SECONDARY WAVE CREST FORMATION

£
By Kiyoshi Horikawa, C.E. Member

Synopsis : The critical condition for the formation of secondary wave crests in shallow water has
been studied using a wave channel 3 ft. deep by 1ft. wide by 60 ft. long. In the preliminary experi-
ment a horizontal model reef with a vertical drop at its seaward end was installed in order to extend
the results of Mason and Keulegan. In later tests this model reef was taken out and the experiment
was conducted for a horizontal bottom extending over the entire length of wave channel. The theoretical

criterion introduced by Miche was found to be a fairly reliable index.
INTRODUCTION

The formation of multiple waves has been recognized both in the field" and in the laboratory? 345
especially when the waves move over bottom discontinuities, and seems to play an important role in
the wave phenomena.

Mason and Keulegan® studied experimentally the wave velocity method for determining depths
over bottom discontinuities, and observed the deformation of waves in the shallow water over a reef.
Barbe and Beaudevin® observed the formation of multiple crest when waves moved over a model rub-
ble mound breakwater before the breakwater was close enough to the surface to cause the waves to
break. Recently Wiegel and Arnold® observed these multiple waves in their process of the experiment
concerning the wave refraction and reported their conclusion as follows : ¢It appeared that the for-
mation of multiple wave crests was associated to some extent with the combinations of parameters for
which Snell’s law became inaccurate in predicting the refracted wave angle at all times”. From this
point of view we have continued this study for investigating the characteristics of multiple waves.

As the formation of these waves originally had been assumed to be based on the rapid change in
the water depth, the first series of tests were conducted using a model reef with a vertical face. How-
ever, the formation of secondary crests was observed in water seaward of the reef for long waves and
it became evident that at least one portion of the multiple crest formation was a characteristic of long
waves. Hence in later tests the model reef was removed.

Miche” introduced a theoretical criterion for the critical condition for the formation of a secondary
crest at the wave trough. Comparison of the experimental data with the Miche’s theory showed that
his theory could be applied to explain the experimental results.

REVIEW OF PREVIOUS RESULTS

As stated in the introduction results have been obtained in previous studies of the formation of
multiple waves. They are reviewed herein.

a) Experimental Study by Mason and Keulegan : Mason and Keulegan® used the three types of bot-

tom configuration shown in Fig. 1 to obtain the data for determining the water depth over the bottom
discontinuities.
(a) An abrupt discontinuity followed to shoreward by a horizontal shelf at constant depth.
(Fig. 1a)
(b) An abrupt discontinuity followed to shoreward by a uniformly shoaling bottom. (Fig. 1b)
(c¢) An abrupt discontinuity followed by a horizontal shelf, a depression, and a continuation

of the horizontal shelf, in order. (Fig. 1c¢)

The experimental data obtained were plotted on a graph of h; /_22. vS. ’/ilzL_L/dz**,where H,,
c 1

2

* Assistant Professor of Civil Engineering, University of Tokyo

*% TFor convenience the notations were changed from those in the original paper.
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L, and H,, L, are the wave height and the wave length over the reef and in deep water, respectively,
and d, is the water depth over the reef. The points plotted on the graph had different marks for each
wave characteristic : (1) regular, (2) deformation, and (3) break and deformation (Fig. 2). The fol-

Fig. 1 Schematic View of Reef and Wave Apparatus (after Mason and Keulegan, 1944)
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Fig. 2 Criterion of Regular Transition. (after Mason and Keulegan, 1944)
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lowing equation was established as the criterion for the formation of multiple waves; that is,

l/ Hl =2%. Z‘A’ P P PPN .( ]_)
1 1

The above result shows that the wave which satisfies the condition of ]/__;Il.<zg._i_2 will be regular.
1

1
Mason and Keulegan say, ‘This condition is used for the case in which the level of the troughs of
the incoming waves is higher than the level of the reef (bottom). When the level of the troughs is

below the level of the reef (bottom), the transition of waves becomes regular once more.”’
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b) Experimental Study by Wiegel and Arnold : The refraction of uniform periodic water waves over
a submerged shoal of constant slope with straight parallel contours (slopes ranging from 1:10.6 to

vertical) has been studied and was vertified as following Snell’s law.® However, under some conditions

multiple crested waves were formed and seemed to be associated in some manner with the inaccurate
prediction of the refracted wave angle by use of Snell’s law.
The author tried to find the reason why such multiple waves appeared in the non-linearity of the

wave motion and cited as one measure the relation,

32 n%d? .
W— ............................................................ ( 2)

which was introduced by Longuet-Higgins® as a criterion for the applicability of the linear wave

H<

theory.
¢) Theoretical Study by Miche : The following equations were developed by Miche as the 2nd order

approximation of wave motion”;
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in which x and y are the horizontal and vertical coordinates. The positive direction of x axis is takem
from left to right, and the positive direction of y axis downward. x, and y, are coordinates of particles.
at rest and y,=0 is the surface of the water at rest. T, L, d, and @ are the wave period, wave length,
water depth and wave amplitude, respectively.

Beyond some condition the wave profile is deformed as shown in Fig. 3. Therefore, the criticak

Fig. 3 Form of Free Surface of a Wave with Secondary Crest.
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condition is expressed by the following equation, which means that the camber of the free surface at.

the point C, (trough) becomes null.
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EXPERIMENTAL PROCEDURE AND EQUIPMENT

When this experimental study was initiated, it was believed that the generation of the undulation
on the wave profile might be due to the abrupt discontinuity of water depth. Therefore in the pre-
liminary experiment a horizontal model reef with a vertical seaward face (0.552ft. high) was installed

m a wave channel, 1ft. wide, 3ft. deep, and 60 ft. long. (Fig. 4a) The water depth of the deeper
Fig. 4 Laboratory Equipment.
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part, d, was held constant at 0.750, 1.000. 1.250, and 1.5000 ft., with the water depth over the reef,
d,, being 0.198, 0.488, 0.698, and 0.948 ft., respectively. Wave periods of 0.6, 0.8, 1.0, 1.2, 1.4, 1.6,
1.8 and 2.0sec. and wave heights in the deeper part between 0.02 and 0.44 {t. were used. Two paral-
lel wire resistance wave gages were used to record the wave characteristics, one was used to measure
the waves in the deeper part of the channel and the other was used to measure the waves over the
reef. The wave records in the deeper part were obtained prior to the time that the waves reflected
from the vertical face of the reef returned to the wave recorder. These records were used to obtain
the incident wave characteristics.

In the second series of experiments the model reef was taken out, leaving the bottom of wave
channel horizontal so that the water was of uniform depth. Water depths, d, of 0.198, 0.448, and
0.698 ft. were used together with the same wave characteristics used in the first set of tests. Two
wave gages were installed along the wave channel six feet apart. By use of the records from these
two gages it was possible to compare them so as to distinguish between the effects of wave reflection

and the formation of the secondary wave crests (Fig. 4b).
EXPERIMENTAL RESULTS AND DISCUSSION

The fundamental elements which govern the wave characteristics are (1) wave period, 7, (2) wave
length, L, (3) wave celerity, C, (4) wave height, H, and (5) water depth, d.

These factors are not all independent but are inter-related by the following formulae,

LO:TZ%E—TZ, coz»ziz—T,

L= Ltanh ‘/ ’ P menrrereese (6)
|
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~where the subscrlpt o refers to the characteristics of deep water waves. In dimensionless expressions
+he terms d/L, or d/L and H/L=4 are used.
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When waves approach shore, the wave profiles are gradually deformed due to the decrease of water
depth. The waves usually ultimately break to become irregular undulations with highly developed
turbulence. In regard to these undulations there has not yet been any clear theoretical treatment ex-
cept Sato’s? and Ijima’s'® approaches.

The undulations of the wave profiles should be limited by the critical condition for breaking.

Miche” gives the following equation as the limiting steepness for progressive Stokes’ waves in water
of finite depth;

H 2zd
(L )max: 0.142 tanh I B I )]

The data of Danel’ and Hamada'® prove that the above relation is satisfactory from the practical
point of view. Combining Eq. 7 with the equation,

d d an
= Ltnh T e RPN (8)

the critical steepness dp.x may be expressed as a function of d/L, (Fig. §).

Fig. 5 Critical Wave Steepness.
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(a) Results of the First Set of Tests : To investigate the relationship obtained by Mason and Keulegan,.

the data obtained in the first series of experiments (see Fig. § for a sample record) were plotted as.

Fig. 6 Wave Records (First Set of Tests) d,=1.25feet, T=1.80sec
Goge # 2, Hz=0.149'
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H,/L, vs. d;/d, in Fig. 1. Generally speaking the results show that Equation (1) is a fairly reliable

index of the formation of multiple waves over a reef. However, a closer analysis of the data showed
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Fig. § Formation of Secondary Wave Crests. (Second Set of Tests)
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that there were several cases in which the secondary crests appeared even in the deeper part of the
channel. That is, the formation of the secondary crests seemed to be one of the fundamental character-
istics of waves, rather than of the shape of the bottom. Fig. 8 was prepared to see whether the above
observation was correct or not. In this figure the data obtained both in the deeper part and on the
reef were analyzed separately and plotted on the same graph. However, there were not enough data
obtained in the deeper part of the channel to accomplish this check.

(b) Results of the Second Set of Tests : The same procedure as outlined above was followed, result-

ing in Fig. 9. It was fairly difficult to distinguish the critical condition from the data (see Fig. 10
for an example); therefore, three different marks, that is clearly regular, clearly irregular and not
definite, were used to represent the data. It can be seen that there exists a definite relationship be-
tween H/L and d/L, with respect to the critical condition of the formation of secondary crests.
Equations (2), (5) and (8) are also plotted in Fig. 9. It is evident that Miche’s theory is a good
criterion from the engineering point of view. As the criterion of Longuet-Higgins is an inequality
H 32z < d

3
which expresses the fact that _f<< 3 —L——> it appears that it would approach Miche’s criterion,

and in this manner fix the degree of the inequality.

(e) Discussion : In this experiment a wave channel, 60ft. long, with a flatter type wave generator
was used, and the wave characteristics were recorded at two fixed points using parallel wire resistance
wave gages. Most of the time, especially in the second set of tests, a wave filter was installed near
the wave generator to reduce reflections and to reduce irregularities of the generated waves. These
conditions are mentioned because of the following facts : (1) the characteristics of waves generated by
mechanical devices might depend upon the type of wave generator used, and (2) the wave character-
istics are gradually changed along the wave channel. The installation of wave filters may also cause
some effect on the wave characteristics. It was evident in these tests that the waves deformed as they
progressed along the wave channel, even in water of uniform depth. One of the reasons for the above
observation is the effect of friction both of the side walls and of the bottom. A second reason may be
based on the nonlinearity of some wave motion as shown theoretically by J.J. Stoker®,

The criterion of Miche is obtained from the second order approximation of the wave profile. It
would seem that the third, fourth order terms, etc., would become more important in regard to the
wave deformation than in regard to the magnitude of the wave profile itself. An equation with higher
order terms would probably allow a more accurate prediction of the formation of secondary crests.
From these points of view the experimental results of Savage'® is quite interesting. Savage recorded
the wave profiles along one of the wave channels at Beach Erosion Board, and analyzed them by
Fourier’s method. According to his analysis the higher order terms gradually increased in magnitude,
and finally seemed to approach to some constant value. The generated wave approximated a sine wave
near the wave generator, but gradually changed its shape and finally became a wave with a secondary
crest. This experiment was performed for one special case in shallow water. The accumulation of this
kind of information is required to obtain a clear understanding of the deformation of wave profiles

and on the required minimum length of a wave channel used for obtaining a steady wave condition.

CONCLUSIONS

1. The relationship given by Mason and Keulegan has been verified as being useful in the pre-
diction of the formation of secondary waves over a reef with a vertical face.

2. The theoretical critical condition introduced by Miche predicts satisfactory experimental obser-
vations of secondary crest formation.

3. The formation of a secondary crest at the wave trough is a characteristic of the wave itself and

the water depth rather than of the shape of the bottom.

Results and conclusions as derived herein are based on the laboratory tests carried out under
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purely ideal conditions. It should therefore be added that they must be modified to some extent in
the light of various controlling factors which are simultaneously present in an apparently irregular
pattern. For instance, in conducting a series of experiments on the effect of a submerged breakwater's,
the author has remarked that inshore of a submerged wall the incident wave would be separated into
a group of small waves, mostly two, with the heights of a comparable méigmtude. This fact seems to
emphasize the necessity of introducing the knowledge of the secondary wave to evaluating the damping
mechanism of a submerged breakwater. The author has also noticed in the course of field investigation
that when a long swell undergoes a final breaking at the shoreline a secondary crest appears immedi-
ately ensuing the main crest which has just broken. The author is planning an investigation on the

similar phenomena which occur under natural conditions involving the secondary wave.
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