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WATER HAMMER IN A BRANCHED PIPE

By Sukeyuki Shima*, C.E. Member and Mikio Hino**, C.E. Member

Synopsis : This paper presents the experimental and theoretical results of the effect of water
hammer in a surge tank or a branch pipe with restricted-orifice, describing the relationships between

the transmission coefficients and the orific-earea ratio, and also between the maximum pressure rise

and the closure time of gate.

INTRODUCTION :

In the previous paper®, the authors developed a theory dealing with the water hammer phenomena
in a restricted-orifice surge tank system, and showed that the transmission coefficient in such a pipe
system increases abruptly, for the case of rapid closure of gate or control valve, below a certain
value of the orifice-area ratio Ap/A, (orifice area/pipe area) which depends on the ratio of the initial
flow velocity, V, to the wave velocity in the pipe, @, and which is far smaller than usually anticipated.
The previous study neglected the effect of water hammer in a surge tank. However it has been
exclusively investigated in the present study. For convenience of treatment, the surge tank has
been replaced with a branch pipe (with the same diameter and made of the same material as the
main pipe). An orifice of different sizes has been inserted at the base of the branch pipe, and the
relationships between the transmission coefficient and the orifice-area ratio and between the maximum
pressure rise and the closure time of gate have been examined through experiments and a theoretical
analysis.

Theory of Water Hammer in a Branched Pipe®'® :

Let us assume a pipe line system shown in Fig. . The flow velocities, wave velocities, total
heads, pipe areas and pipe lengths are denoted respectively by V, «, H, A and L. Subscripts 1, 2 and
3 represent the type of each pipe. The constant head is assumed at points C and D.

Fig. 1 Shematic Diagram of Branched Pipe System.
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(a) Foundamental equations.
The relationships between H and V are written in a dimensionless form;

X progressing wave hp;—har=20,(Up,s—0as’) e e (1)
for Pipe 1
reflected wave hAt—hBlfI:*Z pl(vAt_vBlf,) .................................... (2)
. progressing wave Ac;—/Rp,st' =2 0,(Vcs—Vp,p!')  crreeeseeeeeesesee (3)
for Pipe 2 {
reflected wave tht—thll: -2 pz(”th‘“th") .................................... (4)
. Iprogressing Wave Rp—hpy1t=2p,(Vpe—0ps/11) e (5)
for Pipe 3 - (6)

1reﬂected wave hpr—hp'tt=—2p,(Vps—Vp,e''")

where, denoting the initial state by a bar,
h=H|H4, v=AV]A,V,, 20=c V|gHs=a Ga/gHr1A

and subscripts #/, #/ and ¢’’’ represent the time; for instance, %4, is the head at point A at time #'.
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Furthermore, the following relationships between time # and #¥ must be satisfied, {—#®=L;/c;.
The sign of V, is opposit to that of the corresponding wave velocity.
Equation of continuity at the branch point:
A Vg, =A,Vp, AV, e (7
or in a non-dimensional form, DR, =m0 R, F U, soeeerereesss msent sttt 7"
Equal head condition at the branch point:

V 2
Hp,=Hp,=Hp,+&—22

29

or

where, £=head loss coefficient for a pipe orifice, a=(&[2 gH ) (G a/A,)*?

The boundary condition at the gate (the orifice law):

Va=0 VH, o wamg@ Aia swerere e s (9)
(b) Graphical solution method#®

There is no difficulty at all in determining the conditions at point A, C or D from those at points
B,, B, and B,, respectively, by means of an ordinary method. Therefore, the following discussion will
be confined to the method for determining the conditions at the branch point.

Equations (1),(4),(5),(7"),(8) and (8') must be solved to determine the unknowns kg,:=hp,: R
Vg, Vg, and vp,. The method of solution essentially consists of eliminating the unknowns except
(hp,s—hp,) and vp,, from the equations and obtaining a linear equation to be solved simultaneously
with the quadratic Equation (8).

Subtraction of Equation (1) from (4) by using Equations (7’) and (8), gives.

1 1 1 1
<"'_hAt'+‘Ep_th”>_< l"“‘")hBlt:ngl"(UC!”_UAt')
2

2p, 2 —57;_ 20

or BByt =T = —2 0,5 (Vg —VR') wreerermrenrein it (10)
where 1 L 1 oadte

20, 20, 20, 20,0,

W2 ﬁ]z<?p—:hm’ N . hcﬂ’) ................................................ (1)

Vg =vc! — VAt )
Furthermore, from Equations (5) and (10), we obtain

(hpy—hp,)— (W —hpy1)=—2 01201+ (20,08 —2 p0ps117)veeeeees 12)
where 2010 =2 D)y 2 pr__zWL ettt ant—n———_ (13)
At the graphical intersection of Equation (12) and the remaining quadratic Equation (8''),

BByt — Byt = @7 gy evveeneeens et )

we obtain the conditions at the branch point.

The procedures of the graphical method which mean to trace the above mentioned mathematica?l
treatments on the graphs are shown in Fig. 2. Fig. 3 illustrates an example of the graphical method
solved for the run of Fig. 9. The subscripts represent the nondimensional time measured by the unit
of L.j«,. For convenience in drawing, the procedures have slightly been modified from those of Fig. 2.
(e) Transmission coefficient for the case of rapid closure.

The following relationships express the state when the gate closes instantly :

*)  The graphical method presented by G. BENINI is not correct. (Fig. 7 and 8 in “‘Sui fenomeni di
colpo d’ariete nell gallerie munite di pozzo piezometrico con luce strozzata’” L’ENERGIA ELET-
TRICA, Vol. XXVII, 1950). It can only be applied as a simple approximate method for the following
cases : (a) before the negative waves reflected at the reservoir arrive at the branch and (b) the
orifice-area ratio is not so small or (c) a branch pipe length is relatively short compared to
that of a penstock.
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Fig. 2 Graphical Solution Procedure

Fig. 3 Example of Graphical Solution

to Determine a State at the Procedure.
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Substitution of Equation (14) to Equations (12) and (8’) gives the values of vp; as follows,

B =2p,+1

VByr=1—2 bras+ N Drat T A D@ [@ v ervvenesemsmmnnenne st (15)
Therefore, the transmission coefficients 2, and 2, are
4
1424 —]/1+—4ﬂ’—?— ~1+‘/1+ s
1 hp,—1 _ P P13 Oy L (16)  2,= hp,—1 _ s Pizs am
T ha—1 0, ( a ) 2 ha-1 0y ( a )
Pis3 D123
where 2p,— 41?1
gHa
ady =
o, +a,
20, =2
P12 GHaA
i, ) e,
2 =22 s e PPN
Pras o F (18)
A
a, =—1a,,
2 A2 2
7 A!
) = 1 o,
3
Ve 1 Q4 >2
RETT T AW

For «,=0, these relationships result in the formula as proposed in the previous study.?”
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In our experiments, ¢, =d,=d,=d, A,=A,=A,=A and 2p,=2 p,=2 p,=2 p. Accordingly, Equations

(16) and (17) are simplified further,
da 2 4a 4a 2 4a 1 4da
G da [T 2day(da) . TP PN X vy NETA e
A §1+3p l/1+3 3,0}/(3;7), a9 : T3 3.1 /\2 30 (20)

where —=
EXPERIMENTS :

(a) Model and Measuring Equipments : The model is composed of a reservoir, a pressure tunnel and
a penstock (a steel pipe of 10.5cm I.D. by 0.5cm thick) a branch pipe acting as a surge tank (the

same steel pipe as the main one) and a gate or control valve. The general arrangement of the model

is shown in Fig. 4.

Fig. 4 Model of the Branched Pipe System.
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Since a large value of Allievi parameter defined by 2 p=a V/gﬁ strengthens the effect of water
hammer, a smaller diameter of surge tank is favorable for our purpose. Furthermore, a pipe of sizable
length with a simple integer ratio to the length of the main pipes will facillitate the analysis of the
experimental results. Consequently, we have simulated the surge tank with a branch pipe.

A branch pipe, 10.5m long, was connected with the main one at the distance of 20.8 m from the
gate, where a surge tank had been installed in the previous researches, while at the other end a large
(100 cm I.D.) tank was installed to satisfy the boundary condition of constant water level.

Specification of the orifices inserted at the base of the branch pipe are shown in Table 1. The

cross-sectional area of the pipe is denoted by A,, and that of each orifice by A,.

Table 1
Orifice Number 1 2 3 ' 4 5 6
diameter (cm) 0 0.4 1.0 | 2.0 4.0 10.5
AplA, 0 1.45x10-2 | 9.07x10= | 3 63x10~2 | 1.45x10- 1.00

The measuring equipments and experimental procedures were identical to those of the previous

study.
Experiments were carried out at a uniform discharge rate of 3 litter/sec. The observed wave ve-

locity ranged from 1370 m/s to 1400 m/s. Three units of pressure pickup (wire strain gages) were installed
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at points A (150 cm upstream from the control valve), B and B’ Fig. 5 Characteristics of Gate.
(about 30 cm up- or down-stream from the orifice, respectively). GATE RATIO

100 v :
(b) Transmission coefficients : The resistance coefficient of ori- %

fice for an unsteady flow differs slightly from those of a steady

one, especially when the orifice-area ratio becomes small. How- % O\\ 1

ever, from the engineering point of view, it is permissible to &

F

assume the coefficients for both flows to be equal.¥® There- 60
fore, the empirical resistance formula derived by OKI, eq. (22)9,

is sufficient for our purpose. 40 :

A, A,
E—( i _1><2,75 A, —1.56) ..................... 22)

In order to estimate the head loss at the orifice the formula

has been extrapolated to Orifices Nos. 2 and 3 beyond the range

o 1 1 i
of applicability, since the smallest value of the orifice-area 0 5 10 15 20°

ratio Ap/A, in the experiments from which the OKI formula GATE ANGLE
was derived is about 0.05.
The low limit or minimun value of orifice resistance is given by the nozzle (coefficient of contrac-

tion of vena contracta=1) law, eq. (23).

E=( ::; __1>2_ ........................................................................... (23)

Only head loss of orifice has been taken into consideration.

Head losses due to bends and variation of pipe section were neglected, because they are small
compared to the loss of orifice, especially when the orifice-area ratio becomes small.

First of all,researches on the transmission coefficients for the case of rapid closure of gate were carried
out. Comparisons between the results of experiment (each plot is an average of two or three experimental
values) and theory, equations (19) (20) and (21), are given in Fig. §. Experimental points plotted in this

Fig. 8 Transmission Coefficients Theoretical and Expeﬁmental ; for the
Case of Rapid Closure of Gate.
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figure deviate considerable from the theoretical curves. This disagreement between experiments and theory
can be explained as follows : The theory assumes the rapid closure of gate, that is,the water-hammer wave
initiated at the gate at the instant of perfect closure must reach the branch point before the arrival of the
reflected initial wave front, or (L,/«,) +2(L,/e;) > T+ (L,/e,). The gate must be closed perfectly within
the time of about 0.015 sec to fulfill this restriction. On the other hand the actual closure time in these
experiments ranged from 0.04 to 0.05 sec and can no longer be regarded as rapid closure. The restriction

is far severe compared to the one in the previous study (where T < L,/¢,=0.03 sec). The transmission
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Fig. 7 (¢) Relations Between Max Water Hammer Pressures coefficients for the closure time

and closing Time. (Point B’)

Rem of 0.04sec were determined

, ' | through the graghical method,

assuming the orifice resistance

3 O ORIFICE No6 o ORIFICE No 3 law, ep.(22), and plotted in Fig.

® No4d o No 2 B as check points to verify the
SOLVED ASSUMING ORIFICE LAW,
SOLVED ASSUMING NOZZLE LAW

reason mentioned above. Ano-

FOR ORIFICE No 3

ther reason for the disagreement

is the fact that the resistance

coefficients of the pipe orifice for

accelerated flows 1s appreciably

smaller than for the equivalent

steady state?. The mechanical

vibration of the pipe caused by

a high impulsive pressure rise

at point B affected the head at
0 010 020 T ¢ the point B’ for smaller section

of orifice. Therefore, the ex erimental values of 2, show a tendency to deviate from the theoretical
values as the orifice area decreased. It is note-worthy that the critical ratio of A,/A,, below which
the transmission coefficients change suddenly, is the same as that found in the previous study.”

(e) Closure time and reduction in pressure rise : As the next step, the maximum pressure rise pro-

duced by the uniform gradual closure of gate (with a constant angular velocity) have been examined.
Results are given in Fig. 7 together with theoretical curves obtained through the graphical method, where
the orifice resistance formula, Eq. (22), has been used. The solution based on the nozzle law, eq. (23),

Fig. 8 Comparison Between Theoretical and is also shown for Orifice No. 3 by a dotted line.

Experimental Water Hammer Wave. Agreement between the results of experiment
Q,=317s, T=0.043 sec, ¢=10.5cm and theory is fair for the simple cases of Orifice

hashe ‘ T No. 1 (simple conduit, Ap/A,=0)and Orifice No. 6
E XPERIMENTAL (branched pipe with no restricted orifice, A,/A,=

="~ CURVE Lo
42 GRAPHICAL - 1). In these two limiting cases, the wave forms

SOLUTION

are simple as illustrated in Fig. 8. As the orifice

comes to play an important role, the wave forms

become more complicated. Experimental points for

Orifice No. 3 which lie in the centre of the tran-

sitional range of Fig. B scatter between the two

theoretical curves. The exact resistance coefficient

of the orifice for unsteady state should be checked

by experiment, since, the coefficient assumed for
26

solution has been estimated from extrapolation of

the empirical formula for a steady flow beyond the

22 range of experiments from which the formula had

been derived.

Fig. 9 and 10 are also examples of water ham-

mer waves theoretical and experimental. The
disagreement between the wave forms of experim-

ents and theory is explained as follows : (1)the
irregular reflection of the waves from the entraped

1o

T air in the pipe, (1i) the separation of the air
. 004 o ec . . . .
0 002 Q06 disolved in water at the instant of negative pressure
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(the surcharge head being only 1.2
m for the model). We are now
planning to eliminate these disadv-
antages by removing the pipe line

from the roof to the ground level

(the surcharge head being 16.45m).

(iii) neglect of loss due to bend
and (iv) utilization of the orifice
resistance coefficient for the turbu-
lent flow even in the laminar zone.

Fig. 11 gives the relationship
between the transmission coef-
ficient and the closure time of

gate.
CONCLUSIONS :

From the study on the water-
hammer in the branched pipe
system with a restricted orifice at
the base of the branch, the follow-
ing conclusions are made.

(a) The transmission coefficients
change rapidly as the orifice-area
ratio A,/A, is reduced below a
certain value which is determined
from plotting of eqs. (16), (17) and
(18) or egs. (19), (20) and (21).
(b) The larger the orifice area,
the greater the decrease of the
maximum pressure rise according
to the change in closure time since
the negative wave reflected at the
open end of the branch pipe acts
to cancel the positive progressive
wave produced at the gate.

(e) The effect of the branch pipe
length has not been examined ex-
plicitly. However, for the same
reason given above it is not dif-
ficult to infer that the reduction
of pressure rise becomes more re-
markable for the shorter branch
length.

(d) As the orifice-area ratio is
reduced below a critical value or
the time of closure is lengthened,
pressure rises at B’ (B,) decrease

nearly to zero, i.e., the effect of

Fig. 9 (a) Comparison Between Theoretical and Exderi-

mental Water Hammer Wave.
(Q,=31[s, T=0.163 sec, $=2.0cm)
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Fig. 10 (a) Comparison Between Theoretical and Experi-
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water hammer produced in a Fig. 10 (b)

branch pipe becomes negligi- he: he . :

ble. (Fig. 7 (c)) e EXPERIMENT
Therefere, a branch pipe == GRA 0L (ORIFICE)

with small orifice-area ratio 5 |—{———— oML (Noz=ie)

can be treated as a simple

surge tank, the complexities

of analytical procedures can
greatly be eliminated.
(e) The reliability of the

graphical solution method is

satisfactory for engineering

purposes.

Since the water hammer

depends largely on the char-

acteristics of the gate, pipe ° 010 0.20 U

line length and area, etc., a Fig. 11 Relation Between Transmission Coefficient and

strict restriction must be im- Closing Time.

posed upon derivation of any

quantitative properties or

formula on the relations be-

tween 7T and 2, and T and

hmax from the results pre-

sented in this paper. They

must be referred to only to

. L © ORIFICE No | @ ORIFIE No%
estimate some qualitative ° N2 0 Nob
tendencies. 20 |0 No3

o (ORIFICE RESISTANGE 1AW)
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page 61, line 15; The expression for the term of ‘“2p,,”" should be changed so that term d—‘_l_—;——
1 2
[ a a ”
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