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This paper analyses the interaction between fares and public transport service quality. The rationale is
that with higher fares the operator has more resources to provide a better service. Demand in turn will
depend on both service quality and demand leading therefore to the question as to whether there is an
optimal fare for different types of cities. The model developed in this paper builds on the work of Daganzo
(2010). The model determines optimal network headway, stop spacing as well as the ratio of a central dense
PT service area compared to the whole city size. The model input is kept at its minimum considering city
size, average speed of services, population, the quality of an alternative service as well as fare sensitivity.
In contrast to Danganzo we include fare and demand elasticity. With this it is possible to find some general
rules for what city types what type of fare structures are favorable. We focus on a flat fare structure. It is
found that in such a fare structure, from the viewpoint of maximizing social welfare, a minimum, low fare
would be the best. However, if the operator cost coverage ratio is considered as objective function then
there exists an optimal fare above the minimum fare. We discuss further for what type of cities acceptable
cost coverage ratios are considered as well as illustrate a fairly complex interaction between the decision
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variables.
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1. INTRODUCTION

(1) Background

Prices for public transport vary significantly across
different parts of the world. Fare increases are often
a complex political issue as the prices are in many
cases at least to some degree regulated. Providing
affordable public transport is associated with a very
wide range of issues, including urban development,
congestion regulation, environmental issues as well
as general ideas of fairness and providing a basic
mobility level for all. Whereas in many developing
countries the fare is kept low in order to allow people
with a diverse financial background being able to

afford it, in other countries the idea that public
transport users should pay for the service they
consume leads to significantly higher prices.
Furthermore, higher fares are often justified with the
argument that it allows providing a better service.

Due to these issues and different objectives in
general there appears to be little agreement as to what
fares are appropriate or optimal. In a recent report the
authors also describe that the definition of “fair fares”
varies across cities and transport authorities?.

The objective of this paper is to contribute to this
discussion by showing how fares, at least under a
number of simplifying assumptions, would lead to
different service quality levels and with it different



demand levels. We consider that the answer to this
will to a large part depend on the city parameters. We
aim to provide some guidance as to what fares, PT
service quality and demand levels can be derived in a
range of cities. More specifically as input and city
parameters we vary size, population density and the
demand level. Building on the work of Daganzo® the
variables that we vary are optimal network headway,
stop spacing as well as the ratio of a central dense PT
service area compared to the whole city size. These
variables together with the fare level and the demand
which we presume to be elastic interact and provide
us with indices of social welfare as well as subsidy
needed for the operator.

(2) Structure

In Section 2, existing literature is reviewed and in
Section 3, the equations used in the model are
explained. Section 4 compares the sensitivities and
conditions including optimum in base and various
scenarios to see how the difference in the
characteristics of city and the other optimized
variables are related with each other. Finally, Section
5, will conclude the results ubiquitously, and further
expected work is stated.

2. LITERATURE REVIEW

Previous research on fares and pricing is mostly
either qualitative or on congestion pricing for traffic,
take e.g. Verhoef’s® study on congestion pricing in
general networks, for instance. Though they are
related yet they do not quantitatively give the
characteristics of PT fare structures. In particular
road pricing literature does not have to address the
complex interaction between fare and different
service quality aspects such as service frequency, or
attributes such as cleanliness of vehicles which are
key concerns in modelling public transport fare
structures. Existing quantitative PT research on fares
are mostly case studies, or emphasizing more
operators’ aspects. For example, Gabriella et al.”
conducted a qualitative study on attitudes towards
public transport and private car. The study of Li et al.
® compared the efficiency of different transit market
regimes in transit services that are not exactly
reliable. Here in this paper, we base our research on
the model proposed by Daganzo, where he mainly
discussed about the interaction between three
parameters, network structure, distance between
stops and headway, optimizing the service quality of
PT. In his paper, the city was divided into two major
parts, a center with grid network and a periphery with
hub and spoke network, as in Figs. 1 and 2.
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Fig. 1. City being divided into central and peripheral part
with different PT network structure as in Fig. 2.
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Fig. 2 The Hybrid Model Concept (taken from Daganzo
(2010); a) Hub Hub and spoke network, b) Grid network and
c) Hybrid network.



3. METHODOLOGY

(1) Model Overview

Daganzo’s model is considering fixed demand,
looking at the competence of various public
transportation travel modes in the prospect of society.
Thus his model did not consider about the possibility
of demand change due to the change in the disutility,
nor did it include fare in the model. He minimized the
sum of operators’ and users’ disutility and obtained
the value of the service characteristics. In contrast we
consider the summation of all the disutility including
those who are using not public transport. We focus
on one PT mode, bus, and consider an additional
alternative mode which passengers would choose
instead of PT in case its disutility (including fare) is
too high. A potential “proxy” for the demand that is
rejecting the public transport option could be taxi,
private vehicles, car sharing or, for short distance
trips, active public transport. We aim to find the flat
fare f that minimizes the total social disutility of a PT
operator and the total travelling population on road.
This is expressed as

fx

z=2Z, + Zp) + (Atotar — Dy + ;) 1)

In the above equation z denotes the total social
disutility for the whole potential public transport
population Ay, Of concern. Z, stands for the
disutility of the public transport operator per
passenger obtained from Daganzo’s model, while
Zystands for the disutility of a public transport user
also obtained from Daganzo’s model. Z, is the
disutility of those who chose to use another mode of
transport, here assumed as taxi. We separate in the
above formulation the public transport fare term from
the total operator and passenger disutility as this is
our main variable of concern. A denotes the actual
demand for public transportation, and f,, the fare for
the proxy mode. p is the time value, to convert all the
monetary parameters, including operator costs, into a
single time dimension.

The values of disutility are obtained by following
equations for public transportation operators and
users respectively:

ZO = T[VV + T[MM + 7TLL
)

Zy= A+ W +T+8/v,er
3)
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Here Equations (2) and (3) are based on Daganzo’s
model, while Equation (4) obtains the disutility of
proxy mode and is derived as an additional term. It is
assumed that the proxy disutility does not include
walking access time, waiting time and the transfer
penalty. Therefore, it is only the time travelled in the
vehicle, which is distance travelled by the velocity of
travel via proxy. This clearly favours the proxy mode
compared to public transport which is in line with our
general model formulation where we take demand
distribution and other characteristics as “lower
limiting case” for public transport. We assume a
uniform where demand distribution where all OD
pairs are equally likely which clearly is the worst case
for public transport as Daganzo also notes.

All of the values are determined by an estimation in
parameters as below following Daganzo. L is the
summation of the infrastructure length in the
periphery and in the center, being fixed capital costs;
and parameters V and M being the operational cost.
For users’ disutility, A, W and T denote walking
access time, waiting time and travel time,

respectively. For the additional term of transfer

8
penalty for public transport in Eg. (3), Vo

v er, o
stands for the weight of transfer time, while v,
indicates walking speed and e the expected
number of transfers. For the model we further need to
obtain the proportion of passengers that travel within
the city center, within the periphery and those
travelling within both parts of the city in order to
obtain the expected distance travelled in the network.
Since Daganzo’s split of the travelling groups does
not appear fitting to us for some fare scenarios, we
derived all of the expected value for vehicular
travelling distance in the appendix in proof 2 and
proof 3.

_D*(1+a?)
L= S (5)

2D?*(3a — a?
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sH (6)
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ve v (Ba — a?)D? (8)
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(2) Parameter Settings for Barcelona Base Case
For the alternative mode, the velocity is calculated as
in Equation (14). The coefficients are based on the
case of free flow, where velocity is 40km/h and flow
is 0; and a “current” or base case, where the velocity
is 25 km/h and the flow is the original demand of
private vehicle transportation. The velocity and the
flow to obtain their relationship are based on the 2013
modal share in Barcelona, which is 12.28% for bus”
and 26.47% for private vehicles ®. Taking Barcelona
is in line with Daganzo’s paper which uses the same
city as base case. Similar, we obtain taxi fares from
Barcelona assuming a base fare f,;, and a distance
depending fare f,4 asin (15).

Ao (14)

fe = fab + fraEx
(15)

Optimization is done regarding four aspects as
decision variables: o denoting the proportion of the
square city center with a grid PT network as in Figs
1 and 2, s for grid size determining the distance
between stops, H for headway as well as fand 4. The
further input parameters that are utilized in above
equations are D denoting the length of the square city,
V. denoting commercial speed of vehicles, z, the
time lost per stop due to the required door operation,
deceleration and acceleration; and the time added per
boarding passenger, T (hr/p). (If the effect of
alighting is significant, it can be usually subsumed
into t.) In wusers’ disutility calculation, vy,
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represents the walking access speed, vy the speed of
taxi derived assuming a liner speed-flow relationship,
and the modal share data from Barcelona City
Council homepage about the modal share in 2013%.

For the model, in the base case, apart from most
parameters assumed to be similar to the Daganzo’s
paper, for f, the PT fare, in case of flat fare, we use
fro = $2.29 for the original fare which is equivalent
of the current flat fare for buses in Barcelona. Taxi
fare is first determined by base fare of $7.46 and the
distance term coefficient, $1.28/km, which is the
current taxi fare system in dollar in Barcelona.

Ao is the original PT demand in the model, taken as
the value of Barcelona’s case here as 20,000pax/hr.
A, the demand is a variable decided by the disutility
of a single user with the scenario of utilizing public
transportation and the scenario of utilizing taxi by
logit model or linear model, as the choice model of
passengers. Equation (16) denotes the linear and (17)
the logit case, with their proofs described in the
appendix.

A=2X| 1-— 7 7 (16)
22, +2E 20— 22
o PP
A
A= 0

s I _&> (17)

exp<9<zp+ m Zy m >+1
Additional terms for explanations are: A, denotes
the original public transportation demand; while Z,
indicates the base case scenario values that equals to
the base case provided in Daganzo’s paper, and 6, the
weight of disutility in the logit model.
In additional to fare which directly reflects the
payment of PT users, here another indicator is
focused on, from urban planners to estimate the
amount or ratio of the subsidy they would need to
provide operators to ensure that the PT fare as well as
network would be at its best condition. This indicator,
marked as ¢, is calculated by:

_Jer

=7 (18)

(3) Other Scenarios

Other scenarios mentioned in Daganzo’s paper wehre
also replicated, to confirm the relationship between
fare structures with city characteristics, including
demand and the size of the city. These scenarios
consist f: PT favored, sprawl and big city scenario. In



addition, a scenario of a small town and a rough
model of Kyoto was optimized.

In the case of a PT favored scenario, the base demand
Ao is multiplied by factor 4. In the sprawl scenario,
reflecting a range of US cities, the demand remains
the same but the size of the city is doubled to D=20
km. The third additional scenario is a big city
scenario, similar to Paris, where both population and
the city size is increased from the base scenario, as
Ao = 80,000pax/hr, while D=20 km.
The additional case of small town is assumed as
where the demand is decreased to 1/4 and the size of
the city gets halved, to confirm the case that the scale
of the city is smaller while the demand density is kept
the same.
In the case of Kyoto, the proxy cost is roughly
estimated based on the case of small taxis, with a low
base fare of $0.66 and $2.78 per km travelled via taxi.
The modal share of bus transportations according to
the person trip survey in 2010, is 5.9% and private
vehicle being 24.3%. the A is estimated as for bus
transportation, according to the same survey, being
approximately140,000 pax in 3 hours, but here we
assume that the daily traffic volume compared to the
peak hour would be larger than Barcelona, here,
assumed as twice of that ratio, as this appears to be
more reasonable to us given, among others, tourist
demand during off-peak periods. Thus Apt, would
be 18,667 pax/hr. With these value and the same free
and current flow speed, the proxy velocity of Kyoto
can be derived as:

3.64\

)\0 Kyoto

(Ao Kyoto = 18667 pax/hr)
The minimum flat fare is set as $2.01, as a base for a
rough estimation reflecting the current bus fare in the
main operation area in Kyoto, while the size of the
city is assumed as 12km which is roughly resembling

the area covered by the Kyoto City Bus.(Kyoto City
Bus, 2016)

VxKyoto = 21.36 + 1)

Table 1 City scenarios

Size of the
Scenario | PT Demand City (edge Real City
Name [pax/hr] length D) Example
[km]
Base 20,000 10 | Barcelona
PT
Favored 80,000 101 -
Sprawl 20,000 20 | US Cities
Big City 80,000 20 | Paris
Small
Town 5,000 51 -
Kyoto 18,667 12 | -
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4. RESULTS

(1) Sensitivities in linear model for flexible
demand
We vary in the following the minimum fare level the
operator has to charge. We find in all scenarios that
the minimum fare is also equivalent to the optimal
fare if Eq. (1) is taken as the objective function.
Figure 3 shows the resulting change in the service
quality. Note that for a fare of $2.29, we obtain the
base case. With lower fare the operator does not have
sufficient resources to provide a very frequent service
and also the spacing between the stops increases.
Figure 4 illustrates the resulting demand. It stays
constant for lower fares as well as for slight fare cases.
From a customer perspective fhe fare increase is
compensated by better service quality.
However, when the fare is around $3, there is a
critical point that service starts to get worse and
demand decreases as shown also in Fig. 3 and 5. This
is also an inflection point for the total, operators’
users’ and proxy disutility as Figs. 4 and 6 illustrate.
To note is that the value of o remains constant,
especially after the critical point, while the value of s
and H increases, making the service worse. It could
be explained by the theory that with a slight fare
increase, operators would try to attract passengers
from changing their modal choices by improving the
service and slightly reducing the area of center with
the best service, and passengers are paying more but
are “paid back” by the improved service quality,
which as well can be confirmed in Fig. 7. But when it
comes to a point where PT is too expensive, the
operator has to “give up” aiming to attract the same
amount of passengers by making improvements.
Instead passengers would tend to take the taxi
regardless of the high fare which then increase the
disutility of both passengers and the operator.
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We therefore conclude that though a higher fare
would pressure the operators to provide a better
service, it might not pay back since the increase in
fare is not proportionate with the increase in the
disutility. Thus particularly considering the profits
that operators would make, the ratio of revenue to the
disutility, in other words, how much the fare income
would cover the cost of operators, should be
emphasized. Looking at ¢ as defined in Eq. (18),
there are two different smooth curves with an
inflection point, as in Fig. 8. The inflection point
reflects the start of demand decrease, and though it
might be feasible to obtain more percentage of the
disutility via fare revenue, from urban planners’
perspective, it might not be the preferable case, since
the total disutility also increases rapidly after demand
starts to decrease, as shown in Fig. 3.

(2) Sensitivities in logit model in flexible demand
with proxy
Assuming instead a logit model, the tendency of



parameters in relation with the sensitivities regarding
fare are the same with linear model, though the
acceleration depends on the value of 6, thus the
critical point depends on it as well. Here three
examples of 8 are given as 0.01, 0.2, and 0.5, each
representing the case that © being too small,
appropriate and too big, respectively.
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When the value of 6 appraoches 0, the demand gets
indifferent to the disutility, while in the case that it
gets higher, it indicates that the demand is more
sensitive to disutility changes. Therefore, in the
figure where 6 =0.01, Figs. 9 and 10Error!
Reference source not found., all the parameters
hardly change, while demand drops suddenly,
resulting in the jump in all the other parameters at the
point where the fare is around 5, in the case of 6 =



0.5 asinFigs. 13and 14. At 6 = 0.2, the curves are
smooth, resembling linear demand. As all the
tendencies are the same but only the slope differs
between the two models, in the reminder of this paper,
for simplification, we will use the linear model.

(3) Comparisons between the Scenarios in Flat
Fare with Linear Model

As mentioned in Section 4 (1), there exists a
maximum ratio of fare over operators’ disutility. We
first compared all the scenarios at its own maximum
ratio, whose variables are all listed on the next page.
Here at the maximum coverage, one can observe that
PT favored cities can get most of their operational
costs back via fares, while the fare stays low. When
the demand density is similar, the maximum ratio is
similar as well. The city center ratio does not vary
greatly between cases, staying stable at around 0.65.

Table 1 Comparison of Maximum ¢ Case in Various Scenarios
at Flat Fare(Linear)

Base PT Sprawl Big Small Kyoto
Favor- City Town
ed
a 0.66 0.66 0.65 0.65 0.67 0.65
S 0.44 0.39 0.62 0.55 0.39 0.49

[km]
H [min] 3.97 2.33 5.38 3.39 5.01 4.62
Fare [$] 2.20 1.80 2.90 2.20 2.20 2.50

Z, 7.46 3.67 15.12 6.66 6.97 8.75
[min/
pax]
Z, 42.07
[min/
pax]
Zy 17.06
[min/
pax]
VA 48846
[min]
¢ 0.89 147 0.58 0.91 0.95 0.86

40.55 66.85 64.88 30.91 47.92

16.95 33.48 33.33 8.95 20.39

190210 | 81316 | 313792 8454 | 51579

Observing that all of the scenarios make it possible to
make up to 50% of the operational cost from the fare
income, all of the ratios are set at 50% to see when
the coverages are the same, what would the scenarios
be like, and the results are listed as in the table below.
The results that can be obtained as rather similar with
the previous comparison, while it is clear with a more
horizontal comparison that to obtain the same ratio of
operational cost by fare, with the same population
density, s should be smaller and H should be bigger
as the scales gets smaller. The values of disutility
depend greatly on the size of the city as well as, to
some degree, on the overall demand level.

Table 2 Comparison of Maximum ¢ Case in Various Scenarios
at Flat Fare(Linear)
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Base PT Sprawl Big Small Kyoto
Favor- City Town
ed
« 0.67 0.68 0.65 0.66 0.68 0.66
[kfn] 0.52 0.45 0.68 0.61 0.48 0.58
[m'?n] 5.99 3.89 6.96 4.94 7.02 6.78
F[‘;r]e 0.70 0.30 1.80 0.70 0.70 0.90
Z,
[min/ 436 2.05 | 1087 431 4.26 5.27
pax]
ZI’
[min/ 4657 | 4504 | 7015 | 68.78 | 3541 | 5272
pax]
Zy
[min/ 17.25 | 17.08 | 3362 | 3347 9.14 | 2059
pax]
Z
[min] | 47817 | 188024 | 79902 | 310645 8231 | 50502
5. Conclusion

In this paper the model proposed by Daganzo (2010)
was extended to look at the relationship between fare
level, structure and the operation of PT. The ratio of
the central grid network area, the distance between
stops, the headway of PT and the fare level was
optimized considering social welfare consisting of
user and operator disutility. Following are the main
conclusions drawn with the results.

It was found that the optimum value for center ratio
of the city, o, does not depend much on the city
characteristics, but stays around a stable value of 0.65.
On the other hand, s and H, the distance between
stops and headway are the major decision variables
that decide operators’ disutility and these variables
are fluctuating greatly. Generally as fare increases, s
and H would decrease to improve the service quality,
while the value of a decreases to reduce the center
ratio, where the service quality is the best.

The disutility of operator per passenger gets smaller
when both the demand and the scale of the city is
large, while the passengers’ would get smaller only
when the scale of the city is small and is less relevant
to the demand density of public transportation.

The increase in fare level from none would in the
beginning pressure the operators to provide a better
service, to keep the demand, in other words, when
fare level is low, passengers paying more and gets
correspondingly improved service. However, there
exists a critical point at which passengers would start
to utilize alternative modes due to the high PT fare.
In further work we aim to characterize this critical
point further, as we suggest, considering also subsidy
needed for PT, this fare might be useful benchmark
for cities to aim at, but not to exceed.



APPENDIX A DERIVATION OF A
Considering that with the original fare and disutility,
all A, of the total travelling demand is utilizing the
PT, while when the sum of proxy fare and disutility
equals to that of original PT, half of it would turn to
proxy, then there is:

A
y
(-4)
= 2 (zp+f—zp0—&)+;to
*op PP
] Sy S—
27+ = 70~ 10)
While when we consider the logit model, similarly,
we have:
Aoexp (—9 (z”p + 5))
' f f
exp <—9 (Zx + ﬁ)) + exp <—9 (Zp + ﬁ))
- s s S
exp(@(—zx —Hx+zp +ﬁ> +1

APPENDIX B DERIVATION OF Epy

First for Ept we consider the distance travelled in
the periphery and in the center separately. For Epr
in periphery, we mark itas Rp. Consider the distance
between a random point on the boundary and a
random point in the periphery on the same quadrant.
Distance of a random point from cordon with side n
on the periphery to a random point in the boundary is

>(n— d), and the PDF of it is 2. Thus, E(Rp) =
%(2 —3a+a3®). For C-P or P-C case, there
is E(RRp|C — P,P — C) = E(Rp). For P — P case, it
becomes E(Rp|P — P) = 2E(Rp). Thus, with one
of PDF of one of the OD in periphery already
considered with ]2)—2, we only need to multiply the

possibility of the other end, as 2a?(1 — a?) for C-P
or P-Ccaseand (1 — a?)? for P-P case when we are
calculating the overall E(Rp), as:

D
ERp) = E(l —a®)(2-3a+a?)

Similarly marking the distance travelling in the
center by PT as R, we divide 3 cases for calculation,
as: A) Both OD are in the center with probability of
a*, B) Both OD are in the periphery with probability
of (1 —a?)?, and C) One of the OD in the center
and the other in the periphery with probability of
2(1 —a?)a?.
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For case A, it is clear that:
2 2
E(RclA) = gd = §(ZD

For case B, three cases are separated again, as a) Both
OD are at the middle point with probability of
(1 — a)?; b) Neither OD are at the middle point with
probability of a?; and c¢) Only one of the OD are at
the middle point with probability of 2a(1 —a).
Figuring out the expected values in each cases then
adding them up, we can get:

E(Rc|B)

= E(R¢|Ba) * (1 — a)? + E(R¢|Bb) * a?
+ E(R¢|Bb) * 2a(1 — )

7d 2a(1 )+3d(1 )2+11d 2
= —_ ES —_ — J— —_—
gt e wTy T R

oD
=1 (9 +3a —a?)
For case C, three cases are separated again, as a) The
points on the same side with probability of 1/4; b)
The points on opposite sides with probability of 1/4;
¢) The points on adjacent sides with probability of 1/2.
Again by deriving them separately and summing up,
there is:
E(Rc|O)

1 1 1
= E(RCICa) * Z + E(RC|Cb) * Z + E(RC|CC) * E

_ a 4 3 D

= oty _
Thus, for PT travels, the value of Epr is the
summation of R¢ and Rp of each cases, being:
Epr

D
=E(6+3a2+2a3—5a4+a5+2a6+a7)
2
Eff = ~aD
PT 3‘7‘

D
EPR = E(12 —9a + 3a? + 5a3)
And total would be:
Epr = E(Rp) + E(R¢)
_ D12 - 9a — 9a® + 230 — 5a* — 5a° + 2a° + o)
B 12

APPENDIX C DERIVATION OF E,
First of all, for CC case, it is the same as the PT
travels in the center, since both of them are grid
networks as:

2
Eg¢ =zaD

While in the other cases, CP and PP we have to derive
the expected value of travelling distance separately.
For CP, first we can divide into 2 cases, when the
point in the periphery in at the corner or not.

When it is at the corner, the expected value would be:
1—«a 1+«
E¢P(a) =D — 5 D= > D




And the possibility this case happens among CP case
would be

[0
Pr(alCP) = m
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