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Fig. 3 Equivalent system of bridge under moving
vehicle.
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FUNDAMENTAL EQUATIONS OF BEAM STRUCTURES UNDER
THE MOVING LOADS AND ITS APPLICATION

By Itio Hirai, C.E. Member

1. Introduction

The immediate purposes of the present study
are to describe the method to derive the funda-
mental equations of motion of beam structures
Joaded with a moving load and to. apply this
method to a certain the specific problem.

Since the dynamic responses of bridge loaded
with a moving vehicle is of great importance
to the bridge design, the studies to evaluate
the magnitude of the dynamic amplification
factors have been carried out by many people
during the past ten decades.  The analytical
methods treated in their papers seem to be
‘based on either the direct solution of the fund-

amental differential equation of transeverse

vibration of beam or energy procedure by
‘means of Lagrangian equation. Though these
analytical methods are available for the case
where the moving load is idealized as a constant
force or as a single mass upon an idealized sim-
ple beam, it seems almost impossible to derive
the equations of motion for the case where the
structures of bridge are a continuous beam, a
.cantilever bridge or a grillage girder bridge and
.a moving load is composed of several masses
-connected by a spring with non-linear elements.

2. The derivation of the fundamental

equations

The analytical procedure proposed in this
paper is divided into two stages, instead of
taking into account all of the factors of bridge
At the first stage, the
equation of motion at an arbitrary point x of
the beam structure subjected to a concentrated
force P(¢) applied to the structure at a point
defined by the coordinate x=j was obtained.
This equation is given by the differential
equation of second order as follows :
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where v,, : the deflection of the structure for

and vehicle at a time.

the m~-th mode of vibration

0,,(x) : the m~th normalized natural mode

of vibration

When the load is a moving load, the applied
point j may be treated as a function of time
J@®.

3. The epuivalent system of the vibrat-

ing structure V

In general, the equation of motion of a
vibrating system composed of a mass and a
spring is given by the differential equation of
the second order. Thus, the transverse vibrat-
ion system of beam structures, referring to eq.
(1), can be represented by an equivalent system

as given by Fig. 1. The equivalent mass M,

(#) and the equivalent spring constant K, (¢ )
in Fig. 1 are expressed as follows :
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Fig. 1 Equivalent system of bridge under
moving force P(z)

I 4
Va

vr ™

Fig. 2 Equivalent system of bridge under
moving Vehicle.
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Dyndmic deflection diagram at the center
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At the second stage, the 04 /{X-L
vibrating system composed 03 e /;/ - 7\%& - load R=164.2kg
of bridge and vehicle was  § . RS A 0\A | vo=somfsec (ke )
replaced by an equivalent ;‘5):’0'2 / N %‘A{\ ——————— ﬁti‘to‘c l?;;{secz)
system. As an illustration, & olf //"7 M T 398 )
consider the case where the g P | v2aes o

load has a sprung mass m, 0 ol
and an unsprung mass 72,
connected by a linear spring.
The equivalent system of this system is repre-
sented by Fig. 2 and the equations of motion,
as a multi-degree-of-freedom system, are easily
derived as follows :
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4. Response of a bridge to a load with
constant acceleration
When a constant force P, traverses a bridge
with a constant acceleration, the equation of
motion is expressed as follows :
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where a: distance from one end of the beam
to a starting point of load

v, : initial velocity of load

u : acceleration of load
The solution of the above equation may be
obtained by expanding its right hand side in
the Fourier’s series.

Numerical computations were carried out for
the Nagahori bridge, a simple span highway
bridge (span:[=30.6m, total weight: W=
321.9ton, stiffness : EI=3.107 x 10"*kg-cm?).
Typical results for dynamic deflection at a
center of span are shown in Fig. 3.
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