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Sensitivity analysis for stochastic equilibrium network flows
— A dual approach *

Jiang Qian YING fand Toshihiko MIYAGI

1 Introduction

Recently much efforts have been made on the sensitivity analysis for the Wardropian equilibrium of traffic networks
[3, 4, 5]. Here we present a method for the sensitivity analysis for the stochastic equilibrium. Our method is based
on the dual formulation of the stochastic equilibrium analysis. By adopting Dial’s algorithm for stochastic traffic
assignment and a “path choice entropy decomposition” technique recently developed by Akamatsu [1], we are able
to formulate a computationally efficient link cost based algorithm for the sensitivity analysis.

2 Sensitivity Analysis of Stochastic Equilibrium of Traffic Networks

notations:

N ={i,j,--}: set of nodes

.

A = {ij,---}: set of links
o W ={rs,---}: set of OD pairs

R, = {k,--}: set of paths connecting rs

[

o z;;: link flow, for ij € A
e ¢.5: OD demand, rs € W

o t;;(2i;,€¢;): differentiable cost function of link ij with respect to flow z;;, and parameter ¢;;.
It is assumed that ¢;; is strictly monotone with respect to z;. For fixed ¢;;, the inverse of the cost function is
denoted as z;;(tij, €;5)-

Dual Mathematical Program Formulation

It can be shown that z;;(ti;,€i;), ij € A, achieves the stochastic equilibrium ( ) if and only if ¢;;, ij € 4, is a
minimizing point of the function Z,

Z(t,e) = Z

tij

2ii(v,€45)dv =Y 40 Spa(™ (1)), (1)

t:5(0,€45)

where

Srl@*(®) = —31n Y exp(~0c]’)
k

is the expected minimum cost for OD rs.
In fact, the minimizing condition for this unconstrained program is as follows

8z
6t,'j

8S,s 8ci*
= 2iiltig, €)= 9 drs Fb—t‘k-
rs k k 1
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— 857‘3 rs
- Iij(tijyﬁu g 9rs acrs z;k

ex fct2)ors
215t €67) — Z%Ek_l’—k)w
SR » exp(—0c5?)

= 0, ijeA (2)
It is clear that

2ok exp( AL
25 (b, €65) = Z%s—ex—;}ml)]—
P

are the link flows in a stochastic user equilibrium state.
In a compact vector expression, (2) is rewritten as

ViZ = 0. (3)

It can be shown that the function — 3" ¢-:5-,(¢"*(1)) is convex with respect 10 t;;, or equivalently, its Hessian
with respect to ¢;; is serni-positive definite.
It is also trivial to show that the Hessian of the first term of Z

vzz/

is positive definite, since each diagonal entry is positive from the assumption that z;; is strictly monotone in #;;.
Where diag( ) denotes a diagonal matrix with corresponding diagonal entries.
It then follows that the Hessian of Z

Oz;
zij (v, €55)dv) = dlag(a———)~ (4)
ti5(0,6i5)

3z
27 _
th - (6tij8tyh’)ij,gh (5)

is a positive definite matrix. This implies that Z is convex and the minimum point is unique.

Sensitivity Analysis

The sensitivity analysis is conducted by computing the changes of flows z;; and costs t;; according to small pertur-

bation of €;;.
oz

a%— are functions in free variables ¢;; and ¢;;. The equations by = 0 define t;; as implicit functions in variables

€5 - The derivatives of ¢;; and x;; with respect to ¢;; are computed as follows.

= (52),,, = ~(ViD'Ve(Vs2) o
2 -1
= (miai,,) i dag( Bel L)
Ozij _ Ozij Ozyj Oty s

5.9k + =
6egh 36,'] logd ,] 369};

The part in the computation that appears difficult is that for computing %, which however can be efficiently
computed by the following method based on Dial’s algorithm.

Qﬁ _ Z -0 Zk exp(—0cp’ )5%5;3&
e E exp(—9c”)
—Q(Zkexp( 96 13, (Z‘exp( 00 ) ghl)

B =, exp( e ®

By applying Dial’s algorithm, Akamatsu [1] showed that

Zexp(—ec;’) = exp(—8S;:)

4
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can be computed without enumerating all the paths for an OD pair rs. Here we show that

fcis)é
Zexp(—gczs 8" or M&_Cﬁ_gbi

e ¥1 exp(—6c;°)
and Z ( -0 rs) TS £rs
s g EXP(=UCL" )05 kOgh &k

Ze}\p =0 )855 k65 OF S enp(=0c)

can also be computed efficiently based on Dial’s algorithm.
It is clear that in a stochastic equilibrium state the fraction of the travelers from r to s who use link #j is

o Taexp(-0)6,
drs Zk exp(_ecrs)

Assuming that all of the link costs are fixed, 7] can be directly computed by Dial’s algorithm. This implies that

o exp(—bc, z7?
Ze"p( LA —<—k‘—_—”’M>( ])
Torexp(—9c}?) grs
can be efﬁciently computed.

Let z7#_,, denote the number of travelers from r to s who traces link ij and link gh later, and =
number of travelers from r to s who traces link gh and link ij later. Note that either i;_,, or z}
efficient paths are accounted for in the Dial’s algorithm.

By viewing z] as an OD demand from j to s, we have

:js gh _ Ek exp(— 9":] )6ghk
zi} >y exp(—6c))

It is clear that this can be computed efficiently by Dial’s algorithm, in the same manner as for computing (9).
Similarly we can efficiently compute

9

The ij denote the

7h—ij 15 zero if only

T

(10)

Igi—zj . ok eXP(-GCk’)éu 3

= (11)
T 2 exp(—fc
The above equations can be also derived from the logit model in a more formal manner.
Now let }} , = 3} ;. denote the number of travelers who use both link ij and link gh, then we have
s xr":s— h + $r‘}$;—" 2] # gh,
B = 2 = { e Ty AE O (12)
We have e ve
Y, exp(—0 )62_7 3 gh ko xij,gh_ (13)
2o exp(—0ep?) grs

To summarize can be computed based on Dial’s algorithm and a technique provided by Akamatsu [1]

2%z
) BE,;Btgn
for computing 3, exp(—6¢c}*).

3 Extension and Discussion

Since the Wardropian equilibrium in a traffic network is an extreme case of stochastic user equilibrium with 8§ — oo,
the method presented here may also be used for the sensitivity analysis for the Wardropian equilibrium by taking ¢
large enough.

Recently Yang [6] provided a framework for analyzing the user equilibrium in a traffic network with two classes
of drivers, one class equipped with advanced traveler information system (ATIS) thus enjoying a higher accuracy in
choosing least costly routes, the other class being unequipped and having poorer accuracy.

Let ¢, be the number of ATIS-equipped drivers for OD rs and f;s be the flow of equipped drivers on route p; let

Grs be the number of ATIS-equipped drivers for OD rs and f;fs be the flow of unequipped drivers on route p. The
route choice behavior of the two classes are described by the following logit models.

exp(— 610”)

SRS ) 14
T T en,, (=0 )’ (o

A
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exp(—%c;‘)

fre = gy 20 15
S S vy (19

It is understood that
6, >0, (16)

standing for the assumption that the equipped car drivers enjoy a higher accuracy than the unequipped in choosing
least costly routes, by paying an extra cost for the equipment.
This model also has the following dual formulation

tij

mtin Z(t,e) = Z/

i Jr(0e))

z'ij(”v (377 )dV - Z qrssrs(crs(t)) - Z qrssrs(crs(t))a (17)

where !
Srs(c”(t)) = _5_ In E exP(_elc'I;s):
L

Srale (1)) =~ In Y exp(~0acf?).
= k

The minimizing condition for this unconstrained program is as follows

Y op exp(—8ycf)ors S exp(—02c% )78
= 2(tsy,€5) — qus—%———f—r#—'é - Zq”_.i____a_k_”_’!i

- pexp(=01657) T Y, exp(—0ac7)
0, ij€A. (18)

It

This is exactly the condition that the link flows should satisfy in the stochastic user equilibrium.
As we have seen in the previous section, the main obstacle in sensitivity analysis is the computation of the partial

derivatives E?]_QBZT”, which however can be computed efficiently by the method developed in the previous section.
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