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CONSTITUTIVE MODELS OF CONCRETE UNDER
PASSIVE CONFINEMENT AND THEIR USE

IN STRUCTURAL ANALYSIS

Masanori KINOSHITA*, Milija N. PAVLOVIC**

and Michael D. KOTSOVOS***

When a concrete cylinder is confined laterally by a steel tube, or it is strongly
reinforced with closely—spaced hoop reinforcement bars, the axial strength and
ductility of concrete are improved considerably. In such structures, large
confining pressures are passively induced by steel due to the lateral expansion
of concrete.

The present paper proposes a constitutive model for describing the multiaxial
deformational behaviour of concrete under passive confinement by using the
work—hardening elasto—plasticity theory. The derivation of the proposed model
is based on the use of experimental information obtained from tests in which
concrete has been subjected to passive confinement. A computer program for
finite—element (FE) analysis based on the use of the proposed model has been
developed. The FE analysis successfully predicted the load—carrying capacities
and deformational responses of concrete—filled composite column$ subjected to

eccentric loading.
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1. INTRODUCTION

When a concrete cylinder is confined laterally
by a steel tube, or it is strongly reinforced with
closely-spaced hoop reinforcement bars, the axial
strength and ductility of concrete are improved
considerably. In such structures, large confining
pressures are passively induced by steel due to the
lateral expansion of concrete.

Stress-strain relationships and ultimate strength
envelopes under multiaxial stress states have been
usually investigated by testing cylinders or cubes
under active confinement, in which the stress
paths are controlled in a prescribed manner. A
common stress path is described in Fig.l (see path
(a) ), in which a deviatoric stress states is applied
while pure hydrostatic pressure having increased
to a given value remains constant. However, such
information obtained from the above active type
of testing is not sufficient for modelling the beh-
aviour of concrete passively confined by steel rein-
forcement. In fact, it is a generally held view that
the constitutive relations of concrete established in
the past from tests with active confinement are
practically incapable of describing the behaviour
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of concrete under passive confinement. This is due
to the differences in stress paths which concrete
experiences in between ordinary active type of
tests and a passively confined portion of concrete
in practical structures® (see Fig.l path (b) ), be-
cause the properties of concrete distinctly change
when the minimum volume level is attained with
the stresses increasing in- an almost uniaxial
manner®. The minimum volume level is termed
the“onset of unstable fracturing process’or OUFP.
The OUFP level lies around 90% of the uniaxial
strength of concrete under uniaxial compression®.

From the above viewpoint, the authors con-
ducted a series of experiments to investigate the
deformational behaviour of concrete beyond the
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OUFP level under passive confinement?. The pres-
ent paper is aimed at using the information ob-
tained from the tests as the basis of an attempt to
derive a constitutive model capable of describing
the behaviour of concrete subjected to passive
confinement. In other words, the objective of the
present paper is modelling the concrete behaviour
after the OUFP level is once attained.

2. CHARACTERISTIC FEATURES
OF POST-OUFP CONCRETE AND
MODELLING TECHNIQUES

A number of techniques have been proposed to
date for the modelling of the deformational re-
sponse of materials. The complexity of the behavi-
our of concrete under multiaxial states of stress is
such that it has so far prevented the development
of a constitutive model that is both simple and
accurate. The modelling of concrete behaviour is
heavily dependent on the characteristic features
which are to be modelled. Prior to the modelling
of post-OUFP behaviour of concrete, therefore,
these characteristic features must be identified.

The experimental information obtained from the
tests on passively confined concrete® has clarified
some of the most important characteristic features
of the post-OUFP behaviour of passively confined
concrete.

(1) Elastic properties:First of all, the elastic
properties expressed in the form of shear and bulk
moduli experience distinct changes for stress
levels beyond the OUFP level. In particular, the
shear modulus is severely damaged to less than
50% of that of the original concrete. .

(2) Ultimate strength envelope: The ultimate
strength envelope established from a test with
active confinement is not valid for passively con-
fined concrete. It was found that, once the OUFP
level is exceeded, the ultimate strength envelope
becomes dependent on the mix design;the higher
the uniaxial strength of concrete, the smaller the
ultimate strength envelope expressed in a normali-
zed form with respect to the uniaxial compression
strength.

(3) Dilational behaviour near ultimate stren-
gth: Significant dilational behaviour is observed
when the stress states reach close to the ultimate
strength envelope. The dilational behaviour is
very sensitive to the hydrostatic pressure applied.
The higher the hydrostatic pressure, the less pro-
nounced the dilational behaviour just before the
ultimate strength envelope. As the dilational beh-
aviour (i. e, the significant development of trans-
verse strains) causes the multiaxial stress states in
actual structures, it is very important for model-

ling the post-OUFP concrete.

(4) Ductility : Although plain concrete itself is
essentially a very brittle fracturing material, post—
OUFP concrete behaves in a very ductile manner
when the material is passively confined. The de-
velopment of confining pressure increases ductility
significantly as well as the load carrying capacity.
In addition, the strain at the ultimate state is
significantly sensitive to hydrostatic pressure. The
larger the hydrostatic pressure, the larger the total
strain at the ultimate strength envelope. This fea-
ture of post-OUFP concrete is considered to result
in the ductile behaviour of concrete structures.

The last two features of the deformational beh-
aviour are the more characteristic of post~-OUFP
concrete behaviour when comparing them with
those of plain concrete below OUFP levels. The
close description of the ductile behaviour of con-
crete under passive confinement is dependent to a
large extent on the successful modelling of the
above features of the post-OUFP behaviour of
concrete, as the volume change causes the multi-
axial stress states and this affects the ductility of
the material. Therefore, much attention has to be
focused into modelling the above features.

3. MODELLING OF POST-OUFP
CONCRETE BEHAVIOUR BY
ELASTO-PLASTICITY THEORY

In this section, an elasto-plasticity model for the
post-OUFP behaviour is derived by using only the
information obtained from the previous experi-
mental work described in Ref 2). In order to
derive the elasto-plastic model, we have to formu-
late the loading functions representing the loading
surfaces, and the plastic potential functions defin-
ing the direction of the incremental plastic strains.

(1) A proposed loading function

The objective in this section is to derive the
mathematical expression which provides a realistic
description of the loading surfaces. If plastic work
is assumed only a hardening parameter, contour
lines of plastic work experimentally obtained give
an image of loading surfaces. From the observa-
tion of the contour lines, it is found that a cap—
model®, which comprises a strength envelope and
a cap function, forms a suitable basis for develop-
ing a model for the present material. The cap
model is, in principle, capable of describing the
significant sensitivity of ductility to hydrostatic
pressure. Having considered the capability of the
function to provide a realistic representation of
the contour lines of plastic work experimentally
obtained, the following expression is recommended
as a cap~function :
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where f, is a cylinder strength of concrete, 05, 7%
are octahedral normal and shear stresses,S, b, b0
and A are constants and P is a hardening param-
eter which is assumed to be a function of plastic
work. In equation (1) , constants b and b0 basi-
cally determine the shape of the ellipse-like sur-
face defined by the equation. For example, when
bl=2 and b0=1 are chosen, the intersection of the
surface with the octahedral plane is a perfect el-
lipse. In order to reduce the number of unknown
constants, the condition that a cap function should
smoothly connect the strength envelope is im-
posed, which means that the tangent of the sur-
face at the intersection with the strength envelope
corresponds to that of the strength envelope. The
following type of expression for the strength enve-
lopes has already been proposed in Ref 2):
To/fo=ks (00Fs))"
where ks, s; and a are material constants
When A and S in equation (1) are chosen so as
to satisfy the expression,

.

\/( b0— 2a b0/ (51— W>_< b0—2a >:n/<m 00)
bl1— 2a bl1—2a

and S=s,
then equation (1) smoothly connects equation (2)
at the intersection. That is:

f (U,ij,

P (3)

[ _ 1/(61-50)
For Z/fetS >(Z(1)_§Z>
[ o1 ’ 50
(o, p):(ao/fchrS) _<00/J;;y+s
TO/fcy ..............................
KP") =0 (4)
_ 1/(b1-50)
For To/fertS S(Z?_gg)
f (U,ij’ P) :T’O/fcy_kf (0,0/f£y+8/)a =)eereeeees (5)
where
b0—2a (b1—50)
k; < )‘”
bl—2a
-+ (6)

\/ ( b0—2a bo/<b1 50) ( b0—2a )bl/(bn—bo)
bl— 2a bl—2a

and S=S;
In the above loading function, the unknown con-
stants are only &7 and b0. It can be easily deduced
by inspection of the function that the difference of
the two constants (i. e, bI—b0) mainly governs
the shape of the surface, while the constant b0
affects the position where the loading surface in-
tersects the strength envelope. The hardening pa-

Table 1 Material constants for loading function

rameter P governs the size of the surface.

On the other hand, a loading surface should
expand in relation to the plastic work W*. There-
fore, P should be definable in relation to W7, inde-
pendently of the stress path in the course of mon-
otonic loading. P is assumed to be related to the

work W” by:
P dP=h (W*) dW*®
=R (WE) Gy de?, wereveemrecomemeeosnernens (7)
or
%p2=H (WP)  evernrrnsrsinnnnaireniteeneeaiee (8)

0H

where B (W*)= AW

is a hardening function

‘Once bl and b0 in equation (4) are chosen, the

relation between W? and 1/2P? can be established
for each case tested (i. e, stress path). However,
the relation must be independent of stress path, if
equation (4) is to be a true loading function.
Consequently, b and b0 should be chosen from
experimental data so that the relation between W*
and 1/2F” is essentially independent of stress path.
The procedure to determine optimum values for b
1 and b0 is as follows:a) calculate the relation
between W® and 1/2P? along each tested path for
given b1 and b0, b) fit a parabolic curve to the
data W* 1/2P? so that the residue defined by
equation (9) below becomes a minimum, ¢)
repeat a) and b) for various combinations of b/
and b0, d) finally, choose the optimum bl and b0
(i. e, with the minimum residue).
1/2P*—r(WH)
/2P ) min

where n=number of data

r (W) =a,W2+a,W*+a,

(parabolic regression curve)

(as a1, ao are constants to be determined)
The material constants thus obtained from the
tests? are tabulated in Table 1.
The hardening function 2 (W*) is defined as fol-
lows:

h (WP)=1.982+0.673W*"

residue= Z(
1

(for the mix of f,=33MPa) -+ (10)
h (WP)=1.293+0.038W"
(for the mix of f,=45MPa) -----eo- D

Figs.2 and 3 show graphical representations of the
loading functions defined above. In the figures,
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solid lines are the loading surface defined by equa-
tion (4) while break lines are experimentally ob-
tained contour lines of plastic work (W?). It may
be seen that equation (4) yields a good approxi-
mation to the loading surfaces which describe the
contour lines of plastic work.

(2) A proposed plastic potential function

A plastic potential function defines the direction
of plastic flow as follows:

—dn 98 e
defy=di 5> 12)

Equation (12) implies that incremental vectors of
plastic strains de®; are perpendicular to surfaces
defined by a plastic potential function g (¢’3). In
other words, to define a plastic potential function
is to find a mathematical expression defining the
surfaces which are always, at any point in a stress
space, perpendicular to the incremental vectors of
plastic strains obtained from previous tests. There-
fore, the successful modelling of the dilational beh-
aviour of the post-OUFP concrete is dependent
upon an adequate definition of plastic potential
function. Under an associated flow rule, a plastic

potential function is assumed to be identical to a -

yield function. However, the experimental results
presented indicate that post-OUFP concrete fol-

lows a non—associated flow rule. As a result, a
plastic potential function should be defined as an
expression independent of a yield function.

A clear signpost of the plastic strain behaviour
of post-OUFP concrete is a critical line where no
plastic volumetric change occurs. Therefore, a tan-
gential line on surfaces defined in an octahedral
stress space by a potential function should be, at
any point on the critical line, parallel to the
normal octahedral stress axis. In order to comply
with the condition that a tangent of the surface
must be zero at any point on the critical line
whose expression has been proposed in Ref 2) as

T8/ fo=ke 00 /fo)*
where k. and a@. are material constants.

We choose as a plastic potential function a sim-
ilar expression to the loading function established
in the preceding section:

g (a;,->=( °’°/f=v+s/>"‘_< 03/f¢y+s,>‘“’

Q+C Q+C
120{.3) 0 ceeeererremeeranaaaanaeraiaans 14
where
< >,/(d1 o s (15)
/(d1-d0)
( )ﬂ ............... (16)

\/ ( >d0/(dl a0) 1/(d1-d0)

and @ is a parameter defmed by a corresponding
stress state, which can be obtained by simply solv-
ing equation (14) . The potential function can be
defined by choosing constants dI and d0 so as to
fit experimental data as closely as possible. Now,
the shape of the surface is not significantly sensi-
tive to the constant d0, while it is very sensitive
to the difference of the two constants (. e, dI—
d0). Therefore, in order to reduce the number of
unknown constants, d0=2a. is chosen for the
value of d0, which does not affect the overall
performance of the potential function:
dO‘: Zac ................................................... (17)

As the direction of plastic strains changes slowly
below the critical line, but rapidly above the line,
it is a good idea to choose different constants dI
above and below the critical line respectively. A

~ constant dI may be assessed by an iterative (trial

and error) method, similar to that used to define
the loading surfaces, which makes use of the ex-
perimental data so that the residue defined by the
following equation :

L

146



J. Materials, Conc. Struct,, Pavements No. 502, V-25, pp. 143~154, November 1994

Table 2 Material constants for plastic potential

function
Material dl do k, a,
f;=33MPa | 22.0 (above CL*) {1.480 | 0.942 | 0.740
1.7 (below CL*)
cyﬂSMPa 17.0 (above CL¥) |1.344 | 0.872 | 0.672
1.6 (below CL*)

( *CL stands for critical line)
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<>n: |5,® (0g/00)|
n VN1 (q,||(8g/80)y,
residue=2. [9,11(08/90)u,| —min (18)
1 N
where

Tr=vectors of plastic flow obtained by experi-
ments
(EE/_—j =vectors normal to a given plastic poten-
ial function
IE)I
a® b=vector product of @ and b
n=number of data in each path
N=number of path tested
becomes a minimum, From the analysis of resi-
dues, the material constants are tabulated in Table

=an absolute value (or length) of a vector a

2. Figs 4 and 5 show the surfaces defined by the
potential function. The curves represented by the
functions above and below the critical line are
smoothly connected to each other on the critical
line, because the tangents of the surfaces defined
by equation (13) are zero on any point on the
critical line.

(3) Incremental description of constitu-
tive relations of passively confined
concrete

In plasticity theory, total strains de; are consid-
ered to comprise elastic strains de®% and plastic
strains def;:

AEy=de s dely wrrrrmmmrrmrensersenininin, (19)
The elastic response is governed by the general-
ized law of Hooke as follows :

A0 =D ey ++vvervrnrrnsnnrnrnrmnrimimniiiiiiiiiain (20)
where D%, is the elastic stiffness tensor of the
material.

When the loading and plastic potential functions
are defined, incremental stress—strain relationships
can be expressed as follows® :

Aoy = (Dt DFe) dEr  reevevreerronsrareaoe: @D
where
D= — D5.(08/004) Bf/00:) D' ... (22)
R (81/ 00 1n) Drinps (0 8/ 0053)
__0f 9g _0f OP bg . .. . . %)
ety Boy 8P 0cf; Boy
P:hardening parameter
From equation (1), '
8 g +S 1\
WJ; 3fcy {bl( o/fcy
g +S o0~ 1
bO( O/fcy } i 3( /fcy
= A8y Brs )y eeererernnee e (24)
123 g
_g_lj_:_ __ ——-{bl( a’o/j;c)ﬁ—S) _b0<ao/j;c;+s>
+2a< To/fcy) }
S Cpeeeneener e et (25)
where
6;=Kronecker’s delta (when i=j, §,=I1. when i
x4, §5;=0)
s’y=deviatoric stress tensor=o0"%—0,0;
From equation (10),
og _ 1 {dl< 0o/fotS N
oo’y 3 (@+0) Q+C
g 4S5\ ! 271 o
- S o e (e
—MP611+NPS;‘]’ .................................... (26)

On the other hand, for an isotropic elastic materi-
al, the elastic stiffness tensor is
20 =A0iOut1t (Cuaby+8464)
where A, ¢ are Lame’s constants
Lame’s constants are related to the bulk and shear
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measures taken to eliminate
friction between concrete and steel
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Experimental Cases
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fc y:Cylinder strength of concrete used
t:Thickness of steel tube used
D=88.9mm:Diameter of concrete

Fig.6 Description of testing®

moduli (X,, G.) as follows:
3K,.—2G

1= ST (28)
u=aG.
Therefore,
aa],( Dy =D a@f =A, (81 +2u) Oy+2Bus’;
................................. (29)
Og og
30", Duu D —5— 30y =M, (3A+2u) O+ 2Npus’y

By substltutmg equations (24) to (27) into (22)
and (26), and by using the hardening function
h (W?*) defined in the previous section, a plastlc
stiffness tensor is obtained:

Dif;u: .
_ (Mp(BA+20)8,+2Npus’s) (AL +24)8u+ 2Buus )
62
where
P
oi= —C,h—gvl/—l (BMr0 43Nz ')
_|_3A/MP (3A +2ﬂ)+ﬁB/NpT'oz ..................... (31)

(5) Verification of the validity of the
proposed model

In this section, the results obtained from the
experiments described in Ref 2) are to be reprodu-
ced numerically by using the constitutive model
proposed, in order to verify the validity of the
model. In the experiments, concrete cast in short
" steel tubes was subjected to compression (see Fig
6). In the analyses, it is assumed that there is no
friction between concrete and steel tube, because
the effect of friction on the obtained results has
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E 4 L3(t=8.0mm)
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=
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< 1004 Analysis N
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Fig.7 Comparison of analysis with the experimental
data--Stress-strain curves for the mix of f,

=33MPa--
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o ° o L2(t=4.0mm)
— 25+ ° DD A L3(t=8.0mm)
et a © L4{t=12.0mm)

Volumetric Strain

Axial Strain (x103ue)

Fig.8 Comparison of analysis with the experimental
data--Volumetric strains for the mix of f,=
33MPa-- :

been allowed for by the calculation in Ref 2).
Figs 7 to 10 show calculated results together
with experimental results for the purpose of com-
parison. An initial set of values for calculation was :
01=0.9% 0.=0.0, ¢,=0.003, ¢>=0.0
where 0’; and ¢, are axial stress and strain respec-
tively, 0’; and &, are hoop stress and strain respec-
tively.
The incremental step of axial strain was set to de’;
=10.0X10"°%, which is small enough to confirm the
accuracy of the calculation. The calculation was
terminated when the stress state of concrete rea-
ched the ultimate strength envelope. In the
experiments®, the stress path moves towards the
inside of the ultimate strength envelope after it
reaches the strength envelope. This means that
the strength envelopes shrink with the increase of
plastic deformation. This process cannot be pre-
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dicted by the proposed constitutive model, as it is
no longer a work—hardening process from the vie-
wpoint of the classical plasticity theory even if the
axial stress increases.

The overall behaviours predicted by the pro-
posed model reproduce the experimental results
very well. Consequently, the proposed model es-
tablished in the present paper by using the work—
hardening plasticity theory has proved to yield a
good approximation to the test results.

4. FE analysis code for confined
concrete

In order to analyse general forms of confined
concrete structures, the proposed model for post—
OUFP concrete is incorporated into the FE analy-
sis program previously developed at Imperial Col-
lege by Gonzalez—Vidosa, Kotsovos and Pavlovié?®.
This uses Kotsovos's constitutive model, and may
be employved to analyse ordinary RC or PC struc-
tures made of either normal-or high-strength
mixes.

Because the Kotsovos model is not capable of
representing the dilational behaviour of concrete
beyond the OUFP level, the existing FE analysis
mentioned in the preceding paragraph cannot pre-
dict the ductile behaviour of confined concrete in
which significant confining pressure is developed
due to the dilational behaviour of concrete. For
the purpose of analysing such confined concrete
structures (in particular composite structures with
concrete being encased in a steel shell), the appro-
priate FE analysis code is now developed by using
the proposed model for the post-OUFP behaviour,
thus expanding the range of problems which the
existing FE analysis covers to encompass such
composite construction.

As the available experimental information ob-

tained from the tests is very limited, the resulting
model is as yet incomplete. Therefore, a number of
assumptions are required for incorporation into
the proposed model with the FE analysis code at
this stage.

The constitutive relations for the post-OUFP
behaviour have been investigated only for such
axisymmetric stress states for which the Lode
angle (6) equals 60°, (i. e, o’;>0’;=0"s). The effect
of varying the Lode angle is as yet unknown and
the proposed model is assumed to be independent
of 6. In order that the proposed model may be
incorporated within the existing model without
any contradiction, the stress—strain relationship
and ultimate strength envelope of the existing
model should also be assumed to be independent
of the Lode angle. However, while the Kotsovos
model describing the deformational response of
concrete is independent of the Lode angle , the
ultimate strength (US) envelope of the existing
model is dependent on the Lode angle. The effect
of varying the Lode angle is assumed to be inter-
polated by using the values at 8=60° and §=0°. In
order to make the existing US envelope reasona-
bly compatible with the proposed post-OUFP
model, the following expression for the US enve-
lope is adopted ;

T0/f5=0.944 (G's/f5+0.05)™ werrrrerrvininnnn (32)
which means that the value at 6=60° of the US
envelope is assumed to be valid independently of
the Lode angle. The ultimate strength of concrete
at 9=60° is larger in the octahedral stress space
than that at 6=0°. Therefore, it should be noted
that the above assumption may lead to the over-

- estimation of load—carrying capacity or the delay

of crack formation when the stress state of a
concrete element is actually around =0°. On the
other hand, for most of the usual confined con-
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crete structures, such as concrete-filled steel tubes,
the maximum compressive principal stress is
much larger than the other two principal stresses
in the critical regions of these structures (for ex-
ample, the compressive region of columns and
beam). Therefore, the Lode angles of the stress
states in such regions are expected to be around
60°. Consequently it is expected that the above
simplified assumption will affect the overall beh-
aviour very little in most of the usual confined
concrete structures.

In a tension region, i.e, where at least one prin-
cipal stress is tensile, the Kotsovos model is used
to describe the stress—strain relationships. When
the ultimate strength envelope expressed as equa-
tion (32) is exceeded in tension, a cracked plane is
assumed to form. The treatment of the crack is
the same as the procedure mentioned elsewhere®®.

In a compression region, ie, where all three
principal stresses are compressive, the Kotsovos
model is used before the OUFP level. After the
stress state at a Gauss point exceeds the OUFP
level in compression, the proposed model for the
post—-OUFP behaviour of concrete is used to depict
the concrete behaviour at the Gauss point. The
OUFP envelope is assumed to be adequately def-
ined by the following expression:

76/f5=0.961 {0.944 (o) /fo+0.05)"™} «eeer (33)
which under uniaxial compression has a value
equal to 90% of the cylinder strength. Once the
concrete element exceeds the OUFP level, the pro-
posed model is used for the rest of the analysis,
which implies that concrete has been irreversibly
changed to the different material with the pro-
perties of the proposed model (which may be
called“the post-OUFP concrete”).

After the concrete element is transformed to the
post—-OUFP behaviour, the stress state is calculated
from given strains by using the plasticity—-based
constitutive model proposed in equation (81) in
the previous section. In addition, it is assumed
that no tensile stress is developed in the concrete
element once the latter is transformed into the
post—-OUFP concrete model ;ie., any tensile stress
is ignored while its effect is redistributed. This
assumption is supported by the experimental evi-
dence obtained by Delibes—Liniers®, who suggested
that the tensile strength of concrete was significa-
ntly reduced after concrete was compressed
beyond 90% of its uniaxial strength.

00_nrnm 686 nn 300 nen

213 mm
~170mn
e

Fig.11 Test specimens of circular section prior to
their being filled with concrete”

5. FINITE-ELEMENT ANALYSIS OF
CONCRETE-FILLED STEEL TU-
BES SUBJECTED TO ECCENTRIC
LOADING

Concrete-filled steel tubes are analysed in order
to verify the validity of the developed FE analysis
code by comparing the analysed results with exist-
ing experimental data. Concrete—filled composite
columns are chosen as examples for this purpose,
because a relatively large confining pressure is
considered to develop in regions within such str-
uctures, and because reliable experimental data on
these structure types have been published. Most of
the published works available on concrete—filled
composite columns are empirical and/or semi—-em-
pirical studies. As far as the authors are aware,
few FE analyses on such structures have been
published. Therefore, it is both interesting and
challenging to analyse such structures by the pres-
ent FE model.

(1) Description of the testing

Sen” carried out a series of experiments to in-
vestigate the moment-curvature relationships of
short columns of circular section (subsequently
filled with concrete) when subjected to axial load-
ing 'and end moments. The testing described in
Sen’s work may be summarized as follows:

a) Specimen

The specimen used is illustrated in Fig.11. It was
686mm long and 170mm in diameter. A 300mm
long, 213mm diameter, 32mm thick tube was
welded on to each end of the test specimen for
clamping purposes. The total length of 1235mm
was then filled with concrete.

b) Experimental procedure

The axial load was increased until a pre—assig-
ned value, at which it was kept constant for the
rest of the test. After this constant axial load was
reached, a continuously increasing moment was
applied to the ends of the specimen.

(2) Finite—element analysis

Nine (9) cases were analysed for the compari-
son with the reported experimental results ob-
tained in Sen’s work. Two thicknesses of steel
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Table 3 Dimension and material properties of test

specimens
<Group A>
Case | Axial | Outside |Thickness | Yield |Youngs |Cube
Load |Diameter | oftube stress |modulus [strength
N D t 5 E, Fou
&N) | (mm) (M) omm?) om?)  [ovmm?)
A-l| 118]169.469| 10.058 57.78
A2 588 | 169.469 10.084 54.88
A-3 980 | 169.291 10.135 [318.991 | 206,736 | 61.16
A4 1470 ] 169.266 | 10.109 54.88
A-5] 1960 | 169.433 10.135 57.50
Average 169.388 | 10.104 [318.991 | 206,736 | 57.24
<Group B>
Case | Axial | Outside |Thickness | Yield [Young's [Cube
Load [Diameter | oftube stress |modulus [strength
N D t j; E, fou
(N) | (mm) mm) | oymm?) |oVmm2)  |Vmm?)
B-1 60 | 168.021 5.232 54.47
B-2| 4901 168.046 5.369 [350.890 | 198,534 | 52.33
B-3 980 | 167.970 5.283 50.60
B-4] 1470 | 167.996 5.283 54.06
Average 168.036 | 10.104 [318.991 | 206,736 | 52.87

Finite—element

Fig.12 mesh for concrete—filled

circular section

tube were chosen for such a comparison. Dimen-
. sions and material properties of the experimental
cases of interest are tabulated in Table 3.

In the present analyses, steel shells are modelled
as membrane elements. Geometrical non-linearity
is considered by using the Total-Lagrangian tech-
nique. The finite—element mesh for the analysis is
shown in Fig.12. Only one fourth of the specimen
was modelled on account of symmetry. It was
assumed that external forces such as axial load
and moment were applied at the centre of the
clamped portion of the specimen. Therefore, only
one half of the clamped portion was modelled in
the analysis (see Fig.12). The “clamped” portion of
the FE model (i. e, the portion prevented from
translating, but still allowing freedom of rotation)
was reinforced by steel stiffeners with larger

Table 4 Dimensions and material properties used
for the FE analysis

Case | Axial [Concrete |Thickness | Yield | Young's |Cylinder
Load |Diameter | oftube | stress |modulus | strength
N D v 5 E, fy
&N) | (mm) | (M) | ymm?) | (vmm?) | @Vmm?)

A-1 118

A-2| 588

A-3| 980 149.2 10.78 | 319.01 206,736 48.7

A-4 | 1470

A-5 | 1960

B1| 60 ,

B-2| 490 157.4 5.52}1. 3509 198,534 45.0

B3] 980

B-4 | 1470

Young’s modulus to make sure that the specimen
would not fail at the clamped portion (this simul-
ated the effect of the thicker and larger diameter
tube which was welded for clamping purposes in
the experiment). Dimensions and material pro-
perties adopted for the analysis are tabulated in
Table 4. The average values of each group in
Table 3 were used in the analysis. The diameter of
the meshed model was set equal to the inside
diameter of the steel tube, because the behaviour
of concrete was of particular interest and was
considered to dominate the overall behaviour of
the structure after the yielding of the steel. The
thickness of the membrane element for the steel
tubes was adjusted so that the section area
became equal to that of the tested steel tube. The
cylinder strength of the concrete (f,), which was
used in the analysis, was calculated from the cube
tested strength (f.) as f,=0.85f.. Because the cyl-
inder strength of the concrete was around 45N/
mm?® (i. e, 48.7N/mm’ for group A and 45.0N/mm?
for group B), the proposed model with material
constants established in the previous section for
the mix of f,=45N/mm?’ was used for the analysis.
The stress—strain relation of steel was assumed to
be adequately modelled by the elastic—perfectly
plastic model which was subject to the Von—Mises
yield criteria.

(3) Comparison between experimental

and analytical results

Moment-curvature curves obtained from both
the experiments and the analyses are shown on
Figs.13 and 14, where the numbers in the boxes
represent the axial load (in kN) applied prior to
the moment. Fig.13 is for group A (i.e., steel thick-
ness ¢=10.0mm) and Fig.l4 for group B (ie, t=
5.0mm). .

The experimental curves exhibit a fairly linear
moment—curvature relation in the earlier part,
before the yielding of the steel, and then this is

1
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followed by a pronounced deviation from linearity.
The curves, particularly those with high axial
load, do not show a flat plateau. There follows a
further ascending branch, whose gradient is fairly
linear or even shows a slight increase in the stiff-
ness. Fig.15 shows typical load-strain curves for
concrete—filled columns, which are extracted from
Ref 8). The present moment—curvature relation
corresponds to the type of curve depicted in Fig.
15 (b) . Such a characteristic feature of load-strain
or load-displacement curves is sometimes ob-
served in short composite structures, in particular
those with concrete being encased in relatively
thick steel tubes. Some researchers®® take a view
that the load at the point of inflection, where 8N/
8e*=0 as in Fig.15 (b), is to be regarded as the
ultimate load, because there is no other character-
istic feature beyond this point, and because the
deformation of the member beyond this point may
be too large to suit the normal use of structures.
A similar phenomenon was observed in the exper-
iment reported in Ref 2). According to the analy-
sis of this experimental data as discussed there,
the last ascending branch may be attributed to the
post—ultimate strength behaviour of concrete and/
or the strain—hardening of the steel tube. There-

d 2,
10ad TE;=0 load :_gq]
Ny [F~=—== |C Ny < r:
B |
17 (a) B [
l
0 A 5strainE¢0 A strain £,

Fig.15 Typical load-strain curves of short
concrete—filled composite columns®

fore, the inflection point in the moment—curvature
curve is considered to be the point where concrete
reaches the ultimate strength envelope.

Figs.13 and 14 indicate that the curves obtained
from the FE analysis mimic the experimental
curves very well up to the ultimate load in accord-
ance with the above definition. The last converged
load step, which is represented by a crossed point
in the plots, is considered to be very close to the
ultimate load of the above definition (. e., the
inflection point). The ascending branches beyond
such ultimate loads cannot be predicted by the
analysis, where the solution does not converge,
because neither the post—ultimate strength behavi-
ours of concrete nor the strain—hardening of the
steel tube are considered in the present analyses.
In view of this, the proposed FE analysis predicts
the deformational response of the present struc-
tures very accurately, which proves that the pro-
posed constitutive model is very accurate, for pra-
ctical purposes, in analysing confined concrete str-
uctures. In addition, according to the above discus-
sion on the definition of the ultimate load, it is
reasonable to consider the ultimate load obtained
from the present FE analysis as the practical ulti-
mate load of the structures.

Consequently, the present FE an'alysis could pro-
vide a reliable tool for the accurate prediction of
the ultimate load and deformational response of
structural ‘'members such as those presently con-
sidered.

6. CONCLUSION

The post-OUFP behaviour of concrete was suc-
cessfully modelled by using the classic work—hard-
ening plasticity theory. The characteristic features
of the proposed plasticity model may be described
as follows:

(1) In order to express the sensitivity of the
ductility to hydrostatic pressure, the idea of the
Cap-models, where the loading function consists
of the ultimate strength envelope and the cap
function, are used.

(2) In order to express the volume change of

L
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the post-OUFP behaviour of concrete accurately,
the non-associated flow rule is used, in which the
plastic -potential function is defined independently
of the loading function.

However, it should be noted that, due to the
limitation of the plasticity theory, the behaviour
was modelled only up to the ultimate states, i. e,
until the stress state intersects the ultimate stren-
gth envelope. In order to model the post—ultimate—
state behaviour, other theoretical bases such as,
for example, the strain-space plasticity theory are
needed.

A finite—element program was developed in
order to analyse general forms of confined con-
crete structures and, in particular, composite struc-
tures with concrete being encased in a steel shell.
The ensuing FE program successfully predicted
the load—-carrying capacity and deformational re-
sponse of eccentrically loaded concrete—filled steel
tubes. As far as the authors know, the deformati-
onal behaviour of such eccentrically loaded com-
posite columns, where significant development of
confining pressure is observed, had never been
successfully predicted until the present work by 3
D-FE analysis, in which confinement effects are
directly assessed by using general constitutive re-
lations of concrete.

In the present work, constitutive relations for
only two mixes were investigated. A wide variety
of mixes (in particular, with respect to the cylin-
der strength) should be investigated in future. In
addition, the proposed model still has many mate-
rial parameters to be determined for each mix of
concrete. Therefore, the effect on the material pa-
rameters of the proposed model which the cylin-
der strength or other factors of mixes have should
be clarified and empirically expressed as mathema-
tical equations in. future work.

Although the application of the proposed model
to FE analysis is still very limited due to both
theoretical limitations and limited experimental in-
formation available, the successful predictions of
the behaviour of the confined concrete structures
outlined in the present paper implies that the
authors’ approach was appropriate in that the dil-
ational and ductile behaviour of concrete should
be accurately modelled exclusively on experimen-
tal information obtained from tests in which con-
crete has been subjected to passive confinement,
with the information describing concrete behavi-
our beyond OUFP being of particular interest.

Notations

(1) Expression of tensor
The summation convention is adopted for ex-

pressing tensor equations in the present paper.d;;
Kronecker's delta (ie., 6;=1 ifi=j 6,=0 ifi=xj)
(2) Stress and strain _ :

Note that compressive stresses and strains in
concrete are usually defined to be positive for
convenience ; such stresses and strains in the
system where compression is defined to be posi-
tive are represented by the dashed notations.

o (0, 0y);Stress (conponent of stress vector and
tensor)

& (&, &) ;Strain (conponent of strain vector and
tensor)

0d,; Octahedral normal stress which is defined as
Go= (0'_11+Uzz+033) /3

sy ; Deviatoric stress tensor which is defined as
s,—,-=0,-j~oa5i,-

7o; Octahedral shear stress which is defined as
To= (SijSij/g)I/z

£0; Octahedral normal strain which is defined as
eo=(eutenten) /3

e;; Deviatoric strain tensor which is defined as
€;=€;—Eo0y

70; Octahedral shear strain which is defined as
7o= (eye4/3)"*

6;Lode angle or angle of similarity which is def-
ined as

coS 30=+25;81Su/37

o¢, &°; Elastic portion of stress and strain respec-
tively

of, &”; Plastic portion of stress and strain respec-
tively

(3) Material constants and parameters

E ; Young’s modulus

v; Poisson’s ratio

feo; Cylinder strength of concrete

fa; Cube strength of concrete

fv; Yield stress of steel

K. ; Elastic bulk modulus

G.; Elastic shear modulus

(4) Plasticity theory

f ( ) ;Loading function

g ( ) ;Plastic potential function

P;Hardening parameter

W?; Plastic work which is defined as dW*=g,de;
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