CONFIDENCE INTERVAL ESTIMATION FOR VALUE OF TIME

1. Introduction

The subjective vaue of timeisthe margind rate of subgtitution
between travd time and travel codt. It is commonly referred to as
willingnessto pay of anindividud for svingsintrave time Inpractice,
it is derived normaly from discrete choice models based on random:
utility theory (BenAkiva and Lerman, 1985). The reaulting
willingness to pay vaue is a point esimate from the meen of trave
time divided by the mean of thetravd cog, asif the pseudo meen of
thedigribution of theratio X/Y would bejust theratio of themeans of
m/m. Inaddition, thesinglevaueof thesubjectivevauedf timeistoo
crudeasummary condderingthevad samplesize

Garrido and Ortiizar (1993) proposed replacing the single vdue
by the congruction of a confidence interval given a certain levd of
confidence. This dlows the edimation of lower and upper limits
which is important in the sendtivity endyses of project evauation.
Further, Armdrong, Garido and Ortlzar (2001) proposed two
methods, the asymptotic #test and likdihood ratio test, to meke
Satigticd inference on the ratio without the direct use of the assodiated
probebility density function since they consdered the probability
digtribution for the ratio between two normaly digtributed varigdles es
unknown apriori. However, itisawdl-solved problem abeit amessy
and complex solution.

Thus the badc objectives of this paper areto firdt, discussthe
theory of ratio of normal and its gpplicability to bind the value of time
and then to discuss the ttest method as an dterndive esimation
method to build the confidence intervd for the ratio. Section 2 will
discussfurther the theory of ratio of normd variables and the possble
forms and shapes of the distribution. In Section 3 isthe discusson on
the methods of building the confidence interval, the direct subdtitution
method and ttes method. The gpplication to vaue of time and
comparison of themethodsarein Section 4. Section 5 summerizesthe
condusions.
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(1) Dfinition of value of time (VOT) and the assumed modal
split modd
Veue of timeis defined asthe change in travel cogt rdative to
changeintrave timewith the utility level kept congtant. Thesubjective
vaueof timeisgivenas
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dk, dTy _a,
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dP
where B =trave cost
T, =travd time

Trave cogt and travd time are varigbles of agenerd multivariate
normda population. Assuming an aggregate Logit modd, anindividua
has the fallowing choice of modes (Egns. 1.2, 1.3) given the utility
function asEgn. 14.
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where  P;:shareof modei
U; : utility function of modei
ag, a1,a: paarders
pi =trave cogt of modei
t; =trave timeof modei
Thelinear willingnessto pay functionis givenby Egn. 1L.5as
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Letay =@ -ag): P =(p- p)s T =(t - t,) andassuming
normdlity of the g termthen,

Vi T@q-ag tai(Pyj- Pyj)tas(ty - ty)+ey;
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Rearanging Egn. 1.6 to evaluatethe subjectivevaueof time,
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Thesubjectivevaueof timeor thewillingnessto pay isg=a/a;. If the
parametersay, a, aedenoted astheestimatesof theparametersay, ap,
then,
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2. Theratioof normal variables

The problem of theratio of normd varigblesis commoninthe
fidd of biomedicd assay, hioeguivaence, cdlibration and agriculture
(for example, in the edimation of red cdl life gpan and ratio of the
weight of a component of the plant to that of the whole plant). The
nature of the digtribution of the ratio depends on the parameters m &
m (meas), s; & Sp (dandad devidions) and r (corrdaion
coefficient) of thebivariatenorma distribution of theprimary varigbles
X and Y. Fdler (1932) and Hinkley (1969) derived the density
function of theratio as
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The vaiations of the digribution depending on the vaues of
means, variances (or tandard deviation) and the corrdlation coefficient
are discussad extensvey in “Probability and Satiics’ under the
Subheading “Ratio Populations’ (avaladle online
http://methpages.com/homelkmeath042/kmeth042.him). To illudrete,
relevant sectionsand graphsarereproduced here

Suppose X isanormd population with mean of m= 90 and
standard deviation of s;=12, and Suppose Y is a norma populaion
with meen of m=110 and gandard devidtion of s,= 20. A plot of the
dengty digribution for this case is shown in Fgure 1. Thisis not a
normd digtribution but thedigtributionisfairly well behavedtodefinea
“pseudo mean” and “ pseudo standard deviation”.

Figure 1

In the case of the ratio between two independently distributed
gandard normd variables X~N (0,1) / Y~N (0,2), it fdllows aCauchy
digribution. Cauchy didribution is ungable with indefinite variance
and nomean. A plot of thisisshownin Figure 2.

Figure 2
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Marsaglia (1965) addressed the fundamenta formulation of the
digribution of the ratio of normd variables, aswel as pointed out the
potentia for the ratio probability density function to exhibit bimodal
behavior. Now for an interesting example, suppose the X population
has amean of 20 and agandard deviation of 1 and supposethe Y
population hasamean of 05 and astandard deviation of 1. Thedengty
of theraioisshownin Figure 3.

Figure 3
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To summaize, the didribution of ratios of two norma
distributions could either be skewed unimodd (Singlepeek) or bimoda
(two pesks) depending on thevaduesof m & m (means), s; & S,
(dandard devidtions) andr (corrdation coefficient).



3. Mehodsof buildingtheconfidenceinterval

The current methods of building the confidenceinterval gpplied
in vdue of time sudies do nat use directly the probability dengty
function of theratio. Refer to Armstrong, Garido and Ortlizar (2001)
for further discusson of thesemethods.

Thisstudy highlightsthe direct substitution method wherein the
probability density function of theratioisutilized and the estimetion by
ttes method.

(1) Direct subgtitution method
Estimated valuesof m s, andr fromactud dataare pluggedinto
Egn.2.1

E(a)=m
E(a) =m,

—_—e 2
V() =sy = S1o

V(@,)=s3 ss,
From the resuiting graph of the digtribution, the confidence intervd is
computed given a95% confidence limit,

Plg2<q@g] =095 (31)
suchthat,

q 0.025 <(i <q 0.975 (3.2)

(2) t-tet method

The ttes method is an indance of what aidicians cdl the
method of pivots, wherein a pivet is a function of the data and the
parameters whose didribution is independent of the vaue of thetrue
parameter. Themore prominent exampleof themethod of pivatsisthe
Feler' smethod. Thet-test method isdightly sophisticated Snceit uses
Student t-digtribution, to account for population variances (which need
to beedtieted by samplevariances).

Supposethe lineer ddtidics a; and & are jointly normaly
digtributed with expectationsH ay] =a; and E[a] =a,. Then,
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Whatever thetruevaueof g,
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where:
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Let s% astheunbiasedesimator of s 2, thenthet-gatisticis
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and
S; =S5 - A, +q°s) (36
Setting the confidenceleve as95%,
Pr(t? <t2) =0.95 @7

From Eqn35and giventhecondition t* <tZ,
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Solvingforg,
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where;

D/4= (5122 -7 )3 + (312322 - 28,a,5), +a}s] )3 1)

4. Application to valueof time
Thedataiscomposed of samplesof commuter mode choiceand
thereaulting estimatesfor thevauesof mand s arethefollowing:
m =-5.50x10"°
m, =- 1.04x10°2 S
S 1, =- 6.50x107 S
The digribution of the ratio is plotted by solving the direct
subgtitution method and is shown in Fg. 4. The graph is a skewed
unimodd case(snglepeek).
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Fig4 Thedigtribution of theratio of vdueof time

The corfidence intervas (lower bound and upper bound),
computed by thedirect subgtitution method and theestimation by t-test
method, areshownin Teble 1.

(1) Comparativedatics

Compeardiive Satics was o done by varying the vdues of s;
and s, whilethecovariancevaues,, isfixed as—6.50x10 asshown
in Table 1. Theleft Sde vaues aethelower bound (L) while the right
sidevauesarethe upper bound (U) of theconfidenceinterva.



Table 1 Comparison of direct subdtitution method and t-test

the direct subdtitution method and the ttest method with minimized
width of interval.

Table2 Comparison of direct subdtitution method and t-test with
minimized interva wicth

s, X15 X2 X3
s L U | L Ul L U
X | drect | 1653 2084 | 1646 2088 | 1627 2101
15 | test | 1705 2117 1699 2122 | 1685 2137
X2 | drect | 1595 2148 1590 2152 | 1574 2162

test | 1658 2194 | 1654 2198 | 1642 2210
X3 | drect | 1488 2203 1485 2295 | 1474 2302

test | 1569 237.2| 1566 2374 | 1558 2383

From Table 1, the confidence interva derived from the direct
subgtitution method is lower and narrower as compared to the resuilts

fromtheestimation by thet-tes method.
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Fig.5 Confidenceinterva with varying vauesof s;

Further, Fg. 5 shows the divergence of the vaues with the varying of
thevauesof s;. AlImog thesamefigureisattained by varying s,.

(2) Minimization of width of theinterval (t-tex method)

The theory does not prescribe exactly how to choose the
endpaints for the confidence interva. An obvious criterion is to
minimize the wicth of the intervd (Greene, 2003). To minimize the
wicdth of thecorfidenceintervd fromthet-tes method, set

(X<t )=2a (41)
Pr(X|<t.,)=2(5-a) 42
Then, theresuiting vdueof qissolved by
243, - Sidg - /D1 /4 g B2 SiA2 ++/D, /4 3
2 2,2 2 2,2 i
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where:
D4—(2—22).f+(22—2 22)[2
1 [4=1s; - SIS as; - 23,8, tays (44
D,/4=(s% - s?s2ks + (a2 - 2aa,s, + a2} (45)

After minimizing thewidth of the confidenceintervad of thet-test
method, the difference between the resullts from the direct subtitution
method was diminated. Refer to Table 2 for the comparison between

S X15 X2 X3
s, L U L U| L U
X | drect | 1695 2105 1689 2110 | 1673 2123
15 | ttest | 1695 2105 1690 2111 | 1676 2125
X2 | drect | 1640 2172 | 1640 2180 | 1625 2188

test | 1642 2193 | 1638 2178 | 1626 2189
X3 | drect | 1534 2320 | 1532 2324 | 1525 2333

tHest | 1537 2323 | 1534 2326 | 1526 2334

5. Condusons

The probahility densty function (pdf) of the ratio of normd
variables is a wdl-solved problem and could be used by direct
subdgiitution of the edimated vdues of m s and r to derive the
digtribution of the ratio. However, consdering the complexity of the
pdf of the raio, it is worthwhile to condder edimdion of the
confidence interva with acertain probability leve . The gpplicability of
thet-test method in building the confidenceinterva tothevaueof time
is discussed and shown in the sudy. For further research is the
sitability of thet -test method to thebimodal case.

Based on the comparison of the results from the two methods,
the direct subdtitution method yields alower and narrower confidence
interval. However, by applying minimization of the width of the
confidence intervd to the ttest method, the disoegpancy wes
minimized if not diminated.
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