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Urban rail transit plays a critical role in the public transportation system during the morning peak-hours 

due to its large capacity and high service frequency. Recently, frequent delays caused by unexpected inci-

dents or passenger congestion are significantly deteriorating the level of service of rail transit system. In 

order to relieve the congestion and prevent the propagation of delays, a considerable number of models 

have been built so far to describe the operation of rail transit system. However, most of them separately 

considered the microscopic operation principles of trains and the passenger commuting behavior. 

This paper formulates a macroscopic equilibrium model to describe both the train operation condition 

and passenger behavior during the morning commute. By introducing a dynamic in-vehicle congestion 

index, the equilibrium arrival pattern of commuters is derived, and simultaneously, the impact of passenger 

congestion on train operation is considered. Finally, the proposed model is examined by a numerical ex-

periment.  
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1. INTRODUCTION 
 

Urban mass transit generally serves as the major 

solution to the morning commute travel demand in 

metropolises owing to its high capacity1). However, 

the operation of mass transit system during the morn-

ing peak hours can easily be disrupted by accidents 

caused by passengers, equipment failures or extreme 

weathers. Even without such unexpected incidents, 

urban mass transit suffers from disturbances due to 

passenger congestion and consequent knock-on de-

lay2) - 4). To improve the reliability and level of service 

(LOS) of mass transit system, engineering ap-

proaches such as building quadruple tracks or operat-

ing trains with more cars are effective solutions, but 

limitations due to space and cost widely exist so that 

physically increasing the capacity turns out to be dif-

ficult in many cases.  

On the other hand, ongoing efforts have also been 

made to optimize the timetable or obtain manage-

ment strategies5) - 9). Issues like minimizing travel 

time10), optimizing service frequency5), 11), 12) and in-

terstation spacings13) for mass transit have widely 

been discussed by scholars. For instance, Mohring11) 

proposed a well-known “square root rule” to obtain 

optimal bus frequency which was quite effective for 

the transit service planning. Daganzo12) introduced a 

headway-based adaptive approach to eliminate bus 

bunching. However, these studies usually assume a 

steady or stochastic arrival pattern of passengers 

which is not appropriate for the problem of morning 

commute.  

To tackle mass transit congestion during the morn-

ing peak hours, one critical issue is to understand the 

passenger departure time choice equilibrium which 

describes a temporal travel demand distribution. This 

issue started to be investigated from 1960s firstly by 

economists and transportation scientists such as 

Vickrey14), Henderson15), Hendrickson and Kocur16). 

Even with simple bottleneck queuing model mainly 

used for highway, many profound insights were de-

rived from their analysis. For example, no increase in 
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capacity is capable of eliminating peak period con-

gestion if many workers start work at the same 

time16). In general, congestion cannot be totally elim-

inated as long as there exists temporary excessive de-

mand larger than the capacity. However, capacity in-

crease can shorten the waiting or queuing time and 

therefore reduce the duration of morning commute. 

Recently, some new efforts19), 20) are made to rep-

resent dynamics of mass transit system based on mac-

roscopic fundamental diagram (MFD). Chiabaut19) 

introduced the passenger-MFD concept and em-

ployed it to assess the performance of a multimodal 

transportation network. Seo et al.20) proposed a mac-

roscopic tractable model to describe the mass transit 

dynamics by employing a transit-specific fundamen-

tal diagram and they validated the macroscopic 

model by comparing the output with the microscopic 

model. 

Although many previous studies17) - 19), 21) - 23) have 

proposed various models to derive and analyze the 

corresponding equilibria, they either assumed travel 

time determined by static model or neglected the in-

fluence of dynamic passenger congestion. Mean-

while, dynamics of rail transit system and passenger 

departure time choice equilibrium are generally 

treated as different issues in most studies5) – 8), 20), 22). 

However, in order to obtain strategic implications 

(e.g., dynamic pricing, introduction of flexible work-

ing time) on relieving congestion and improving the 

LOS of mass transit system, a macroscopic and dy-

namic model that jointly considers the unique char-

acteristics of rail transit system and passenger com-

muting behavior is needed. 

This study formulates a macroscopic model to rep-

resent the dynamics of urban rail transit system and 

corresponding passengers’ commute behavior. Spe-

cifically, a dynamic in-vehicle congestion index is in-

troduced to describe the impact of passenger conges-

tion on train operation. At the same time, this index 

is employed to obtain the arrivals and departures of 

passengers. In this sense, this model can be regarded 

as an effective tool to macroscopically evaluating the 

influence of management strategies on passengers’ 

commute behavior.  

The paper is structured as follows: Section 2 intro-

duces the basic assumptions of rail transit operation 

and describes the dynamics of morning commute; 

Section 3 formulates the equilibrium condition of 

passengers’ commute behavior; Section 4 validates 

the feasibility of the model by a numerical experi-

ment and sensitivity analysis. 

 

 

2. RAIL TRANSIT OPERATION AND 

PASSENGER BEHAVIOR 
 

In this section, an analytical model based on the 

microscopic operation principles of rail transit sys-

tem is formulated to represent the dynamics of rail 

transit operation and passengers’ commute behavior. 

 

(1) Assumptions 
Firstly, consider a rail transit line that have multi-

ple origins and one destination. Passengers arrive the 

stations nearest their homes to commute to their 

workplaces. Here we assume that all passengers us-

ing this rail transit line have the same destination and 

the total number of passengers is fixed as Np. This 

situation is actually rather common considering ra-

dial rail transit lines connecting residential areas and 

the downtown of a city. Also, we assume that only 

local trains are operated so that first-in-first-out 

(FIFO) principle is satisfied for trains and passengers. 

Then, we introduce the assumptions of train cruising 

and dwelling behaviors based on a non-dimensional 

in-vehicle congestion index: congestion rate 𝜂(𝑡) , 

which is determined by the passenger departure time 

choice equilibrium. The variable 𝜂(𝑡) lies in the in-

terval of [0, 𝜂𝑚𝑎𝑥)  where 𝜂(𝑡) = 0  means no pas-

senger is in the train and 𝜂(𝑡) = 1 means passenger 

number reaches the “capacity” of the train car. Note, 

this capacity refers to the situation that all passengers 

are either seated or able to grab the handrails, and this 

value varies according to the type of train car. Thus, 

𝜂𝑚𝑎𝑥 is larger than 1 and it is generally assumed to 

be around 2.5 given the physical space limit of the 

train car. 

a) Train dwelling behavior 

In this study, we assume that the dwelling time 

𝑡𝑏(𝑡) at stations is mainly affected by the congestion 

rate 𝜂(𝑡). In fact, most previous studies20) used the 

boarding time calculated by the number of waiting 

passengers and a constant boarding rate to describe 

the train dwelling time. However, passengers’ board-

ing rate will be reduced when the in-vehicle conges-

tion is severe, which is the common situation during 

the morning commute. Therefore, we directly em-

ployed the congestion rate to represent the increase 

of dwelling time as Eq. (1):  

min( ) ( )b bt t t t                         (1) 

where 𝑡𝑚𝑖𝑛 is the minimum dwelling time needed for 

door opening/closing, and 𝜇 is the dwelling time sen-

sitivity to the congestion rate. 

b) Train cruising behavior 

The cruising behavior of a train is modeled using 

the Newell’s simplified car-following model24). In 

this model, a vehicle travels at the free-flow speed 

while maintaining the minimum safety speed clear-

ance. Specifically, the headway of trains 𝐻  should 

satisfy Eq. (2):  
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b

v
H t

v

 
                           (2) 

where 𝜎  is the minimum spacing when cruising 

speed is zero, and 𝜏 is the physical minimum head-

way of trains. Meanwhile, for simplicity, we assume 

that train bunching will not happen so that the aver-

age cruising speed of trains 𝑣 can be kept as a con-

stant. Therefore, the travel time of trains 𝑐𝑡(𝑡) and 

passengers 𝑐𝑝(𝑡)  can be respectively expressed by 

Eq. (3) and Eq. (4): 

 ( ) ( ) /t b

L
c t t t l v

l
                     (3) 

 ( ) ( ) /p b

L
c t t t l v

l
                  (4) 

Where 𝜀  is the proportional coefficient of average 

passenger travel time and 𝜀 ≈ 0.5 if passengers ho-

mogeneously live along the railway line. 𝐿 is the total 

length of the railway line and 𝑙 is the average distance 

between stations. 

 

(2) Dynamics of train operation and passenger be-

havior 
In this sub-section, we formulate a model to de-

scribe the rail transit operation and passenger com-

mute behavior where the demand (i.e., passenger 

flow) and supply (i.e., train-flow) change dynami-

cally. Since the behavior of individual train or pas-

senger is not explicitly described, this model is mac-

roscopic. The proposed model is based on a delay-

function-based link model. The delay-function-based 

link models refer to a class of link models that explic-

itly use delay functions or equivalently link perfor-

mance functions to specify, in advance, the time-de-

pendent link traversal time which otherwise becomes 

available only at the time when a trip is finished25). 

Delay-function (DF) models have been extensively 

used in the analytical formulation, analysis and com-

putation in dynamic traffic assignment problems due 

to its tractability.  

This study considers the railway system as an in-

put-output system in the same spirit of Seo et al.20). 

Specifically, let 𝑎(𝑡)  and 𝑎𝑝(𝑡)  be the in-flow of 

trains and passengers at time 𝑡 respectively, 𝑑(𝑡) and 

𝑑𝑝(𝑡)  be the corresponding out-flows. Then, let 

𝐴(𝑡), 𝐴𝑝(𝑡), 𝐷(𝑡) and 𝐷𝑝(𝑡) be the cumulative num-

bers of 𝑎(𝑡) , 𝑎𝑝(𝑡), 𝑑(𝑡)  and 𝑑𝑝(𝑡). Here, 𝑎(𝑡) is 

considered to be determined by the rail transit opera-

tion plan (i.e., timetable) as the known input of the 

model, and 𝑎𝑝(𝑡) will be derived from passenger de-

parture time choice equilibrium explained in the next 

section. The travel time of trains and passengers de-

fined in Eq. (3) and Eq. (4) are also determined the 

equilibrium since dynamic congestion rate is solved 

from the departure time choice problem. Then, 𝑑(𝑡), 

𝑑𝑝(𝑡) and their cumulative numbers can be endoge-

nously obtained by employing the DF model. More 

specifically, we firstly derive cumulative train arri-

vals 𝐴(𝑡) by Eq. (5): 

( ) ( )A t a t dt                             (5) 

The cumulative train departures 𝐷(𝑡) can be calcu-

lated from Eq. (6) given the FIFO principle: 

    tD t c t A t                         (6) 

Meanwhile, the out-flow of trains 𝑑(𝑡 + 𝑐𝑡(𝑡)) can 

be obtained by differentiate Eq. (6) as Eq. (7): 

  
 

 1 /
t

t

a t
d t c t

dc t dt
 


                (7) 

Here, according to the car-following model explained 

in Eq. (2), the out-flow of trains should be bounded 

as shown in Eq. (8): 

  
  

1

/
t

b t

d t c t
t t c t v 

 
  

         (8) 

So far, the dynamics of train operation is totally 

described by Eq. (5) to Eq. (8). In term of passengers’ 

commute behavior, we use the similar idea to de-

scribe its dynamics by using the DF model. Firstly, 

we assume that the passenger in-flow rate is deter-

mined by Eq. (9) as 

     pa t N C t a t                       (9) 

where 𝑁 is the number of train cars, and 𝐶 is the ca-

pacity of one train car. Eq. (9) can be understood as 

that passengers arrival pattern is affected by two main 

factors: one is the dynamic congestion rate deter-

mined by passenger departure time choice equilib-

rium; another is the information of train in-flow or 

timetable. At the same time, a constraint of total 

travel demand has to be introduced as Eq. (10) 

 
0

et

p p
t

a t dt N                        (10) 

where 𝑡0 and 𝑡𝑒 is respectively the start and end time 

of morning commute. Since 𝑎(𝑡) is the given input, 

Eq. (10) actually determined the duration and peak of 

morning commute together with the user equilibrium. 

Therefore, the cumulative passenger arrivals can be 

obtained using Eq. (11): 

   
0

p p
t

A t a t dt                       (11) 

Finally, again consider the FIFO principle, the pas-

senger out-flow rate and its cumulative can be cal-

culated from Eq. (12) and (13): 

  
 

 1 /

p

p p

p

a t
d t c t

dc t dt
 


            (12) 

    p p pD t c t A t                     (13) 

The notable feature of the proposed model is its 

high tractability, we expect it can be used to evaluate 

management strategies after empirical validation and 
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calibration. 

 

 

3. USER EQUILIBRIUM 
 

In this section, we formulate the dynamic user 

equilibrium (DUE) of passenger departure time 

choice problem during the morning commute. 

 

(1) Travel cost function 
In this study, we assume that each commuter uni-

laterally attempts to minimize his own travel cost, ex-

pressed as a linear combination of travel time 𝑐𝑝(𝑡), 

schedule delay 𝑠(𝑡, 𝑡∗) , and congestion rate 𝜂(𝑡) . 

Note, we exclude the fare from cost function since it 

is assumed to be constant at this stage. The effect of 

dynamic pricing will be discussed in the following 

studies. Therefore, the generalized travel cost func-

tion can be written as: 

  * *( , ) ( ) ( , ) ( )pTC t t c t s t t t             (14) 

where 𝑡 is the passenger arrival time at rail transit 

system, 𝑡∗  is the desired departure time from rail 

transit system or work start time, 𝛼 is the user cost of 

travel time, and 𝛿 is the user cost of congestion. Here, 

the first term 𝑐𝑝(𝑡) on the right hand of Eq. (14) uses 

the definition in Eq. (4). The second term  𝑠(𝑡, 𝑡∗) is 

defined as: 

 
 

 

*

*

*

( )
,

( )

p

p

t t c t
s t t

t c t t





    
  

 
     

                              

(15) 

where 𝛽 is the user cost of early arrival and 𝛾 is the 

user cost of late arrival. In general, the relations be-

tween the three kinds of user cost should obey 𝛾 >
𝛼 > 𝛽. Besides, it can be understood from Eq. (15) 

that the schedule delay reaches the minimum of zero 

if a commuter departs the rail transit system at 𝑡∗. 

Now, by submitting Eq. (1), Eq. (4) and Eq. (15) into 

Eq. (14), the three terms of travel cost 𝑇𝐶(𝑡, 𝑡∗) are 

essentially functions of 𝜂(𝑡). 

 

(2) Equilibrium condition 

Under DUE condition for arrival time 𝑡 and de-

sired departure time 𝑡∗, Eq. (16) holds which means 

all passengers have the same total travel cost no mat-

ter when he arrives the system: 
* *( )( , ) ( , ) ( )

0
pdc tTC t t s t t d t

t dt t dt


 

 
   

 
    (16) 

By submitting Eq. (1), Eq. (4) and Eq. (15) into Eq. 

(16), the congestion rate 𝜂(𝑡) can be obtained as Eq. 

(17): 

 
 

   
0 1 0

0 1 0 2j j

M t t
t

M t t M t t






  
 

   

 

(17) 

Where 𝜂0  is the initial congestion rate which de-

scribes congestion level of rail transit system during 

the off-peak hours. For simplicity, we assume 

𝜂(𝑡 ≤ 𝑡0) = 𝜂(𝑡 ≥ 𝑡𝑒) = 𝜂0 so that Eq. (18) holds: 

   1 0 2j e jM t t M t t                   (18) 

where: 

 
1

/
M

L l



    


    
            (19) 

 
2

/
M

L l



    


    
             (20) 

𝑡𝑗 is the arrival time that a passenger experiences zero 

schedule delay as expressed in Eq. (21): 

  *

j p jt c t t                          (21) 

In this study, we only discuss the situation that all 

commuters have the same fixed work start time 𝑡∗. It 

can be observed that 𝑀1 and 𝑀2 are fixed if other pa-

rameters in Eq. (19) and Eq. (20) are given. Mean-

while, 𝑡𝑗 and 𝑡𝑒 can be expressed as functions of 𝑡0 

and 𝑡∗ by using Eq. (18) and Eq. (21). Here, the work 

start time 𝑡∗ is considered to be a given input. Finally, 

the dynamic congestion rate 𝜂(𝑡) can be analytically 

derived if the train in-flow 𝑎(𝑡) is given by jointly 

solving Eq.  (9), Eq. (10) and Eq. (17) to Eq. (21). 

Fig. 1 shows the transition pattern of  𝜂(𝑡) based on 

Eq. (17). 

 
Fig. 1 Illustration of congestion rate 𝜂(𝑡). 

 

So far, the equilibrium condition of passengers’ 

behavior during morning commute has been analyti-

cally solved by Eq. (16). As a result, the equilibrium 

determines the dynamic congestion rate 𝜂(𝑡)  and 

therefore the arrival and departure patterns of passen-

gers can be calculated from Eq. (9), Eq. (11), Eq. (12) 

and Eq. (13). At the same time, passengers’ conges-

tion impact on train operation is also incorporated 

into the model since 𝜂(𝑡) affects the dwelling time 

and furthermore the travel time of trains. In the next 

section, we check the feasibility of the proposed 

𝜂0 

𝑡0 𝑡𝑗 𝑡𝑒 

if  𝑡 + 𝑐𝑝(𝑡) ≤ 𝑡∗ 

if  𝑡 + 𝑐𝑝(𝑡) > 𝑡∗ 

if  𝑡0 ≤ 𝑡 ≤ 𝑡𝑗 

if  𝑡𝑗 < 𝑡 ≤ 𝑡𝑒 

𝑀1 

𝑀2 

𝑡 

𝜂 
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model by a numerical experiment and sensitivity 

analysis. 

 

 

4. NUMERICAL EXPERIMENT 
 

(1) Simulation settings 

Firstly, we explain the settings of train in-flow rate 

𝑎(𝑡). In general, 𝑎(𝑡) can be understood as an equiv-

alent of a timetable since the timetable gives the in-

formation of trains’ operation headways, and head-

ways are reciprocal values of in-flow rate 𝑎(𝑡). For 

this simulation experiment, we assume a trapezoid 

shape of 𝑎(𝑡) which is illustrated in Fig. 2. In fact, a 

short and fixed operation headway during the morn-

ing peak-hours is rather common if one observes the 

timetable of metro systems in metropolises.  

Fig. 2 Train in-flow settings 

 

In Fig. 2, 𝑎1  and 𝑎2  respectively represents the 

off-peak and peak-hour in-flow rate. 𝑡1,  𝑡2, 𝑡3 and 𝑡4 

control the duration of high-frequency supply and its 

transition rate. In this numerical simulation, all these 

values are considered to be the given inputs. But in 

the future we can utilize the operation data from rail-

way companies to validate the model. The values of 

these parameters are shown in Table 1. 

 

Table 1 Parameters of train in-flow information 

Parameter Value 

𝑎1, 𝑎2 (train/h) 10, 30 

𝑡1, 𝑡2, 𝑡3, 𝑡4 (min) 90, 120, 240, 270 

 

Other parameters that needed to be initialized are 

summarized in Table 2. Here, cr refers to congestion 

rate and pax refers to passenger. For a quick refer-

ence, we list the definitions of all parameters in Table 

3 in the appendix. 

 

 

 

 

 

Table 2 Parameters of the numerical simulation 

Parameter Value 

𝜎, 𝜏, 𝑡𝑏𝑚𝑖𝑛 0.2 km, 1 min, 0.25 min 

𝜇, 𝜀, 𝜂0, 0.5 min/cr, 0.6, 0.3 

𝑙, 𝐿, 𝑣 1.5 km, 45 km, 45 km/h 

𝑁𝑝, 𝑁, 𝐶 1 × 105 pax, 8 veh, 150 pax/veh 

𝛼, 𝛽, 𝛾, 𝛿 20 $/h, 10 $/h, 30 $/h, 15 $/cr 

𝑡∗ 240 min 

 

(2) Simulation results 

Under the above-mentioned settings, the start and 

end of morning commute is solved to be 𝑡0 =
52 𝑚𝑖𝑛 and 𝑡𝑒 = 245 𝑚𝑖𝑛 which means the morn-

ing commute lasts for 192 min under a total travel 

demand of 100 thousands passengers. In addition, 

𝑡𝑗 = 185 𝑚𝑖𝑛  which indicates that the maximum 

travel time of passengers is 55 minutes, and passen-

gers who arrive the rail transit stations at 𝑡𝑗 can de-

part the system at their desired departure time 𝑡∗. 

Then, we check the dynamics of rail transit opera-

tion by plotting the flow rates and cumulative curves 

of trains in Fig. 3 and Fig. 4. From Fig. 3 it can be 

observed that 𝑑(𝑡) drops a little at the beginning of 

the morning peak. This is due to the increase of travel 

time caused by a longer dwelling time. Then, 𝑑(𝑡) 

grows with the increase of 𝑎(𝑡) but keeps lower than 

𝑎(𝑡). This implies that the train density continues in-

creasing until 𝑎(𝑡)  intersects with 𝑑(𝑡) . Subse-

quently, a sudden rise of 𝑑(𝑡) larger than 𝑎(𝑡) ap-

pears. This is because travel time starts decreasing 

during this period so that the derivative of travel time 

becomes negative. From Eq. (7) it can be understood 

that when the derivative of travel is negative, 𝑑(𝑡) 

will be larger than 𝑎(𝑡). Finally, 𝑑(𝑡) declines with 

the decrease of 𝑎(𝑡). 

 
Fig. 3 Flow rate of trains 
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Fig. 4 Cumulative curves of trains 

 

With regard to the cumulative curves in Fig. 4, it 

can be found that travel time starts to increase from 

𝑡0 = 52 𝑚𝑖𝑛 until 𝑡𝑗 = 185 𝑚𝑖𝑛, and the maximum 

travel time of trains can be obtained as 𝑐𝑡 = 92 𝑚𝑖𝑛. 

Meanwhile, the train density reaches the maximum at 

about 𝑡 = 248 𝑚𝑖𝑛, and the maximum density can 

be calculated as 𝑘𝑚𝑎𝑥 ≈ 0.98 𝑡𝑟𝑎𝑖𝑛/𝑘𝑚. Similarly, 

we plot the flow rates and cumulative curves of pas-

senger in Fig. 5 and Fig. 6. 

 
Fig. 5 Flow rate of passengers 

 
Fig. 6 Cumulative curves of passengers 

 

From Fig. 5 it can be observed that both the arrival 

rate and departure rate of passengers are unimodal, 

𝑎𝑝(𝑡) reaches the maximum at 𝑡𝑗 = 185 𝑚𝑖𝑛 , and 

𝑑𝑝(𝑡) reaches the maximum at 𝑡∗ = 240 𝑚𝑖𝑛. These 

results are consistent with our travel experience dur-

ing the morning commute. In Fig. 6, the increase of 

passenger number is rather notable compared to the 

increase of travel time. By confirming the cross point 

of 𝑎𝑝(𝑡) and 𝑑𝑝(𝑡) in Fig. 5, it can be calculated that 

the maximum passenger number in the system is 

around 45000 pax reached at 𝑡 ≈ 205 𝑚𝑖𝑛. 

By deriving the dynamic flow rates and cumulative 

curves of trains and passengers, we can monitor the 

congestion and delay of rail transit system. These in-

formation is important for the decision making of im-

plementing control measures. Also, it can be used to 

evaluate the performance of the system during the 

planning stage of a new rail transit line. In the next 

sub-section, we check the feasibility of the proposed 

model by a sensitivity analysis. 

 

(3) Sensitivity analysis 

Since we don’t have empirical data to validate and 

calibrate the proposed model at this stage, we firstly 

confirm whether the model can produce interpretable 

results by adjusting the values of several parameters. 

Here, we select total commute demand 𝑁𝑝 and user 

cost of congestion 𝛿 as two examples to conduct the 

sensitivity analysis. Note, other parameters remains 

the same as shown in Table 1 and Table 2. For sim-

plicity, we only compare 𝑎𝑝(𝑡) and 𝜂(𝑡) for the pur-

pose of understanding how passengers’ commute be-

havior and congestion pattern alter with the change 

of corresponding parameters. 

Firstly, a comparison is made to confirm the im-

pact of total commute demand. Fig. 7 and Fig. 8 re-

spectively show the transition of 𝑎𝑝(𝑡) and 𝜂(𝑡) un-

der three levels of demand. It can be observed from 

both figures that when the total commute demand in-

creases, morning commute starts earlier, meanwhile 

both 𝑎𝑝(𝑡) and 𝜂(𝑡) ascends at any given time. For 

example, the congestion rate larger than 140% lasts 

for 33 minutes under a 100 thousands demand, but 

this time extends to 60 and 86 minutes when the de-

mand separately increases 20% and 40%. Therefore, 

it can be recognized that severe congestion duration 

is sensitive to the growth of total commute demand. 

 
Fig. 7 Passenger arrival rate comparison under differ-

ent demand levels 
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Fig. 8 Congestion rate comparison under different 

demand levels 

 

Next, we compare 𝑎𝑝(𝑡) and 𝜂(𝑡) when user cost 

of congestion 𝛿 varies. A lower 𝛿 means passengers 

can tolerate higher level of congestion when they 

choose their departure time. Therefore, we expect a 

later start and early end of morning commute when 𝛿 

is low. The comparisons are shown in Fig. 9 and Fig. 

10. It can be observed that different from the impact 

of total commute demand, 𝛿 has a relatively small in-

fluence on both 𝑎𝑝(𝑡) and 𝜂(𝑡) when it varies from 

80% to 120% of the original value. But still, smaller  

𝛿 leads to a more concentrated and congested morn-

ing commute as we expected. 

 
Fig. 9 Passenger arrival rate comparison for different 

user cost of congestion 

 
Fig. 10 Congestion rate comparison for different user 

cost of congestion 

 

In summary, this section examined the perfor-

mance of the proposed model by a numerical experi-

ment, and through a further sensitivity analysis, the 

model was found to be able to produce reasonable in-

terpretations. 

 

 

5. CONCLUSION 
 

This paper formulated a macroscopic tractable 

model to represent the dynamics of rail transit system 

and corresponding passengers’ travel behavior dur-

ing the morning commute. The proposed model was 

formulated based on the principles of train operation 

and dynamic user equilibrium of passengers’ com-

mute behavior. Through the numerical experiment, 

we preliminarily confirmed the feasibility of the 

model. A notable characteristic of this model is that 

it can predict the arrival pattern of passengers and fur-

ther assess the passenger congestion’s impact on rail 

transit operation. Based on the outputs of the model, 

the congestion level and delay in the system can be 

dynamically estimated. Moreover, this model can be 

used to evaluate the performance of a rail transit sys-

tem under various settings of supply and demand. 

Due to its simplicity and well tractability, we expect 

that this model can contribute to obtaining policy im-

plications on management strategies such as flexible 

working time or dynamic pricing. 

Regarding the future works, we firstly need to val-

idate the proposed model by empirical data from a 

case study on a specific rail transit line. Then, we plan 

to expand the fixed 𝑡∗  to a general distribution of 

work start time and evaluate the congestion allevia-

tion effect by introducing staggered work start time. 

Besides, different from the DF model used in this pa-

per, we are also planning to employ exit-flow26) – 27) 

model or MFD-based approach19) – 20) to explore the 

dynamics of the rail transit system. 

In addition, the proposed model has several limita-

tions. First, the constant train cruising speed assump-

tion do not hold when the dwelling time extends to be 

excessively long. This can be solved by relating the 

cruising speed to the density of trains. Second, the 

congestion rate calculated from DUE problem might 

be unrealistically high under an excessive passenger 

demand. Therefore, a constraint of maximum conges-

tion rate 𝜂𝑚𝑎𝑥 has to be introduced given the space 

limit of train cars. Meanwhile, discussions should be 

made on how to treat the situation when the equilib-

rium cannot be reached under extreme input environ-

ments. In other words, the robustness of the model is 

needed to be improved. 
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APPENDIX A. NOTATION 
 

Table 3 Notations used in the paper 

Parameter Definition 

𝜂(𝑡) Congestion rate at time 𝑡 

𝑡𝑏(𝑡) Train dwelling time at time 𝑡 

𝑡𝑏𝑚𝑖𝑛 Minimum train dwelling time needed for door opening/closing (min) 

𝜇 Train dwelling time sensitivity to the congestion rate (min/cr) 

𝐻 Time headway of successive trains (min) 

𝜎 Minimum spacing between trains when cruising speed is zero (km) 

𝜏 Physical minimum headway time (min) 

𝑣 Cruising speed of trains (km/h) 

𝑐𝑡(𝑡), 𝑐𝑝(𝑡) Train travel time at time 𝑡, passenger travel time at time 𝑡 

𝐿 Total length of railway line (km) 

𝑙 Average distance between stations (km) 

𝜀 Proportional coefficient of average passenger travel time 

𝑎(𝑡), 𝑑(𝑡) In-flow rate of trains, out-flow rate of trains (train/h) 

𝐴(𝑡), 𝐷(𝑡) Cumulative arrivals of trains, cumulative departures of trains (train) 

𝑎𝑝(𝑡), 𝑑𝑝(𝑡) Arrival rate of passengers, departure rate of passengers (pax/min) 

𝐴𝑝(𝑡), 𝐷𝑝(𝑡) Cumulative arrivals of passengers, cumulative departures of passengers (pax) 

𝑁 Number of train cars (veh) 

𝐶 Capacity of one train car (pax/veh) 

𝑁𝑝 Total travel demand of the morning commute (pax) 

𝑡0, 𝑡𝑒 Start of the morning commute, end of the morning commute (min) 

𝑡𝑗 
Passenger arrival time at stations when he/she can depart the system at the desired 

departure time (min) 

𝑡∗ Passenger desired departure time from the system/work start time (min) 

𝛼 User cost of travel time ($/h) 

𝛽 User cost of early arrival ($/h) 

𝛾 User cost of late arrival ($/h) 

𝛿 User cost of congestion ($/cr) 

𝑠(𝑡, 𝑡∗) 
Schedule delay when passengers arrive stations at time 𝑡 with a desired departure 

time 𝑡∗ 

𝜂0 Initial congestion rate of the rail transit system 

𝑎1, 𝑎2 
Train in-flow rate during off-peak hours, train in-flow rate during peak hours 

(train/h) 
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