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EVALUATION OF OPEN CHANNEL FLOW
WITH VARYING ASPECT RATIO AND

ROUGHNESS RATIO

Yongdi YANG* and Atsuyuki DAIDO**

A flow pattern with varying aspect ratio (breadth/depth) and boundary roughness ratio
(bed roughness/ side wall roughness) in -open channel is proposed in this paper. The
distribution of boundary shear and the mean boundary shear are studied. On the basis
of this, velocity distribution and flow resistance are further discussed. The evaluation
formulae of boundary shear, velocity distribution and flow resistance are derived syste-
matically. The results are suitable for all aspect ratio and roughness ratio, and are
better in agreement with a wide range of experimental data. These are much helpful to
the study of sediment transport, flow diffusion, river engineering, etc.

Key Words : open channel flow, boundary shear siress, velocity distribution, resistance

coefficient, aspect ratio, roughness

1. INTRODUCTION

The evaluation of open channel flow with
varying aspect ratio (breadth/depth) and roughness
ratio (bed roughness/side wall roughness) is an
essential problem in the study of three-dimensional
flow structure, and is of great importance to
sediment transport, river engineering and hydrau-
lic model experiments. With the variation of aspect
ratio and roughness ratio, the flow structure,
resistance and boundary shear are quite different.
In general, the flow structure has three-dimension-
al characteristics, the resistance depends on the
roughness of all the walls, and the distribution of
boundary shear along the wetted perimeter is
non-uniform. Experimental data®™> show that

secondary flow takes place near the corner of bed

and side wall due to the side wall influence. This
causes momentum transport and suspended mate-
rial diffusion in transverse direction. Thus it is
necessary to precisely evaluate the effect of varied
aspect ratio and roughness ratio upon the flow.

Traditional studies on the evaluation of open
channel flow are mostly carried out individually in
flow resistance®”, boundary shear, etc.””*, such
as the empirical method of partition of water cross
sectional area™, and the diagrammatic method to
evaluate the boundary shear distribution on the
bed™. As resistance, velocity distribution and
boundary shear are all the variables of open
channel flow, there must be some relationships
among them. In this paper, an evaluation method
of open channel flow is established.

* Member of JSCE, M. Eng., Graduate Student, Dept.
of Civil Eng., Ritsumeikan Univ., (56-1, Kitamachi,
Tojin Kitaku, Kyoto 603)

** Member of JSCE,Dr.Eng., Prof., Ritsumeikan Univ.

Based on the previous studies”™, a flow pattern

- for varying aspect ratio and roughness ratio is set

up. The boundary shear distribution, and the flow
characteristics with different aspect ratio and
roughness ratio are discussed. A systematic method
to evaluate boundary shear, velocity distribution
and flow resistance is proposed. The comparison
between the present results and a wide range of
experimental data shows good agreement.

2. FLOW PATTERN AND BASIC
EQUATIONS

(1) Two types of open channel flow

It is generally thought that when aspect ratio is
very large, the side wall influence upon open
channel flow can be ignored, and the flow is
regarded as two-dimensional approximately. With
the decrease of aspect ratio, the side wall influence
becomes greater and the three-dimensional charac-
teristics appear, and when aspect ratio is very
small, the flow mainly depends on the side wall,
and the bed effect can be ignored, then the flow can
be considered as two-dimensional one between
two side walls. Hence, with the variation of aspect
ratio, the flow tends to two different extremes, one
is the two-dimensional flow on the bed, while the
other is the two-dimensional flow between two side
walls.

An experiment was carried out in a plate flume,
14300 mm in length, 132 mm in width and 750 mm
in depth. The velocity and turbulence intensity
were measured with the aspect ratio of 0.107. The
side wall of flume was made of sand (4,=1.6 mm),
the bed of steel plate. The velocity was measured
with a micro-propeller velocity meter (¢=3 mm).
Fig.1 and Fig.2 are measured distributions of
velocity and turbulence intensity normal to the side
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Fig.3 Boundary shear distribution along side wall.

wall in the half cross section. Compared with the
velocity and turbulence intensity at half water
depth, the velocity and turbulence intensity are
decreased and increased respectively near the bed,
and both decreased near the water surface. In other
regions, - the velocity distribution conform to
Nikuradse-Prandtl’s logarithmic law, i.e.

u

u*s—

5.75 log (Ai)+8‘5 ..................... (1)
s

where #=velocity, uxs=shear velocity related to
side wall, #xs=+/gbl,, b=half width, I,=energy
slope, g=gravity acceleration, A;=side wall rough-
ness height. In Fig.2, ¥ ' =turbulence intensity,
U=mean velocity in cross section.

Fig.3 is the boundary shear distribution along
the side wall with shear derived from velocity
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Fig.4 Two types of open channel flow.

distribution. The figure shows that the boundary
shear stress near the bed is reduced.

The results indicate that the open channel flow
with small aspect ratio agree with two-dimensional
characteristics except in the regions near the bed
and the water surface.

Thus for varying aspect ratio, the open channel
flow can be divided into two types as demonstrated
in Fig.4. One is wide-shallow flow which mainly
depends on the bed (Fig.4 a), while the other is

" narrow-deep flow which mainly depends on the

side wall (Fig.4b).

(2) Basic equations

As mentioned above, the two-dimensional flow
is not influenced by side wall only when the aspect
ratio is very large. In order to analyze the
characteristics of open channel flow in general, the
cross section is divided into two regions, i.e. the
two-dimensional flow region (region 1) and the
mixed flow region (region II) as shown in Fig.4.

The motion equations for steady uniform flow in
x direction are discussed. In the two-dimensional
flow region, the influence of the wall which the
flow dose not touch is so small that can be ignored.
The motion equations can be written as :

gsin 60— %%—l—% <—u’v’ -I-DZ—Z) =0

for wide-shallow flow «++««-ee-ee (2a)

gsin 0—%% % (—u’w’ +u%> =0
for narrow-deep flow:-+--eeeeneee (2b)
In the mixed flow region, both side wall and bed
influences exist, the secondary flow in the cross
section occurs and the shear stress in two directions

appear. The motion equations are written as :

ov , 0w __
ay ;0

L
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oy s =osin b= o
o~ gy e )
vg—:+w%§= —gcos 0—%2—5
T )
Yoy 5= gt oy (i tgy)
+Oaz< wu;-}—,,%—f) ...................... (3)

where u, v, w are time-averaged velocity and #’, v’
w’ are velocity fluctuation in x,y, z directions
respectively, p=average pressure, v = kinematic
viscosity, §=bed slope, h=depth, p=water densi-
ty.

The shear stress is expressed as,

%ﬂ:—ﬁﬂg—‘y‘/ 4
P Gy [T (4)
0 —ww )Jaz
The energy slope is,

_Llop
L=sin6 g D (5)

For wide-shallow flow, substituting Egs.(4 ) and
(5) into Eqgs.(2a) and (3 ), and then integrating
them, we have,

%’L—gleh( ) f(agvarag:}) dy
+j;haiz (%)d 05252
%ﬂf:g[eh <1—%) 20=25b

A

+'/;“a%(1§l)dz (6)

Let 7, be the boundary shear on the bed, and 7, be
the boundary shear on the side wall, then

0SzSz

h
——gI h—;zf (uw—T">dy 0=z=z
;”=g1,,h 2525b ()
T _d (> Ty
p—glgzo dy./:, (uv p)dz
0=2z=2

The mean boundary shear on the bed and the
side  wall are defined as,

_ 1 b
r;,=$fo Tydz
__l h
Ts—hj; 7sdy

integrating Eq.( 7 ) from z=0 to z=b, we obtain :

DT ITs= (DR ) Taorereererereeereneeeninnenns (9)
where t,=pgRI,, R is hydraulic radius, R=hb/(h
+b).

The relationship similar to Eqs.(6-9) can also-be
obtained for the narrow-deep flow in the same
way.

(3) The range of mixed flow region

As to the wide-shallow flow, Sawano et al.®
found from experimental data that the range of
mixed flow region was 2.1 times the  water depth
in average, i.e. 2/h=2.1. For non-uniform rough-
ness, the range of mixed flow region is related to
roughness ratio, and assumed to be,

Zo (A s ) a
4,
The coefficient @ and exponent « are determined
by experimental data.

For the narrow-deep flow, the range of mixed
flow region is obtained in the same way.

Boad)

The critical point to distinguish wide-shallow

flow from narrow-deep flow falls between
% <j—z>a and a (j—;)a, and can be written as,
(%) = [1 (jz>“+a(j_:)“] .............. (11a)

where (b/h). is the critical value of width-depth
ratio to distinguish wide-shallow flow from
narrow-deep flow, r being a constant. On the
other hand, the critical value of depth-width (/b ),

can also be written as,
(A"> ] ............... (11b)
S

(5).=lal )"+

The solution simultaneously satisfying Eq.(11 a)
and Eq.(11b) is,

a
1+4?

Therefore, the criteria are as follows :

T:

2% (_Ai)a for wide-shallow flow
h Ay

kg (é)a for narrow-deep flow
n=\4, P

3. EVALUATION OF BOUNDARY
SHEAR STRESS

Eq.(6) shows that the boundary shear stress is

]
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related to the secondary flow. A large quantity of
experimental data reveal that the secondary flow
velocity is 2~3% of the main flow velocity®”. Due
to the existence of the secondary flow, the momen-
tum is transmitted in the cross section, resulted in
the non-uniformity of boundary shear distribu-
tion™"*_ As the secondary flow is very complex
and difficult to analyze in theory, the method for
evaluating boundary shear has not yet well been
established. In this paper, the boundary shear
formulae for varying aspect ratio and roughness
ratio are developed based on experimental data.

(1) Boundary shear distribution

As for the wide-shallow flow shown in Fig.4(a),
the flow in region 1 can be approximated as two-
dimensional owing to smallness of the side wall
influence. The boundary shear depends only on the
bed and conforms to uniform distribution. The flow
in region II is influenced significantly by the side
wall. Therefore the boundary shear depends on
both the bed and the side wall and is of non-
uniform distribution. If the influence of water
surface is ignored, the boundary shear can be
written as,

T5= Thtwo 20=2=b
T (zi()) =fn (é) Thtwo 0sz=2 | ... 13)
to (L) = (L) Kt~ 0=y

where fn=distribntion function, K;=coefficient,
Trwo=boundary shear of two-dimensional flow in
region I, and 7uue=pghl,.

The data measured by Ghosh'®, Tominaga® and
Sawano™ show that the rate of variation of
boundary shear along the bed is inversely prop-
otional to the distance from the side wall. That is,

f’fﬁz C e, (14)
o) 2w

where C and f8 are the constants to be determined.

The distributions of boundary shear both in
region I and region II satisfy the boundary
continuity condition, i.e fr( 1)=1, and there is no
flow movement at the common boundary of the
side wall and the bed, i.e. fm(0)=0. Thus

o m(1+32)
fn (z%) =W%,§—) ......................... (15)
and similarly,
i (1+5%)
fn (%) ZWH‘@/B—) .......................... (16)

Therefore Eq.(13) is transformed into,

(5]

B _ <
Thtwo 20=2z=Db

T _ln(l—l—%f;) oSz ’

Towo  I(1+1/8) =257y e (17a)
p In (H—%E)

o KT 1)  OSY=h.

where K; is obtained by substituting Eq.(17 a) into
Eq.(9).
g=% Vin(1+1B)—8
ST h1-[1/(1+1/B)—B]
b

for b=z,
KS:h

1—[(+B2/b)in(1+b/B2) —11/In(1+1/8)
1—[1/ln(1+1/8) =]
for b=z
The relationship for the narrow-deep flow as
shown in Fig.4(b) is also obtained in the same way.

Ts

Tstw():l Yo=y=h
In (1+ll)
Ts B 4o 0<y< 7
Towo  In(1+1/8) SY=Yogeeee-s (17b)
12z
Ty =K ln(1+13 b) 0<z<bh
Towo T In(1+1/B) U=
K, is derived from Eq.(9).
_Y__ 1/mQ+1/8)—8
B=% 1-[/in(1+1/8)—B] for h=y,
h
szi

1— [ +Bys/h) In (0 +h/Bye) —11/In(1+1/8)
1—[1/In(1+1/8)—B]
for h<y,

Figs.(5 a-5f) are the comparisons of Eq.(17)
with experimental data for uniform and non-
uniform boundary roughness. In terms of the
multivariate regression analysis method, 8=0.079,
and =2, a=0.1 in Eq.(12) are obtained, which
are in good agreement with the experimental data.

(2) Mean boundary shear

The mean boundary shear on the side wall and
the bed can be obtained by applying above results.

For wide-shallow flow

When b=z

a= () -3 Garom o)l
=043 G )

L
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When <z, For narrow-deep flow
2=(p) {(+8%) M TV
10 1 H‘(H%) {1_7<1n(1+1/5)—ﬁ>]

ln(l+§z—>—l]/ln<1+§) i \ .
£ b 0 2 oo (180) %z(Hﬁ)%(ln(Hl/ﬁ) _B>
?z=<1+ﬂ> [1_ [(1 +,370> .......................................... (18c)

When h<y,

In (1+%2%)—1]/1n(1+1/,9)]
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Fig.6(a) Predicted mean bed shear varying with aspect
ratio and roughness ratio by Eq.(18).

Ts/paRI,

Fig.6(b) Predicted mean side wall shear varying with
aspect ratio and roughness ratio by Eq.(18).

Two extreme cases are discussed as follows.
a) If the width becomes much larger, i.e. b/h—0,
the Eq.(18a) is transformed into,

:@(_#J;___@
o A \In(1+1/8)
b) If the depth becomes much larger, i.e. b/A—0,
the Eq.(18¢c) is transformed into,

Ts

2=
To

)

ﬂ=@( 1 _@

Fig.6 shows the predicted mean boundary shear
varying with the two parameters of aspect ratio and
roughness ratio in Eq.(18). When the aspect ratio is
very large, 7»/0gR1. is close to 1 for all roughness
ratio, but 7s/ogR1, is different for varied roughness
ratio. When the aspect ratio is very small, the
results are just the opposite.

Fig.7 and Fig.8 are the comparisons of Eq.(18)
with experimental data at uniform boundary
roughness in channel and duct. While Fig.9 is the
comparison of Eq.(18) with experimental data at
non-uniform boundary roughness in open channel.
The boundary roughness height for smooth plate
obtained in this study is about A=0.05~0.1 cm. In

.
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Fig.9 Comparison of calculated mean boundary shear
for non-uniform roughness by Eq.(18) with
experimental data by Knight et al.'®.

general, the roughness height for smooth wall may
be determined by using Moody’s results®,

4. EVALUATION OF VELOCITY
DISTRIBUTION

In general, the velocity distribution in open
channel has three-dimensional characteristics,
which is difficult to analyze theoretically. In order
to evaluate the effects of the bed or the side wall,
the mean velocity distribution in width or depth
direction is discussed individually by using the
above results.

For the wide-shallow flow in regionll shown in
Fig.4(a), integrating basic Eq.( 6 ) along depth, we
obtain,

1 z _ _
pg]ez——h—ﬁ tdz— Ts+ (Tpe— puw) =0

where

N h —_—
Tu—puw=%j; (—u’w’-l—u%—puw) dy

According to Boussinesq’s assumption,

where # is depth-averaged velocity, ﬁ=% j; hudy,
&z, is depth-averaged turbulence exchange coef-
ficient, and can be expressed as,

B T KslhgsZ rorerererernerssnnrraneraneasaaesaanenns (23)
where 7xs =+/ T5/0 , the coefficient «; is determined
by experiment.

puw representing the depth-averaged momen-
tum transfer in transverse direction is caused by
secondary flow, and may be neglected. Thus substi-
tuting Eq.(17), Eq.(21) is transformed into,

ios (1=2 ) Vi e 1y
[ln<l+%zio>+ﬁz—o[ln<l+ﬁz—o> 1]
p/csz% ...................................... 4)

As the solution is quite complex, some simpli-
fication should be made. The latter part of the
third term is one order higher of z/z, and can be
ignored. On the other hand, by using the Prandtl’s
approximation on shear stress near the wall, i.e. {1
—y/h=1}, the depth-averaged velocity formula
can be obtained as,

£ 121

U= tpruwo—
7}1(14‘8_#/3) [ln(l +‘B‘) ln%

‘l"(H%z_zo) In (%i)—(l—zi())

(25a)

]
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(1 1+1/8

<ln eB B > In 1+2z/Bz }
O§Z§Zo

U= Upsuo ZoéZéb

where e=2.71828, #wo is depth-averaged velocity
in region I, and can be determined by the
Nikuradse-Prandtl formula.

_ Vpghlel 3.35uxh
kv

Uprwo —

for smooth region :-+- (26)

_ _+pghl, , 11h
Uortwo = P In A
b

in which £ is the Karman constant and £=0.4, 4,
denotes the bed roughness height.

The width-averaged velocity formula for the
narrow-deep flow in region II shown in Fig.4(b)
can also be obtained in the same way.

el 2i (o)

for rough region --(27)

U= Ustwo—

ey [m(1+5) g

—in(1+5 L) m (5L)

By " \Bye.
(1= 1)~ (mg8)ir 10,
0=y=y,
= thst0 Y=ysh
......................................... (25b)

where #w0 is width-averaged velocity in region
I, and can be determined by the Nikuradse-
Prandtl’s formula. &, is a coefficient determined by
experiment.

Fig.10(a) is the comparison of width-averaged
velocity distribution by Eq.(25) with experimental
data by the authors. Fig.10(b) is the comparison of
depth-averaged velocity distribution by Eq.(25)
with experimental data by NHRI. The experiment
was carried out in a plate flume with 30000 mm in
length and 1240 mm in width by the Nanjing
Hydraulic Research Institute of China in 1958. The
velocity was measured with Pitot tube. Fig.10(c) is
the comparison of depth-averaged velocity dis-
tribution by Eq.(25) with experimental data by
Yassin (1953). The velocity was also measured with
Pitot tube. These calculated results show that x5 or
Kk is related to roughness with little variation as
given in Fig.11.

5. EVALUATION OF FLOW RESIST-

ANCE

The friction factor in open channel flow is
generally defined as :

1.3
—ar 12
u/U 1.1 ...,
1 .

.s ¢

s.ef

a7

..

e b/h=0.107 Re<19460

:: ~—  calculated curve

e —-O— experisental data by Author

X

L] - T T L T Y
' 2 ‘ ¥/¥o

Fig.10(a) Comparison of calculated width-averaged
velocity distribution by Eq.(25) with ex-
perimental data by the authors.

b/h=1.36 Re=98700
— calculated curve
=+ experimenta] data by NHRI

2 4
2/20

Fig.10(b) Comparison of calculated depth-averaged
velocity distribution by Eq.(25) with ex-
perimental data by NHRI,

~--~ calculated curve
L) Ll u L] v T

0.2 0.4 FX) 0.8 1 1.2

-4

Fig.10(c) Comparison of calculated depth-averaged
velocity distribution by Eq. (25) with ex-

perimental data by Yassin®.

. o8 PR N
® B
s ouf -
$ oal .
°"5-—o//”———° ]
o1k .
o ) T T e T T e =

v A&
Fig.11 Coefficients &; and k.
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r=2 ()
where wus is shear velocity, ux =+ gRI,, U is
average velocity over the cross section.

The friction factor formula can be got by
integrating the velocity distribution formula
obtained above.

For wide-shallow flow :

U_Z Gz +vvreveveneerernarinaaraiareraaanns (29a)
when b=z,
_ 2
(o E & (roass2 (e f)(3)))
......................................... (30a)
when b<z,

— Wptwo _ _f_S_ _1_ 2o
f—2/{ s o He [1+ln b
b

+0.08 ﬂﬁ(wﬁ) (1.824 ﬁ+o.5z-0

s b b b

+1.46 In (1 +12.66z—l: (1+0.079 %)

If the width becomes much larger, i.e. b/h— o0,
then

2

f———( Z?m/o)z ........... (31)

Ux
It is the resistance formula of two~-dimensional
flow.
For narrow-deep flow .

Uzz By +vvvvereeeereneneinn (29b)
when A=y,
= Bstwo T 1 (Y : T b 2\)2
(o2 & (feroaso2(1+2) (%))
.......................................... (30c)
when <y,
+0.03%’%(1+%><1.824%+0.5%
+1.46ln<1+12.66i(1+0.079}h&)
—0.489>)”2 ............................. (30d)

If the depth becomes much larger, i.e. b/h—0,
then

12 16

-}

h/b
Fig.12(a) Predicted friction factor in A4,/A;= 1 by
Eq.(30).
S eee
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Fig.12(b) Predicted friction factor in 4,/A; <1 by
Eq.(30).
2
O PP Pt (32)

It is also the resistance formula of two-dimen-
sional flow.

All coefficients in Eq.(30) are calculated when S
=0.079.

Fig.12(a) is the friction factor varying with
aspect ratio and roughness ratio when A,/A;>1
according to Eq.(30). Fig.12(b) is the friction
factor varying with aspect ratio and roughness ratio
when 4,/4;<1 according to Eq.(30).

Fig.(13a-13d) are the comparisons of Eq.(30)
with experimental data by Knight™” and Yassin®.

6. CONCLUSIONS

Some conclusions can be made from this study as
follows .

(1) A flow pattern has been proposed, in which
open channel flow is divided into two types ac-
cording to aspect ratio and roughness ratio, one is
the wide-shallow flow mainly depending upon the
bed, while the other is the narrow-deep flow
mainly depending on the side wall.

(2) An experiment conducted with an aspect
ratio of 0.107 shows that the velocity distribution
normal to the side wall agrees with the Nikuradse-
Prandtl’s logarithmic law, and the boundary shear
stress on the side wall is 7,=pgbl, except in the

]
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Fig.13(a) Comparison of calculated friction factor by
Eq.(30) with experimental data by Knight'¥.
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Fig.13(b) Comparison of calculated friction factor by
Eq.(30) with experimental data by Yassin
(Run T)°.

1
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Fig.13(c) Comparison of calculated friction fac-
tor by Eq.(30) with experimental data
by Yassin (Run T)°.
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Fig.13(d) Comparison of calculated friction fac-
tor by Eq.(30) with experimental data
by Yassin (Run II)®.

regions near the water surface and the bed.

(3) The range influenced by the side wall is
related to aspect ratio and roughness ratio, and can
be estimated by Eq.(10). The critical value of
width-depth ratio to distinguish wide-shallow flow
from narrow-deep flow is given by Eq.(12).

(4) The distributions of boundary shear on the
bed and the side wall are similar on condition that
the influence of water surface is neglected, and are
given by Eq.(17). The mean boundary shear stress
can be evaluated with Eq.(18). The relationships of
the boundary shear with aspect ratio and roughness
ratio are shown in Fig.(6a, 6b).

(5) The velocity distribution in the cross
section depending on the boundary shear on both
the bed and the side wall can be calculated by
Eq.(25).

(6) The friction factor is obtained as Eq.(30).
The friction factor varying with aspect ratio and
roughness ratio are shown in Fig.12.

(7) The results obtained in this paper have
been verified by a wide range of experimental data.
The comprehensive agreement is quite evident.
The present results can be used to evaluate the
effect of the side wall upon hydraulic model
experiments, to calculate bed shear associated with

sediment transport, to estimate the shear stress on
the river banks and etc..
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