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TRIAXIAL ELASTO-PLASTIC AND
FRACTURE MODEL FOR CONCRETE

Koichi MAEK AWAY, Jun-ichi TAKEMURA*¥,
Paulus IRAWAN*** and Masa-aki IRIE****

The complete constitutive equations in the form of tangential stiffness matrix are de-
rived from incorporation of the constitutive law of the continuum fracture with the one
of plasticity. The triaxial stress states are the main concern of authors since the accom-
plished model is wished to be a crucial and universal tool of analysis for laterally con-
fined RC columns with wider variety of geometry and dimension. The constitutive
equation derived under triaxial stresses was proved to cover the plastic and fracturing
aspects of concrete as well as Von-Mises type of plasticity serving as the model of steel
in reinforced concrete. The authors validated the fitness of the model for the triaxial
behaviors of concrete reported. The failure envelope was not utilized in formulation

unlike the theory of plasticity.
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1. INTRODUCTION

The design oriented constitutive models for the
fiber stress of flexural members confined by lateral
reinforcement can be said as the spatially averaged
model applicable to particular members. The local
stress and strain induced by the three dimensional
(3D) arrangement of the lateral steel has not been
directly thought yet, but the mean stress versus
mean strain relation has been main concern of
practitioners™. Accordingly, the spatially averaged
stresses have included the spacing, shapes of lateral
ties, the yield strength of steel and others'®. The
averaged model can be estimated through laterally
reinforced column tests subjected to uniform axial
compression, but the mean fiber stress under the
eccentric loads can not be found on this line. This
spatially averaged constitutive model is convenient
for member designs but simultaneously keeps the
applicability narrow.

The other approach is to take into account the
3D local stress as it is, whatever the geometrical
condition of lateral confinement would be speci-
fied. As long as the authors’ knowledge, Inoue et
al.” firstly applied the finite element analysis to
steel confined columns. This approach was very
strategic whatever computational difficulty it has,
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Fig.1 The entire scheme of formulation based on the
elasto-plastic and fracture concept.

because its generality and versatility are fully
attempted. The 3D computational evaluation of
the strength and ductility of members definitely
relies on the constitutive law of concrete under
triaxial stresses. For realizing this generic method,
the authors have proposed the continuum 3D
fracture and plasticity constitutive laws”® of the
damaged continuum of concrete. This paper herein
aims at the finalization of the general 3D constitu-
tive equation by combining the elasticity, fracture
and plasticity of concrete regarded as the damaged
continuum in the frame of elasto-plastic and
fracture concept as illustrated in Fig.1.

" This paper will also serve to verify the complete
constitutive equation based on the cyclic loading
tests of concrete under triaxial stresses. Since the
application of the model concerned is oriented to
the laterally confined RC columns, the accuracy of
the modeling will be checked mainly under com-
paratively small confinement condition.

2. FULL CONSTITUTIVE MATRIX

Concrete can be regarded as the damaged con-
tinuum with plasticity” as shown in Fig.2. The total
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Fig.2 Schematic Elasto-plastic and Fracture System of Damaged Concrete

Table1 Definition of Stress Intensity Indicators

Parameters Total Stress Indicators Internal Stress/Elasticity
Mean (1st Inv.) 1 1
I,=50y Ilezgezkk
Deviator (2nd Inv.) 1 1
J,= Es,-js,, Jo, = Eeeijee;j
Deviator (3rd Inv.)
311 3
Deviator Tensor Jy= 551',5' kS ki Js = geeijezjkeeki
s;=0;-19; € =& Ilesl

stress is idealized to be the sum of the internal
stress developing in non-damaged constituent
elements. It can be understood in Fig.2 that the
elastic strain is directly proportional to the internal

stress applied to active non-damaged elasto-plastic

elements. Then, the elastic strain is assigned to
represent the internal stress intensity which
governs the plasticity and fracture of the continuum
with defects®™. The authors introduced the index
to express the state and the intensity of the internal
stress and the total stress as listed in Table 1.

The authors reported the effect of confinement
on the fracture and plasticity of concrete under
triaxial stress states. Brief summaries are coming as
follows.

(1) Fracture in hydrostatics : The capacity of
storing volumetric elastic strain energy is not
damaged regardless of the magnitude of the defects
induced in concrete and of the confinement
denoted by I,,”. With the volumetric elastic stiff-
ness K, equal to Eo/3(1—2v,) where E, and v, are
elastic stiffness and Poisson’s ratio, we have,

L=3Koliy ooeevvereneareeernrniiosiinnansannnn, s (1)

(2) Fracture in shear : The absorption of the
shear elastic strain energy is degraded according to
the state of load-induced fracture. The growth of
the continuum damage denoted by the fracture
parameter K is boosted by the internal shear stress
intensity represented by Jz, and J3 but suppressed
by the confinement denoted by I,,”. This correla-
tion of I,,, J.. and J;, concerning fracture is incor-
porated by the equivalent elasticity F as,

Jom2G oK (F) Jagreeveerreeerenersvnesaruneennnns (2)

where, F : F(li, )5, J3c), Go: shear elastic stiffness
equal to Eo/2(1+,). Here, Fin Eq.(2) is equal to
Frax i.e., the maximum value of F in the past
loading hysteresis. When the updated value of F is
smaller than the past maximum value denoted by
Fuax the fracture does not proceed but remains
stable. This is the fracture criterion.

(3) Plasticity in shear : The plastic deviator in
shear is advanced by the internal shear stress
intensity expressed by J3. but not influenced by the
magnitude of confinement®. Therefore, this can be
indicated by the plastic hardening function H as,

L
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Jop=H(Jog) «+vvvveerenveeemsunionennsninnieinnans (3)
where,
_ [ eesidepis
] 20— 2 ]22

Jze in Eq.(3) is equal to Jzemax, i.€., the maximum
value of /, in the past loading hysteresis. When /[,
is less than the maximum value regarded as the
representative of the plastic history, no progress in
plasticity is assumed. This is the plasticity criterion.

(4) Plasticity in volume : The volumetric plastic
strain associated with the shear plasticity is signifi-
cantly affected by the magnitude of the confine-
ment indicated by I,,. This nonlinearity is named
the shear dilatancy” indicated by the dilatancy
derivative D as,

ALy=D(I1g, K)dJpp-vrvrvrnrersrrerroriconns (4)
where,
1
d11p=§d€pkk

The “effect of confinement”, which has been of
great interest, are classified into the continuum
fracture and plasticity in terms of the volumetric
and deviatoric aspects, respectively. The above
four equations are cores of continuum fracture and
plasticity constitutive laws. By solving Eq.(1) and
Eq.(2) simultaneously, we have?,

O = Migide g+ reerrerrenssrosanansennanans (5a)

M= 2GoKoud i [(31{0 2GoK) 8y,

(AR AV E 3]

#2601 ) (B ) o+ (S smtm)

U;=1, when F=Fy» and dF=20
U;=0, otherwise
Similarly, by combining Eq.(3) and Eq.(4), the
authors derived the following plasticity -equation”
as,

Epi; =L ijiadeeyy onvvererrerernememnncianniinn (6a)
Ceis dH \ Ueens
Liju= (fe+D6 )(d]ze> o, (6b)

UI)=]., when ]Ze=]2emax and d]uZO
U,=0, otherwise

The main objective of this paper is to combine
the fracturing elasticity and the plasticity of the
damaged concrete. In both cases, the control
parameters are specified as the elastic strain to
represent the internal stress intensity as shown in
Fig.2. There exist other attempts to combine the
plasticity and the continuum damage'™" where the

damage and plasticity were formulated with respect
to the total stress and strain. Since the internal
stress intensity as the driving action to the damage
and plasticity is not explicitly adopted, the physical
meaning for plastic and fracture surfaces (func-
tions) used becomes vague. On the other hand, the
elasticity regarded as the direct proportional value
to internal stress intensity is the main feature of this
modeling. For structural analyses, the total strain
has to explicitly appear in the final constitutive
equation. According to the deformational compati-
bility, we have,

Ae1;=deei;+ depij-+eereeernrrnermreereonennonans (7)

The combination of Eq.(5), Eq.(6) and Eq.(7)
yields the full incremental constitutive equation.

- The matrix form of the combined elasto-plastic and

fracture model is lastly brbught to completion as,

dlo}=[MIIII+ILD d{e} --eeeeeee (8)
where [M] and [L] express the fracture and
plasticity matrix to the fourth order tensors M,
and L;j;. It may be hard to derive the full fourth
order tensorial expression on the total stress-strain
incremental relation in Eq.(8), because the non-
symmetry of matrix L arises due to the presence of
dilatancy.

3. MATERIAL CONSTANTS AND
FUNCTIONS

(1) Concrete

From 2D and 3D cyclic loading data, the follow-
ing four material functions on the continuum
fracture and plasticity are proposed for concrete
with normal aggregate and strength ranging from
15MPa to 50MPa?? as,

K=K<F)=exp[—rg5{1—exp(—%)”

........................................... (9)
F=F(Ixe,]2e,f3e)
_ 2] 1[3V3()s)\?
©0.23e0—+/3 11 5[ 2 \fze> +6}
......................................... (10)
H=H(]2e) =1—9030(]E—2:>3 ..................... ( 11 )
D=D(I.,K)
_(Z14200) s v2I,+0.382 ”
—ﬁ(1+v:)*K 0 28z, (1—4K?
......................................... (12)
where,

Eo— 1.6(1 +Uo)fE‘L
o

The above equations include the material constant
& which was adopted so that those material
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functions would be applicable to the normal
aggregate and strength concrete.

The fracture function K represents the degrada-
tion of the shear elastic strain energy of concrete
including defects. The parameter F is the indicator
to express the macroscopic intensity of internal
stress which advances the damage under arbitrary
level of confinement. The function H indicates the
plastic hardening of the internal plastic element in
the damaged concrete (See Fig.2). The derivative
D indicates the plastic dilatancy induced by the
shear plastic dislocation along internal defects.
(2) Steel

The 3D constitutive law for steel is to be
incorporated with the one for concrete when
laterally confined concrete columns by steel are
focused in analyses. This chapter will prove the
general elasto-plastic and fracture model for
concrete to cover the elasto-plastic behaviors for

steel by the theory of plasticity incorporating Von-

Mises yield function. Let the fracture parameter K
remain constant ( = 1). This means that the
material concerned does not undergo any fracture
(See Fig.2) with regard to the elastic strain energy.
Further, the structural steel has no plastic dilatan-
cy. The dilatancy derivative D has to be set null. By
assuming unity and null for two functions, we have,
deyy=evsydg= zséodgz Sidg veeeneeenees (13)

ALy =0 weeeeemeemneenmeeeeneneiiiiine (14)
where, dg and dg’ are proportional coefficients.
Since the fracture is ignored, the total stress itself
indicates the intensity of the internal stresses
directly. The incremental form of the plasticity is
converted in terms of the stress tensors and Eq.(13)
and Eq.(14) produce,

depi;=depi;+0,dly=sijdg’ - eveeeenees (15)

The differentiation of the second invariant of
stress J» with respect to the total stress is propor-
tional to the stress deviator. Then, we have another
expression of Eq.(15) with the total stress tensors
as,

P e — (16)

The non-fracture and non-dilatancy assumptions
are eventually equivalent to Eq.(16), which is the
same with Prandtl-Reuss flow rule associated with
exactly the Von-Mises plastic yield function appli-
cable to the structural steel. It can be concluded
that the flow rule for steel in the theory of plasticity
is one of the particular cases of the proposed elasto-
plastic and fracture model. The proportional coeffi-
cient dg” specifies the magnitude of the plastic
flow. In the plasticity, the rate of the plastic flow is
determined by the plastic hardening rule®. As for

the proposed model, the plastic hardening function
Hbears the role to actually specify the proportional
coefficient in Eq.(16). The proposed plastic
hardening model by Eq.(3) is converted to,

ar= gt {ar, (36:)) dlss) -+ )

According to the definition of the plastic second
invariant by Eq.(3), we have the following another
expression on the plastic rate provided the no
dilatancy (D=0) and no fracture (K=1) in
elasticity as,

_ Ceiidepii _ Sij
dj= YA

) Y A
=i 4 Okk gy
—2]2d€pg; 2]2d11p ( 18)

Substituting Eq.(18) where dI,, is equal to zero
into Eq.(17), we have,

o= e
O',;dEp" GO d]2e 2GO d]z
=H'(J,)d]. (=plastic work) --- (19)

The left side of Eq.(19) above indicates the total
plastic work. The plastic work is equated with the
increment of the plastic function represented by the
second invariant of the stress as indicated by
Eq.(19). This expression is exactly the same with
the work hardening formulation of the plasticity®.
The function H is originally expressed by the elastic
strain. But, provided no fracture, our function H is
convertible to the hardening function H” which is
controlled by the stress invariant used in the frame
of plasticity as above. The proposed constitutive
laws are proved to cover the conventional plasticity
based on Von-Mises yield criterion.

4. EXPERIMENTAL VERIFICATION

It must be mentioned that the post failure behav-
iors (descending branch of the stress strain curve)
are not covered by the model. Because, the
continuum fracture model used is applicable only
when the defects are spatially distributed with
fewer localization. When we intend to expand the
applicability, the fracture indicator should be size
dependent, but at present, the formulation is not
size dependent. Then, in the following computa-
tion, the authors stopped cumputation when the
value of K reaches 0.35, which is supposed to be
the tentative limit of the continuum fracture.
(1) Confined cylinder

Axial stress-strain relation of concrete cylinder
encased by steel is shown in Fig.3. The constitutive
equation is solved with the following condition of
confinement by steel as,

1
gé‘t:()-;”z—z—po-s( 5.1:1') ......................... (20)
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where p is the volume ratio of steel encasing and o;

is the hoop stress of steel associated with the lateral
strain. According to the rule of notation which
states that suffix ['] (prime) reverses sign of
original stress and strain based variables, concrete
stress ¢’ is positive when compression is desig-
nated.

The dilatancy modeling serves the lateral inelas-
tic deformation which induces the lateral stress in
turn as well as the fracture model. Not only the
loading but the plastic residual strain fairly coincide
with the experimental data. The monotonic loading
curve of axial stress under constant lateral pressure
(0z2=0yy) is shown in Fig.4. The prediction is
performed by step-by-step integration. The analy-
tical results are close to the experimental data
performed by Richart” and Kotsovos?. The
precision of the strength of hydro-pressured
concrete relies primarily on the fracture function.
The above stress condition will be concern of
structural analysts on confined RC columns. The -
core concrete of circular and/or rectangular sec-
tional columns is thought to undergo the triaxial
stress state similar to the loading in Fig.4.

(2) Failure envelope

The failure envelope on the stress space has been
a principal target of triaxial loading tests under-
taken in the past. This is because the obtained
envelope were expected to be the plastic function
within the frame of the plasticity.

However, it is comprehended that the failure
envelope which exhibits the set of stress at failure
will be the material behavior to be computed as a
product of both the elasto-plasticity and the
fracture. Fig.5 shows the computed failure curve
located at different points on the equivolumetric
stress plane named 7 plane®®. The hydrostatic
versus deviatoric failure curve is found to be affect-
ed by the effect of the third invariant on the
continuum fracture. The plot of the failure was the
peak stress which presents the zero tangential
stiffness. This means that the failure surface is
characterized by the singular state where the
fracturing softening upsets the hardening owing to
the plasticity. The computed result is near the
experimental observation on both total stress
planes. Both the plastic hardening and the fracture
parameter are crucial for determination of the
faliure conditions.

1
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(3) Biaxial compression

The biaxial behavior is regarded as the general
triaxial aspect viewed from the different angle. The
access to the failure envelope was made mainly on
the proportional loading paths in tests. The experi-
ment by Kupfer et al.” and the prediction are
shown in Fig.6, respectively. The biaxial failure
surface is also a slice of the triaxial envelope. There
observed are lesser discrepancy between the analy-
sis and the experimental data.

The strain paths on the biaxial plane under the
cyclic uniaxial stress are shown in Fig.7°. When the
stress exceeds approximately 90% of the strength,
the strain path on loading gets oriented to the
direction equivalent to greater Poisson’s ratio in
appearance. The larger Poisson’s ratio in unload-
ing, which cannot be idealized if within the frame
of plasticity, is also found under uniaxial compress-
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ion. These behaviors are associated with the model
of combined dilatancy and the fracture. The
uniaxial and biaxial stress states are also our
concern on the structural analysis of laterally
confined concerte columns with rectangular sec-
tions. The concrete located near lateral ties is
subjected to the stresses close to biaxial one.
(4) Loading path

The unloading path from the hydraulic com-
pression was verified as shown in Fig.8'>. On this
path, the progress of inelasticity (fracture and
plasticity) and the elastic recovery take place
simultaneously. As for this stress path, the models
of elasticity, plasticity and fracture are mutually
correlated. The analytical result appears to match
the reality. In analysis, the initial elastic stiffness
and Poisson’s ratio were decided so that the initial
computed stiffness coincides with the experinental
data.

Experiment

. St g T

0s (MPa)

-0.2 0 0.2 0.4
Strain ( % )
Fig.8 Unloading Path from the Hydraulic Compres-

tion'?

5. CONCLUSIONS

The constitutive laws of the continuum fracture
and the plasticity on the damaged continuum were
combined under the triaxial stress state, and the
material functions and coefficients were proposed
for normal aggregate concrete having 15-50 MPa of
the uniaxial compressive strength. The full con-
stitutive equation in terms of the stiffness matrix
was accomplished in the incremental form of the
total stress and strain tensors. In this process, the
elastic strain which was utilized as the main
parameter to decide the plasticity and fracture was
treated as the intermediate parameter.

The experimental verification was carried out
concerning the stress-strain of steel encased cylin-
ders, failure envelopes computed and loading paths
and strain responses. The strength specified by the
loading path was not incorporated in formulation
but computed as the combination of plastic harden-
ing and the fracturing softening of elasticity. Then,
the comparison of computed triaxial strength with
the real strength became the check of plasticity as
well as fracturing models used. The versatility of
the model proposed was examined. The formulated
elasto-plastic and fracture model proved to cover
the classical theory of plasticity linked to the Von-
Mises yield function and the well known associated
flow rule by Prandtl-Reuss. v

The development of the triaxial model here was
motivated by the needs of confined RC column
analysis. The model finalized hereby will be
utilized as a micro model in FEM for analyzing the
confinement effect by the lateral steel. The spacing
of lateral hoops, way of arranging intermediate ties
and the shape of cross section, which are supposed
to be influencing factors on the strength and
ductility of RC columns, will be taken into account
in the structural analysis. The verification will be
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performed again in the structural members level.
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