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1. Introduction 
 

In managing a traffic network, it is desirable in some case to control the traffic such that the traffic volume on a certain link does 
not exceed a predefined threshold (e.g. its capacity). One method is to introduce physical capacity constraints for those links. 
Another method is to use an asymptotic travel time function that forces the travel time of the link to approach infinity when the 
flow approaches the link’s threshold. The main focus in this paper is on the latter approach, i.e. introducing explicit capacity 
constraint on the link volume. This type of constraint is widely referred to as ‘side constraint’ in traffic assignment field. It has been 
shown that, under the static user equilibrium (UE), the traffic assignment problem with side-constraints generates a flow pattern 
which satisfied the modified Wardrop UE principle in the sense that the equilibrium condition holds in terms of generalized travel 
costs: the original Wardrop equilibrium travel costs plus link queuing delays. In addition, the Lagrange multiplier as derived from 
the side-constraint of the assignment problem can be viewed as the traffic control parameter (delay or adjusted travel cost function) 
on that link to ensure that the UE link flow satisfy the side-constraint4). 

This paper aims to extend the static side-constraint traffic assignment to the dynamic framework. The motivation is based on the 
application of this approach to the real-world traffic management scheme which involves a highly dynamical system with temporal 
demand and supply interaction. The dynamic framework allows a time-dependent control scheme to be derived from the proposed 
model. In this paper, we focus on problem formulation and analysis of such side-constraint problem with the Dynamic User 
Equilibrium (DUE) using linear exit-flow dynamic link model1). Under the dynamic framework, the inflow and outflow of each 
link are implicitly restricted by the dynamic link model already. Thus, the side-constraint will be related to the ‘length’ of queue to 
ensure the desired congestion level on different links. 

In this paper, we formulate this problem as a continuous time optimal control problem with state dependent time delays and 
saturation, where the queue length is taken as a state variable and the inflow to a link is taken as a control variable. The state 
dependent formulation avoids the pitfalls of improper flow propagation and violation of causality of the original exit-flow dynamic 
link model3). However, the induced state dependent time delays by such formulation complicates the control problem. The 
Pontryagin Minimum Principle is applied to our analysis to obtain the necessary condition. The Lagrange multipliers is obtained as 
the costate variable. After obtaining the optimality condition, we provide the interpretation of the costate variable as compared to 
the Lagrange multiplier in the static case.  
 
2. Problem formulation 
 
To simplify the problem, we only consider the network with a number of parallel links connecting between each OD pairs in which 
each link has one bottleneck. Under the DUE condition, the dynamic equilibrium assignment problem can be defined as an optimal 
control problem with saturated state as follows:  

*

0
= ( , ) ( ) ,min

T

a a a
e a

J s x e s ds
∀

Ψ∑∫                                       (1) 

subject to, 
[ ( )] = ( ), , ,a a

a
dG s e s a s

ds
τ

∀ ∀                                         (2) 

                                                  
* Keywords: Dynamic User Equilibrium, Side Constraint Traffic Assignment, Dynamic Traffic Queue Management 
** The authors are with the Department of Civil and Structural Engineering, The Hong Kong Polytechnic University, Hung Hom, 
Kowloon, Hong Kong SAR, China. Corresponding author: Tel: +852-3400-3963, email: ceasumal@polyu.edu.hk. 



 

( ) = ( ) ( ), , ,a
a a

dx s e s g s a s
ds

− ∀ ∀                                       (3) 

( ) = ( ), , ,a
a

dE s e s a s
ds

∀ ∀                                            (4) 

( ) = ,a od
a

E T J
∀
∑                                                  (5) 

( ) 0, , ,ae s a s≥ ∀ ∀                                                (6) 

0 0
( ) ( ) ( ) ( ) ( ),

s s

a a a a ax s Q s e u du g u du Q s≤ ⇔ − ≤∫ ∫                      (7) 

where the performance index as shown in (1) is proposed in Friesz et al.2), ea(s) and ga(s) denotes the rates at which traffic enters 
and leaves the link a at time s respectively. Equation (2) ensures the proper flow propagation along each route, in the sense that the 
cumulative traffic that enter the link up to time s must exit from the link by time τa(s). Equation (3) is the state equations that govern 
the evolution of link traffic xa(s). Equation (4) defines the cumulative inflow Ea(s). Equation (5) specifies the amount of total 
throughput Jod generated in the system within the time horizon T. Condition (6) ensures the non-negativity of the control variable. 
Given a positive inflow ea(s), the corresponding outflow ga(s) and link traffic volume xa(s) a is guaranteed to be positive. Hence, we 
do not add explicit constraints to ensure the non-negativity of ga(s) and xa(s). Finally, (7) is the capacity constraint proposed to 
restrict the length of the queue. 
The travel time model we adopt here is proposed by Friesz et al. 1), the whole link linear travel time model,  
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It can be show that with this model the proper flow propagation, FIFO queuing discipline, and causality condition are hold.   
The Lagrangian can be defined as:   
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 With the zero initial state, we have   
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 The Hamiltonian function can be defined as   
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 the Lagrangian is then given as   
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The set of first order necessary condition of this optimal control problem can then be defined:   
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where σa(s) is the time of entry to the link with the exit time s. 
 Also, we have another set of KKT condition holds for the constraints:   
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From the Hamiltonian function, we also have the conditions related to the side-constraint: (i) if xa(s) < Qa(s), the Lagrange 

multiplier ηa(s) = 0, and (ii) if xa(s) = Qa(s), the Lagrange multiplier ηa(s) ≥ 0. The value of odφ is determined by the total amount 

of traffic (Jod).  ψa (s, x*) can be viewed as the generalized cost travel for the traffic departing at time s on route p under travel 

condition  x*. Evaluating the co-state equation together with the transversarity condition we have   
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 The stationary condition for the DUE with side constraints can then be defined as:   
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We summarize the above necessary condition for DUE with side constraints as follows:   
Proposition 2.1 The necessary condition for the DUE with side constraints can be given as follows:   
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where the value of odϕ  is determined by the total amount of traffic Jod. 

Remark 2.1 As cited in Friesz et al.2), the Optimal Control Problem cannot be used for computational purpose to obtain the 
dynamic user equilibrium departure rates. In our case, the optimal control problem provides a mathematical platform for analyzing 
the necessary conditions of the DUE with side constraints, allowing us to use the Pontryagin Minimum Principle and/or other 
necessary conditions of optimal control theory.     
 
3. Interpretation of DUE with side constraints 
(3.1)  Comparison of DUE and static UE with and without side constraints 



 

For the used route at instant time s, we have ea(s) > 0 which implies ρa(s) = 0. Furthermore if there is no side constraint, i.e. xa(s) 

< Qa(s) hold for any time instant, we have ηa(s) = 0. The third equation of (11) implies ( ) = 0ad s
ds

λ , which implies ( )a sλ be a 

constant. In this case we have ( )( ) ( ) = ( ) ( ) = 0a a a a as s s sλ γ λ λ τ+ − . The case reduces to *( , ) =a a ods x ϕΨ , which is consistent 

with that of Friesz et al2), i.e. the normal DUE condition. In fact, we can show that the DUE with side constraints can also reduce to 
UE with side constraints as well. Since in the static case the system is operating in the steady state, ea(s) = ea, ga(s) = ga, and 

( ) 0ax s = . By defining the performance index (1) to be that of static case, the necessary conditions for DUE with side constraints 

reduces to static UE with side constraints. 
(3.2)  Interpretation of DUE with side constraints 

For convenience, we first define both necessary conditions for DUE with side constraints and UE with side constraints for our 
interpretation of DUE with side constraints.   
Lemma 3.1 The necessary condition for UE with side constraints is   
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where frw is the flow on path wr R∈ between OD pair w W∈ , ( )a at v  is the normal travel time on link a A∈ , aλ  is the 

Lagrange multiplier associated with the side-constraint, the following generalized link travel time is defined:   
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Notice that the formulations of these two necessary conditions are similar in the sense that if we consider their similarities:   
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We can consider the term 
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η∫  (as in static UE with side-constraints) as an additional time penalty that users traveling on 

this saturated link are willing to wait for using this link. We can thus interpret the UE with side-constraints as a special case of the 

DUE with side-constraints (i.e. the steady state case) in which ( ) 0ax s = . In the static case, λa is a constant whereas the additional 

time penalty in the DUE with side-constraints, 
( )

( )
sa

as
t dt

τ
η∫ , is dynamic.  

 The DUE with side-constraints has at least has two extreme solutions, namely the normal DUE solution and static UE with side 
constraints. In fact, the general existence of a solution to the DUE with side-constraints can be shown. Since the whole link linear 
travel time model is adopted, the strong FIFO5)  is satisfied and the side constraints provide a priori boundedness of path flows, the 
existence condition of such DUE is satisfied following Zhu and Marcotte5).  

References 
1) Friesz, T., et al.: A variational inequality formulation of the dynamic networks user equilibrium problem. Operations Research, 
Vol. 41, pp. 179-191, 1993. 
2) Friesz, T., et al.: Dynamic network user equilibrium with state-dependent time lags. Networks and Spatial Economics, Vol 1, pp. 
319-347, 2001. 
3) Friesz, T. and Mookherjee, R.: Solving the dynamic network user equilibrium problem with state-dependent time shifts. 
Transportation Research Part B, Vol. 40, pp. 207-229, 2006. 
4) Larsson, T. and Patriksson, M: Side constraint traffic equilibrium modes- analysis, computation, and applications, 
Transportation Research Part B, Vol. 33, pp. 233-264, 1999. 
5) Zhu, D. and Marcotte, P.,: On the existence of solutions to the dynamic user equilibrium problem, Transportation Science, Vol. 
34, pp. 402-414, 2000. 



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


