s shortest path problem. 

The m-s shortest path problem in this study is the 
CPP under linear constraints (Tuy, 1964). Global op-
timization algorithms for the CPP, i.e., the Concavity-
Cut Method and the Branch-and-Bound Method, 
were proposed in Tuy (1964). In this paper, a global 
optimization algorithm proposed in Soland (1974) is 
presented. This algorithm was developed by modify-
ing the Falk-Soland Branch-and-Bound Method orig-
inally proposed in Falk and Soland (1969). 

In this algorithm, a feasible region of 𝑀𝑀  for the 
value of 𝜂𝜂 shown in (18) is firstly set by determining 
both a lower bound 𝑙𝑙  and an upper bound 𝑢𝑢  as fol-
lows. 
 

𝑀𝑀: [𝑙𝑙,𝑢𝑢]   (19) 
 
Note that the value of 𝜂𝜂 is calculated subject to (8)-
(11). The feasible region denoted by (19) is then bi-
sectionally divided into the following two regions: 
 

𝑀𝑀1: [𝑙𝑙1(= 𝑙𝑙),𝑢𝑢1(= 𝜂𝜂∗)] 
𝑀𝑀2: [𝑙𝑙2(= 𝜂𝜂∗),𝑢𝑢2(= 𝑢𝑢)], 

 
where 𝜂𝜂∗ = ∑ ∑ 𝜓𝜓𝑎𝑎𝑎𝑎𝑏𝑏∈𝐴𝐴𝑎𝑎∈𝐴𝐴 ∙ 𝜔𝜔𝑎𝑎^𝑏𝑏

∗   in which 𝜔𝜔𝑎𝑎^𝑏𝑏
∗   is 

the optimal solution to the relaxation problem de-
fined below.  
 

min 𝑔𝑔�3 = ∑ 𝜇𝜇𝑎𝑎 ∙ 𝜔𝜔𝑎𝑎^𝑎𝑎𝑎𝑎∈𝐴𝐴 + ℎ(𝜂𝜂) (20) 
s.t. (8)-(11), where 

ℎ(𝜂𝜂) = 𝑓𝑓(𝑢𝑢)−𝑓𝑓(𝑙𝑙)
𝑢𝑢−𝑙𝑙

∙ 𝜂𝜂 + 𝑢𝑢∙𝑓𝑓(𝑙𝑙)−𝑙𝑙∙𝑓𝑓(𝑢𝑢)
𝑢𝑢−𝑙𝑙

 (21) 
 
The above objective function is linear, and a convex 
envelope (Falk and Soland, 1969) of the function (18) 
over the feasible region M. The slope and the inter-
cept of (21) is determined by the feasible temporal 
region M. By utilizing this property of the relaxation 
problem, the proposed algorithm for the m-s shortest 
path problem is described as follows. 
 

Algorithm 2. 
Step0: Initialization 
𝑀𝑀: [0,∞], 𝑔𝑔�3′ = −∞ 
Record the feasible region 𝑀𝑀 to the top of stack list 
𝐿𝐿 
Step1: Termination 
If there is no feasible region in the stack list L, then 
finish the calculation 
Step2: Solve the relaxation problem 
Pick up the feasible region 𝑀𝑀 from the stack list 𝐿𝐿 
Solve the relaxation problem subject to the feasible 
region 𝑀𝑀  and obtain the auxiliary solution 
𝜔𝜔𝑎𝑎^𝑏𝑏
∗  ∀𝑎𝑎, 𝑏𝑏 ∈ 𝐴𝐴 

Step3: Solution update 
If 𝑔𝑔�3′ < 𝑔𝑔�3, then 𝑔𝑔�3′ = 𝑔𝑔�3 
Step4: Branching and bound operation 
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If 𝑙𝑙 = 𝜂𝜂∗ or 𝑢𝑢 = 𝜂𝜂∗, then go to Step1 
Else, branching the feasible region as 𝑀𝑀1: [𝑙𝑙, 𝜂𝜂∗] 
and 𝑀𝑀2: [𝜂𝜂∗,𝑢𝑢] 
Record the feasible region 𝑀𝑀2 and 𝑀𝑀1 to the stack 
list 𝐿𝐿 
Go to Step1 

 
Note that the stack list is a data structure that fulfills 
the LIFO (last in, first out) principle. Here, the feasi-
ble region M corresponds to an element of the stack 
list, L. The relaxation problems solved in Step2 have 
the same problem structure as the m-v shortest path 
problem addressed in this study. Therefore, they are 
easily solved by a solution algorithm for the m-v 
shortest path problem, such as the Simplex method or 
the algorithm shown in the previous section. In the 
objective function of (18), since ∑ 𝜇𝜇𝑎𝑎 ∙ 𝜔𝜔𝑎𝑎^𝑎𝑎𝑎𝑎∈𝐴𝐴  is in 
a linear form and 𝑓𝑓(𝜂𝜂) is a strictly concave function, 
the value of the objective function in the relaxation 
problem is equal to or less than that of the original 
CPP, i.e., 
 

𝑔𝑔�3′ ≤ 𝑔𝑔3.   (22) 
 
It follows the solution of the relaxation problem 
solved in Step2 is the lower bound of the CPP solu-
tion. The algorithm updates the lower bound of the 
solution of the CPP until a global solution is found. 
Finally, the algorithm finds the global solution. It is 
known that the above algorithm finds the global so-
lution by branching the feasible region M as shown 
in Step 4 if the constraints of CPP (and the relaxation 
problem) is a convex polygon (Falk and Soland, 
1969). 
 
 
8. NUMERICAL EXPERIMENTS 
 
(1) Small network 
 
A test network shown in Figure 4 (Shahabi et al., 
2013) is used for demonstrating the algorithm pro-
posed in this study. This network is comprised of six 
nodes and nine links. A number on each link in the 
network is a link number, and that in each node is a 
node number. The number of unknown variables in 
this network is 45, and that of equality constraints re-
lating to (8) is 38. 

 
Figure 4 test network 

Mean link travel times and variance-covariance ma-
trix of two link travel times are given as 
 

𝝁𝝁 = (𝜇𝜇1 ⋯ 𝜇𝜇9)
= (5 4 1 2 2 2 6 4 4) 

𝚺𝚺 

=

⎝

⎜
⎜
⎜
⎜
⎜
⎛

5 1.2 0.75 0.75 −0.325 0.75 0.5 0.7625 1.5
3 0.875 −0.5 0.55 −0.8 −1.125 0.95 0.7875

2 1 1 0.8 −0.3 0.3875 0.5125
3 1.25 0.9 0.5 −0.325 1

1 0.7 −0.5 0.375 0.275
3.5 0.625 −0.3625 −0.1375

2 0.8125 1
3.5 −0.6125

4 ⎠

⎟
⎟
⎟
⎟
⎟
⎞

 

 
At first, we solved the m-v shortest path problem for 
this network. Table 3 shows the minimum m-v travel 
time costs from node one to the nodes of four and six 
when 𝛾𝛾1 is set to 0.01 and 0.2. The o-d pairs are set 
between two nodes where two or more paths are 
available. The m-v shortest paths from node one to 
node four when 𝛾𝛾1  equals 0.01 and 0.2 are equally 
comprised of links two and six, and their travel costs 
are calculated as 6.05 and 6.98, respectively. The m-
v shortest paths from node one to node six when 𝛾𝛾1 
equals 0.01 and 0.2 comprise links one, four, and six, 
and those of two, six, and seven, respectively. The 
corresponding travel costs are calculated as 11.19 and 
13.18, respectively. 
 

Table 3 m-v shortest path from node one to nodes 
four and six 

Origin 
node 

Destination 
node 

Path (link 
sequence) 

𝑔𝑔2 

1 4 𝛾𝛾1=0.01 
𝛾𝛾1=0.2 

2, 6 
2, 6 

6.05 
6.98 

6 𝛾𝛾1=0.01 
𝛾𝛾1=0.2 

1, 4, 9 
2, 5, 6 

11.19 
13.18 

 
We solved the m-s shortest path problem by applying 
the algorithm shown in section 6 when 𝛾𝛾2 is set to 0.2 
and 0.6. The origin node is one, and the destination 
nodes are four and six in this problem. Table 4 shows 
the results of the m-s shortest path problem. Table 5 
shows the computation process of the m-s shortest 
path problem from node one to node four when 𝛾𝛾2 is 
set to 0.2. An initial feasible region of 𝑀𝑀  is set as 
[0, 5000]. The underlined path travel cost in the table 
is the minimum path travel cost computed by the al-
gorithm. The m-s shortest path from node one to node 
four when 𝛾𝛾2  equals 0.2 is comprised of links two 
and six, and its travel cost is calculated as 6.05. Like 
the same ways, Tables 6-8 show the computation pro-
cess under the other conditions shown in Table 3, re-
spectively.  
 
 
 

 

第 66 回土木計画学研究発表会・講演集



 

 10 

Table 4 The m-s shortest path from node one to 
nodes four and six 

Origin 
node 

Destination 
node 

Path (link 
sequence) 

Path 
travel 
cost, 𝑔𝑔3 

1 4 𝛾𝛾2=0.2 
𝛾𝛾2=0.6 

2, 6 
2, 6 

6.45 
7.34 

6 𝛾𝛾2=0.2 
𝛾𝛾2=0.6 

1, 4, 9 
1, 4, 9 

11.86 
13.58 

 
Table 5 Results of the m-s shortest path problem 

from node one to node four (𝛾𝛾2 = 0.2) 
Iteration Feasible region 𝑀𝑀 Path travel cost 

𝑔𝑔�3 
1 [0, 5000] 6.01 
2 [0, 4.90] 6.44 
3 [4.90, 4.90] 6.45 
4 [4.90, 5000] 6.44 

 
Table 6 Results of the m-s shortest path problem 

from node one to node four (𝛾𝛾2 = 0.6) 
Iteration Feasible region 𝑀𝑀 Path travel cost 

𝑔𝑔�3 
1 [0, 5000] 6.04 
2 [0, 4.90] 7.33 
3 [4.90, 4.90] 7.34 
4 [4.90, 5000] 7.33 

 
Table 7 Results of the m-s shortest path problem 

from node one to node six (𝛾𝛾2 = 0.2) 
Iteration Feasible region 𝑀𝑀 Path travel cost 

𝑔𝑔�3 
1 [0, 5000] 11.05 
2 [0, 18.50] 11.86 
3 [18.50, 5000] 11.86 

 
Table 8 Results of the m-s shortest path problem 

from node one to node six (𝛾𝛾2 = 0.6) 
Iteration Feasible region 𝑀𝑀 Path travel cost 

𝑔𝑔�3 
1 [0, 5000] 11.16 
2 [0, 18.50] 12.82 
3 [0, 5.90] 13.46 
4 [5.90, 5.90] 13.20 
5 [5.90, 18.50] 13.46 
6 [18.50, 5000] 13.58 

 
It is confirmed that both the m-v shortest path prob-
lems and the m-s shortest path problems for the net-
work are correctly solved and that every solution is 
given by 𝜔𝜔𝑎𝑎^𝑏𝑏 = {0,1}  ∀𝑎𝑎, 𝑏𝑏 ∈ 𝐴𝐴  without introduc-
ing integer constraints. Next, we will solve the two 
kinds of shortest path problems for a larger network 
for examining the computability of the algorithm 

proposed in this study. 
 
(2) Sioux Falls network 
 
The proposed model is applied to the Sioux Falls net-
work (Figure 5). The mean and variance-covariance 
of the link travel time of the entire network are ran-
domly generated. Tables 9 show the conditions and 
results for the m-v shortest path problem, i.e., O-D 
pairs, the value of 𝛾𝛾1, the link sequence as a solution, 
and the minimum path travel cost, 𝑔𝑔2 . Table 10 
shows those for the m-s shortest path problem. Figure 
6 shows the shortest paths of the m-v problem and the 
m-s problem from node one to node twenty, respec-
tively. Figure 7 shows the shortest paths of the m-v 
problem and the m-s problem from node four to node 
eighteen. Tables 11 and 12 show the calculation pro-
cess of the m-s problem of two different origin-desti-
nation pairs, respectively. The underlined path costs 
show the minimum cost obtained through the itera-
tions. 
 

 
Figure 5 Test network (Sioux Falls) 

 
Table 9 The m-v shortest path problem 

Origin 
node 

Destination 
node 

Path (link 
sequence) 

Path 
travel 
cost, 𝑔𝑔2 

1 20 𝛾𝛾1=0.2 1, 2, 6, 8, 
16, 18, 20 

6.45 

4 18 𝛾𝛾1=0.2 4, 11, 10, 
16, 18 

11.86 

 
Table 10 The m-s shortest path problem 

Origin 
node 

Destination 
node 

Path (link 
sequence) 

Path 
travel 
cost, 𝑔𝑔3 

1 20 𝛾𝛾1=0.2 1, 2, 6, 8, 
16, 17, 19, 

20 

6.40 

4 18 𝛾𝛾1=0.2 4, 5, 6, 8, 
16, 18 

8.81 
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Figure 6 The shortest paths of the m-v problem (top) 
and m-s problem (bottom) from node 1 to node 20 

 

    

 
Figure 7 The shortest paths of the m-v problem (top) 
and m-s problem (bottom) from node 4 to node 18 

 
 
 

Table 11 Results of the m-s shortest path problem 
from node 1 to node 20 (𝛾𝛾2 = 0.2) 

Iteration Feasible region 𝑀𝑀 Path cost 𝑔𝑔�3 
1 [0, 5000] 3.39 
2 [0, 475.09] 6.40 
3 [475.09, 475.09] 5.01 
4 [475.09, 5000] 6.40 

 
Table 12 Results of the m-s shortest path problem 

from node 4 to node 18 (𝛾𝛾2 = 0.2) 
Iteration Feasible region 𝑀𝑀 Path cost 𝑔𝑔�3 
1 [0, 5000] 3.24 
2 [0, 293.70] 5.84 
3 [293.70, 293.70] 8.81 
4 [293.70, 5000] 5.84 

  
We have checked that every solution shown in this 
section is correctly calculated and that the same solu-
tion is obtained when applying the algorithm for the 
m-v shortest path problem proposed in this study. The 
m-s shortest path problems were solved within four 
seconds by applying an algorithm for the linear pro-
gramming problem. The same tendency was ob-
served for the other o-d pair problems in the network. 
Once both network settings and the o-d pair are given, 
both the objective function to be minimized and the 
corresponding constraints can be mechanically gen-
erated by a computer program. Solving the m-v short-
est path problem or the relaxation problem for the m-
s shortest path problem is easy by applying a standard 
algorithm for the linear programming problem. 
 
 
9. CONCLUSIONS 
 
This study proposed a method to find a minimal reli-
able path cost in a correlated road network. Adopting 
the iterative labeling algorithm for solving the relia-
ble path search problem in a correlated network is dif-
ficult because every link travel time variance/covari-
ance which a driver has experienced must be consid-
ered in the problem. Instead of the labeling algorithm, 
we formulated it as a linear programming-based 
problem. Depending on the difference in the path 
choice criteria in a correlated network, two methods 
for finding the minimal reliable path are proposed. 
When the path choice criterion of a driver is the sum 
of mean and variance of path travel time, this study 
showed that there exists a corresponding linear pro-
gramming problem to find a minimal reliable path. A 
conventional algorithm for the linear programming 
problem solves this shortest path problem, e.g., the 
simplex method. When the path choice criterion is the 
sum of mean and standard deviation of path travel 
time, the minimal reliable path is found by solving 
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the corresponding concave programming problem. In 
the proposed algorithm, the relaxation problem that 
is formulated as a linear programming problem is 
solved iteratively following a branch-and-bound 
method. The proposed algorithm finds a global solu-
tion of the concave programming problem within fi-
nite iterations because of the polygonal constraints of 
the relaxation problem. The advantage of this method 
is the easiness of implementation. The conventional 
algorithm for linear programming can be directly 
used to solve the proposed method. The proposed 
methods were verified by the numerical calculations 
performed in two test networks. 

The reader may be interested in solving larger net-
work problems than those addressed in this study. As 
discussed in the previous section, once both network 
settings and the o-d pair are given, both the objective 
function to be minimized, and the corresponding con-
straints can be mechanically generated by a computer 
program. Accordingly, the linear programming prob-
lems that are needed for solving either the m-v short-
est path problem or the m-s shortest path problem can 
be easily obtained. Therefore, whether the linear pro-
gramming problems can be solved or not depends on 
the software that solves the linear programming prob-
lems to apply. It should be mentioned that recent such 
commercial software addresses hundreds of thou-
sands of unknown variables. Still, we may consider 
the difficulty in solving the linear programming prob-
lems in large networks. Therefore, we proposed an 
algorithm for the m-v shortest path problem, which 
can also be applied for solving the m-s shortest path 
problem as well in this study. The number of un-
known variables addressed in the algorithm is much 
smaller than that addressed in the m-v shortest path 
problem. Thus, it seems that the algorithm proposed 
in this study efficiently solves a larger problem than 
those addressed in this study.  
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Appendix 1 
 
Proof by induction: 
From the definition, every column of 𝑯𝑯𝑎𝑎 that is the 
coefficient matrix of the link𝑎𝑎 -specific hypergraph 
has at most one 1 and one −1 as its entries. Consider 
a square submatrix 𝒉𝒉 ∈ {0,1,−1}𝑘𝑘×𝑘𝑘 of 𝑯𝑯𝑎𝑎. It is ob-
vious that the condition of 𝑑𝑑𝑑𝑑𝑑𝑑(𝒉𝒉) ∈ {0,1,−1} holds 
for 𝑘𝑘 = 1. Suppose that the condition holds for every 
submatrix 𝒉𝒉 ∈ {0,1,−1}𝑘𝑘×𝑘𝑘  of 𝑯𝑯𝑎𝑎  when 𝑘𝑘 = 𝑛𝑛 > 1 . 

Consider then a submatrix 𝒉𝒉� ∈ {0,1,−1}(𝑛𝑛+1)×(𝑛𝑛+1) 
of 𝑯𝑯𝑎𝑎. Each column of 𝒉𝒉� has at most one 1 and one 
−1 as its entries. If 𝒉𝒉� has a column of zeros, the con-
dition holds since 𝑑𝑑𝑑𝑑𝑑𝑑�𝒉𝒉�� = 0. If every column of 𝒉𝒉� 
has exactly one 1  and one −1 , the condition holds 
since the row vector of zeros is obtained by summing 
up all rows in 𝒉𝒉� and thus 𝑑𝑑𝑑𝑑𝑑𝑑�𝒉𝒉�� = 0. The remaining 
case we have to check is when a column of 𝒉𝒉� has ex-
actly one nonzero entry which is either 1 or −1. Sup-
pose that 𝑗𝑗th column of 𝒉𝒉� has the nonzero entry at 𝑖𝑖th 
row. The condition holds in this case, since 

𝑑𝑑𝑑𝑑𝑑𝑑�𝒉𝒉�� = ±𝑑𝑑𝑑𝑑𝑑𝑑 �𝒉𝒉�(𝑖𝑖, 𝑗𝑗)� ∈ {0,1,−1}    (2-1) 
(2-1) is obtained by expanding the determinant of 𝒉𝒉� 
along the 𝑗𝑗th column, where 𝒉𝒉�(𝑖𝑖, 𝑗𝑗) is the matrix ob-
tained by deleting 𝑖𝑖 th row and 𝑗𝑗 th column from 𝒉𝒉� . 
Note that, 𝑑𝑑𝑑𝑑𝑑𝑑 �𝒉𝒉�(𝑖𝑖, 𝑗𝑗)� ∈ {0,1,−1} by the induction 
hypothesis. Therefore, (2-1) holds. The theorem can 
be obtained by the case where every column of 𝒉𝒉� has 
exactly one 1 and one −1. 
 
 
Appendix2 
 
The following theorem is used. 
 
Theorem 
If the coefficient matrix of the augmented hypergraph 
𝑯𝑯 ∈ {0,1,−1}𝑚𝑚×𝑛𝑛 is totally unimodular, each collec-
tion of columns of 𝑯𝑯 can be split into two parts so 
that the sum of the columns in one part, minus the 
sum of the columns in the other part, is a vector with 
entries 0, +1 and -1 only (Graham et al., 1995). 
 

If a matrix is totally unimodular, the transposed 
matrix of it is also totally unimodular. Therefore, we 
will examine the total unimodularity of 𝑯𝑯 by replac-
ing columns with rows in the theorem.  

We consider a network as an example that con-
tains the sub-network shown in Figure 8. The corre-
sponding hypergraph is shown in Figure 9. In the hy-
pergraph, two hyperlinks, 𝑎𝑎^𝑏𝑏  and 𝑏𝑏^𝑎𝑎 , which are 
prohibited by (9b) are intentionally depicted. The 
corresponding node-hyperlink matrix is shown in Ta-
ble 13. We assume that each row of 𝑯𝑯𝑝𝑝 and the row 
of 𝑱𝑱𝑜𝑜𝑑𝑑 can belong to the first part and each row of 𝑱𝑱 
except for 𝑱𝑱𝑜𝑜𝑑𝑑 can belong to the second part at the in-
itial state. In the following, the sum of the rows in the 
first part and that in the second part are referred to as 
the first part row vector and the second part row vec-
tor, respectively. When every row of 𝑯𝑯 and 𝑱𝑱 is col-
lected at the initial state, the first part row vector has 
entries 0, and the second part row vector has entries 
0, +1 and -1. Therefore, the condition that the first 
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part row vector minus the second part row vector is 
a vector with entries 0, +1 and -1 holds. The condi-
tion holds in two cases where the first part has some 
of possible rows and the second part has no row, and 
where the first part has no row and the second part 
has some of possible rows at the initial state. 

It is known from our formulation that moving the 
row associated with each node on a link-specific hy-
pergraph from the first part to the second part can 
have influence only on the values of entries associ-
ated with hyperlinks on the link-specific hypergraph 
in the resultant row vector. It is also known that if the 
value of an entry in the first part row vector is 1 (or -
1) and the corresponding value in the second part row 
vector is -1 (or 1), the condition does not hold. In the 
following, we will check whether the condition holds 
or not after moving some of rows in the first part to 
the second part when the condition does not hold at 
the initial state. 

Consider the problem in the node-hyperlink ma-
trix for the linka-specific hypergraph shown in Table 
13. We consider cases where each part has one row at 
the initial state. In these cases, the condition holds by 
leaving both parts as they are, or by moving the row 
in the first part to the second part. We consider then a 
case where the row associated with node 3_a is col-
lected in the first part and two rows associated with 
nodes A and B are collected in the second part at the 
initial state. In this case, the condition does not hold 
since the values of entries associated with hyperlinks 
𝑎𝑎^𝑎𝑎, 𝑎𝑎^𝑏𝑏 and a^𝑐𝑐 in the resultant row vector are 1, 0 
and -2, respectively. When the row in the first part 
moves to the second part, the corresponding values 
are 1, 2 and 0, respectively. This result indicates that 
when three rows associated with nodes 3_a, A and B 
are collected, the condition does not hold. 

Consider next the problem in the node-hyperlink 
matrix for the linkb-specific hypergraph shown in Ta-
ble 13. We consider cases where each part has one 
row at the initial state. In these cases, the condition 
holds by leaving both parts as they are, or by moving 
the row in the first part to the second part. We con-
sider then a case where the row associated with node 
3_b is collected in the first part and two rows associ-
ated with nodes A and C are collected in the second 
part at the initial state. In this case, the condition does 
not hold since the entries associated with hyperlinks 
𝑏𝑏^𝑎𝑎, 𝑏𝑏^𝑏𝑏 and 𝑏𝑏^𝑐𝑐 in the resultant row vector are 2, 1 
and -2, respectively. Thus, the row associated with 
node 3_b in the first part moves to the second part. 
The corresponding values are 0, 1 and 0, respectively. 
Therefore, the condition holds. If the row associated 
with node 2_b is collected in the first part at the initial 
state, the condition does not hold since the values of 
entries associated with hyperlinks 𝑏𝑏^𝑎𝑎, 𝑏𝑏^𝑏𝑏 and 𝑏𝑏^𝑐𝑐 
in the resultant row vector are 0, -2 and 0, 

respectively. In such case, the row associated with 
node 2_b moves to the second part. As a result, the 
condition seems to hold since the corresponding val-
ues are 0, 0 and 0, respectively. In fact, the effects 
from hyperlinks on linkb-specific hypergraph that 
connect to node 2_b need to be considered. However, 
it is shown that if and only if hyperlinks that are pro-
hibited by (9a) or (9b) do not appear on the linkb-
specific hypergraph, the condition holds. This can be 
easily confirmed by considering a hypergraph corre-
sponding to the sub-network that is comprised of 
node 2 and some hyperlinks which connect with node 
2, and by applying recursively the same discussion as 
provided above. Also, it is easily confirmed that the 
same results as obtained in the linkb-specific hyper-
graph can be obtained in the case of the linkc-specific 
hypergraph. 

The results shown above are summarized as fol-
lows. The condition holds in both linkb-specific and 
linkc-specific hypergraph problems, whereas the 
condition does not hold in the linka-specific hyper-
graph problem. Therefore, it is shown that the coeffi-
cient matrix of the augmented hypergraph 𝑯𝑯 is not to-
tally unimodular. If (9b) is introduced to the problems 
we have examined, two hyperlinks 𝑎𝑎^𝑏𝑏 and 𝑏𝑏^𝑎𝑎 dis-
appear from the augmented hypergraph. And thus, 
the corresponding 𝑯𝑯  becomes totally unimodular. 
This fact shows that (9a) and (9b) make 𝑯𝑯 totally uni-
modular, and is true regardless of topology of the sub-
network shown in Figure 8. 

The reason why the condition does not hold in 𝑯𝑯 
is the existence of the path from node 3_a to node 3_b 
that is comprised of two hyperlinks 𝑎𝑎^𝑏𝑏  and 𝑏𝑏^𝑎𝑎 . 
The number of head nodes minus the that of tail 
nodes of the path is two where head node and tail 
node represent the origin node(s) and the destination 
node(s) of a hyperlink, respectively. For example, hy-
perlink 𝑎𝑎^𝑏𝑏  has one tail node, 3_a, and two head 
nodes, 3_a and A. If the number of head nodes minus 
the that of tail nodes of every such path, e.g., paths 
from node 3_b to node 3_c, and from node 3_a to 
node 3_c, is zero, it is shown that the condition holds. 
In fact, the constraints, (9a) and (9b), eliminate every 
path in which the number of head nodes minus the 
that of tail nodes is not zero from the augmented hy-
pergraph. 
 

 
Figure 8 Sub-network 
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Figure 9 Hyper-graph 

 
Table 13 Node-hyperlink matrix of the hyper-graph 

 
 
 
Appendix3 
 
It is obvious that 𝜔𝜔�𝑎𝑎^𝑏𝑏 = 0 ∀𝑏𝑏 ∈ 𝐴𝐴  if 𝑎𝑎 ∈ 𝐴𝐴𝑧𝑧𝑧𝑧𝑧𝑧𝑧𝑧 
since  𝜔𝜔�1^𝑎𝑎 = 0 . Suppose that there exists a hyper-
link 𝑎𝑎^𝑏𝑏 (𝑎𝑎 ≠ 1) in the link𝑎𝑎-specific hypergraph of 
which flow is 𝜔𝜔�𝑎𝑎^𝑏𝑏 = 1   where 𝑎𝑎 ∈ 𝐴𝐴𝑜𝑜𝑜𝑜𝑜𝑜  and 𝑏𝑏 ∈
𝐴𝐴𝑧𝑧𝑧𝑧𝑧𝑧𝑧𝑧 . Since 𝑏𝑏 ∈ 𝐴𝐴𝑧𝑧𝑧𝑧𝑧𝑧𝑧𝑧 , it is shown that 𝜔𝜔�1^𝑏𝑏 = 0 . 
Therefore, we obtain 𝜔𝜔�𝑏𝑏^𝑐𝑐 = 0  ∀𝑐𝑐 ∈ 𝐴𝐴𝑧𝑧𝑧𝑧𝑧𝑧𝑧𝑧 . This 
contradicts the assumption of 𝜔𝜔�𝑎𝑎^𝑏𝑏 = 1   where 𝑎𝑎 ∈
𝐴𝐴𝑜𝑜𝑜𝑜𝑜𝑜 and 𝑏𝑏 ∈ 𝐴𝐴𝑧𝑧𝑧𝑧𝑧𝑧𝑧𝑧. It follows such a hyperlink does 
not exist. Therefore, if 𝑎𝑎 ∈ 𝐴𝐴𝑜𝑜𝑜𝑜𝑜𝑜 then the conditions 
of 𝜔𝜔�𝑎𝑎^𝑏𝑏 = 0 ∀𝑏𝑏 ∈ 𝐴𝐴𝑧𝑧𝑧𝑧𝑟𝑟𝑜𝑜  and 𝜔𝜔�𝑎𝑎^𝑏𝑏 = 1 ∀𝑏𝑏 ∈ 𝐴𝐴𝑜𝑜𝑜𝑜𝑜𝑜 
hold. 
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