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CONTINUUM FRACTURE IN CONCRETE
NONLINEARITY UNDER TRIAXIAL

CONFINEMENT

Koichi MAEKAWAY, Jun-ichi TAKEMURA*,
Paulus IRAWAN*** and Masa-aki IRIE****

Under triaxial :stresses, the continuum fracture defined as the damaged elasticity of
concrete was- experimentally extracted. The volumetric elasticity was found not to be
mechanically:damaged even though the concrete subjected to lower confinement comes
up to the higher nonlimearity in appearance. On the contrary, it was verified that the
clasticity of concrete in shear is seriously deteriorated according to the internal shear
stress intensity expressed by the elastic strains. The concept of the internal stress,
which is directly proportional to the elasicity, was adopted for evaluation of the stress
intensity applied to non-damaged volume which retains the capacity to absorb the elas-
tic strain energy. The fracture parameter, which indicates the loss of elastic strain ener-
gy in the mode: of shear, was formulated in terms of the hysteresis of the internal hyd-
rostatic stress to represent non-localized defects in space.
Keywords : fracture, confinement, constitutive law, damage mechanics

1. INTRODUCTION

The nonlinearity of concrete is classified into
plasticity and continuum fracture defined hereafter
as the damaged elasticity caused by the assembly of
spatially dispersed defects with no distinguished
localization”. In the frame of elasto-plastic and
fracture concept, the empirical formula is available
for fracturing of concrete under biaxial stresses®.
This paper aims at the general constitutive law to
predict the continuum fracture appearing in
concrete nonlinearity under three dimensional
(3D) generic stresses.

The 3D confinement effect on the strength and
ductility has been reported worldwide, where the
overall nonlinearity has been of main interest. The
key of this research is the extraction of the
continuum fracture from the whole nonlinearity
occurring under triaxial stresses. It is convinced
that the purely extracted mechanics will be simply
described by the constitutive law even though the
3D nonlinearity of concrete regarded as the
combined plasticity and fracture seems complex as
a whole’. In other words, the total energy
consumption by concrete should be estimated with
regard to the plastic and frictional energy con-
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Fig.1 Scheme of formulation based on elasto-plastic
and fracture concept.

verted to the heat as well as the fracture energy
which is consumed by the generation of cracks and
defects.

In this study, the volumetric (mean) and deviator
components of damaged elasticity are individually
discussed. The quantification of the deteriorated
elastic energy absorption is sought under triaxial
stress states. The so called “confinement effect”
vaguely used in the past was defined as the effect of
the hydrostatic component of the triaxial internal
stress on the damaged elasticity. .

The continuum fracture model discussed herafter
is thought to serve as a component of the system of
complete elasto-plastic and fracture constitutive
laws as shown in Fig.1. Thus, the total stress has to
be mathematically related to the elasticity which
represents the intensity of the internal stress” and
the damage condition predicted in terms of the
continuum fracture. The plasticity of damaged
continuum must be incorporated with the con-
tinuum fracture into the entire scheme of formula-
tion as illustrated in Fig.1. As far as the plasticity
appearing in 3D nonlinearity is concerned, much
attention will be paid in another paper.
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Fig.2 Stress Path to be Covered and Corresponding Nonlinearity.

2. COVERAGE OF LOADING PATH

Typical paths of 3D loading tests conducted by
researchers were summarized by Mang, et al.? in
terms of the hydrostatic and deviator invariants of
total stresses denoted by I; and /; (See Fig.2) as,

1
Il =§0~” ............................................ (la)
_ /1
]2__ Esijsij ...................................... (]_b)
Sy=0y— 5”11 ..................................... (10)

where, 0;; and s;; are total stress and stress deviator
tensors, respectively, and positive values express
tension. If superscript ['] (prime) would be put, the
rule of sign is changed, i.e., compression is positive
defined. This inverse rule holds for strains and its
invariants too. The compressive strength of
concrete is denoted by f which is positive definite.

In general, the hydrostatic invariant I, as the

indicator of confinement was much greater than the

deviator one in comparison of the loading condi-
tion adopted in specimen based tests with the
typical stress states occurring in RC columns with
lateral steel. In Fig.2 where typical loading paths
of tri-axial tests conducted in the past are shown, it
should be noted that the confinement happens to
be so greater that the unloading stiffness remains
unchanged. This means that the elasticity seems
not to be deteriorated. On the contrary, the smaller
the hydrostatic invariant is, the more remarkable
reduction of unloading stiffness is proceeded
irreversibly”. The reduction of the unloading
stiffness, which is specified to be the damaged

elasticity, is the mark of continuum fracture. It can
be qualitatively said that the fracture is associated
with the confinement.

Since the lateral reinforcement of columns gives
rise to the lesser hydrostatic invariant in the core
concrete, the quantification of the continuum
fracture as well as the plasticity is supposed -
indispensable for the purpose of structural analyses
on the capacity and ductility gain. The authors
concentrated on the continuum fracture of elastic-
ity applicable to relatively higher deviatoric and
lower hydrostatic stress states.

3. SEPARATION OF ELASTICITY
FROM DAMAGED CONCRETE

Fig.3 shows the axial stress strain relation of
cylinder specimens confined by steel rings, which
supply the lateral normal stress in concrete by self-
equilibrium. Since rings were uniformly distri-
buted, the lateral stress when the steel comes up to
yield is equal to pf,/2 where p is the volume ratio of
steel and f; is the yield strength of the steel rings. In
the test, the lateral stress at the yield of steel ranges
from OMPa to 12MPa. The axial load was applied
through teflon sheets to reduce the frictional
confinement by the testing machine””.

The authors define the plastic strain tensor &,; as
the residual total one when the stress is completely
removed as shown in Fig.4. The rest of the total
strain associated with acting stresses is defined as
the elastic strain &,;; of interest to us. For example,
when we have the complete unloading from the
point A or B in Fig.4, the axial and lateral elastic
strains denoted by €., &2, and &, can be
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obtained. At the same time, by using Eq.(1), we
can compute the stress invariants corresponding to
the point A or B concerned. Thus, it is possible to
get several data sets of elasticity and the updated

stress at different intensity when we conduct the .

cyclic 3D loading tests of concrete.
Eij T Eij T Epijtrererererecesre s naratatonnes (2)

The elasto-volumetric first invariant, and the

deviator second and third invariants<li., Jae, Jse>
can be defined with the same manner as the stresses
on the loading envelopes (See Fig.4) as,

_ 1
Ile=§seii .......................................... (3a)

]20 T 0 Bt eeeeseeen SRR ( 3b)

Eeeij Ceij
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where, eqi;( = &0i;— 0i;11c) is the elastic deviator
tensor. Tension is also defined positive and the
superscript prime ['] means the inverse of the rule
of sign.

The damage mechanics proposed in the past was
mainly coupled to the total strain and stress
relation®. The residual strain when the complete
stress release would be performed is computed in
terms of the inelastic stresses™ . However, the
authors attempt to relate the elasticity of damaged
concrete with the path of total stresses. It is
expected that the combination of plasticity de-
scribed independently with the continuum fracture
concerned will finalize the full constitutive laws”.
The elasticity defined above is still cyclic
stress—path dependent as well as plasticity (See
Fig.4). In this paper, we try first to discuss the
continuum fracture occurring in elasticity of the
loading condition. Concerning the cyclic nonlinear-
ity, the multi-component modeling of elasto -
plastic and fracture made by Song and Maekawa®
will be applied in future.

So far, few tensorial discussions on the con-
tinuum fracture were made on 3D generic states.
Mazars', Simo™ and Schreyer™ proposed the
tensorial forms of the damaged continuum. Due to
the complete isotropy of the stiffness matrix
derived, the Poisson’s ratio when unloading is
made is automatically the same as the initial one.
However, the damaged concrete exhibits the
varying Poisson’s ratio in appearance under the
elastic response”. This experimental reality implies
the non-associated damage accumulation (anisot-
ropy of fracturing). The authors will pay their
special attention of the volumetric and deviatoric
aspects of the continuum damage of concrete. If
the release rate of the fracture energy would be
different (non-associated) between volumetric and
deviatoric modes, the apparent Poisson’s effect at
least differs from the initial value. This will be one
of primary discussions in this paper.

4. VOLUMETRIC ELASTICITY
AND FRACTURE

The stiffness of the separated elastic strain versus
stress relation are known to vary according to the
loading paths under biaxial stresses”. We have the
same story also under tri-axial stress state as shown
in Fig.3”. It was first tried to purely pick up the
fracture arising in the volumetric component of
elasticity.

The hydrostatic stress and the volumetric elastic
strain invariants are plotted on Fig.5, where
different levels of confinement by steel in Fig.3 are
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Fig.5 Relation of Hydrostatic Stress versus Volumetric
Elasticity.

put together. The lateral stress on the loading path
acts on the circular section of cylinders isotropical-
ly. The results shown in Fig.5 seem to us
meaningful. Regardless of the different confine-
ment denoted by I, on the loading path, no
continuum fracture is observed in the volumetric
mode of elasticity when applied hydrostatic stress is
less than 0.5fc’.

The area enclosed by I, and I, represents the
reversible hydrostatic energy of the damaged
concrete including defects and cracks. The density
of the microscopic defects might be different in
each specimen due to different levels of the lateral
stress, but the hydrostatic energy absorption
capacity remains unchanged and undamaged when
applied hydrostatic stress is less than 0.5fc". In
other words, the entire volume of concrete is
effective to absorb and release the elastic strain
energy in the hydrostatic component.

Under the higher hydrostatic stress, the damage
in volumetric mode is seen, but the reduction of
volumetric stiffness is within 20% of the initial one
and the inelastic volumetric strain is less than
0.09¢,. This means that if we neglect the volumetric
nonlinearity of fracture, the error of predicting
normal strains is around 0.03¢.. Since the authors
intend to apply the continuum fracture modél to
the steel confined concrete in which the stress
deviator invariant is prominent (See Fig.2), it may
be acceptable to assume no fracture in volumetric
mode. Therefore, the constitutive law on the
volumetric elasticity takes the same form as the
linear elasticity as,

Ii=3K Dy, -vvvvvevvrnervecneenenesesnenimnnnnnans (4)

The notation K, is the volumetric elasticity
constant equal to Eo/3(1—2v,), where E, and v,
are elastic Young’s modulus and Poisson’s ratio.
These values can be obtained from the initial
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stiffness.

5. ELASTIC DEVIATOR
AND FRACTURE

(1) Deteriorated Shear Elasticity

Fig.6 shows the stress and elastic strain deviator
invariants of each loading with different levels of
lateral confinement. When unloaded, the stress
and elastic strain go back to the origin according to
the definition. The higher the lateral confinement
is placed on concrete, the greater stress deviator
invariant is sustained by the damaged concrete.
Here, according to the analogy of the elasto-plastic
and fracture model®, the fracture parameter K in
terms of the stress and elastic strain deviator
invariants is introduced as,

where, G, is the elastic shear modulus which

coincides with the initial shear stiffness, and equal
to Eo/2(1+ vs). Accordingly, the value of K is
positive definite not greater than unity.

The area enclosed by the point<[,, Js>as
shown in Fig.6 corresponds to the shear elastic
strain energy stored in concrete. The lower
confinement reduces the storage capacity of the
elastic strain energy in shear. The area enclosed by
the J:— /2. curve minus the shear elastic strain
energy means the fracture energy consumed by
generating defects in concrete. The value of K
indicates the ratio of the effective volume of
concrete which can absorb and release the shear
elastic strain energy, and (1— K) implies the loss of
the fictitious volume concerning the elastic shear.
(2) Fracture parameter

Let us again consider the elasto-plastic and
fracture system consisting of parallel springs as
shown in Fig.7. Since the value of K represents the
remaining fictitious volume of concrete as
non-damaged in shear elasticity, K indicates the
ratio of the remaining springs against shear. From
the analogy, we have the internal stress intensity
denoted by J/» on active springs in Fig.7 as

For prediction of the fracture, the total stress J»-
is not appropriate because J, does not represent the
internal stress intensity arising in the effective
constituent element. Since [, is directly prop-
ortional to J», /2. implicitly represents the internal
shear intensity applied to the effective volume. The
authors adopted the elasticity as the indicator to

]
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represent the magnituae of internal stress applied
to the effective non-damaged part of damaged
continuum concerned. The fracturing and plasticity
should be described by the internal stress. The
internal stress is greater when smaller fracture
parameter is assumed even if the smaller total
stress would be applied.

The progress in continuum fracture is proved
only in the shear mode. According to Eq.(2) and
similar to Eq.(6), ;. also represents the confine-
ment denoted by the internal stress intensity, which
is expected to restrain the progress of the fracture.
The authors adopted the elastic strain invariants as
parameters to predict the value of K to indicate the
continuum fracture.

Fig.8 indicates the continuum fracture in
progress when the shear elastic intensity increased.
The confinement described by the volumetric
invariant is not constant during the loading process
but different levels in each test. The higher
confinement is shown to restrain the proceeding
fracture by the increased deviator invariant. From
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Fig.10 Relation of Fracture Parameter and Equivalent
Strain.

the cyclic loading tests of confined cylinders
including Ohshima® and Irie et al.'”, we have a
number of data set<'Iy, Jz., K>on the loading
path as explained in Chapter 3 (See Fig.4).
Let us first discuss the effect of [, and J; on the
fracture. As shown in Fig.8, the higher internal
shear intensity advances the progress of fracture
but the higher confinement restrains the fracturing.
There will be the contour line on the plane of <[,
J2c>>, which gives rise to the same value of the
fracture parameter K. The authors assumed the
linear contour lines as shown in Fig.9, where each
line can be specified by its gradient. The equivalent
elastic strain denoted by F, was defined from Fig.9
so that the fracture criterion would be formed. The
value of F, indicates the equivalent elasticity level
which gives the common fracture. We propose the
following empirical formula so that the unique
relation between the fracture parameter and the
value of F, would be obtained as follows.

)
0.23e0—+/3 I, - (7a)

0

80=1.6(1+Uo) fEZO ............................... (7b)

where, f/ is the uniaxial compressive strength and
€o is a material constant obtained so that Eq.(7a)
becomes applicable to the normal strength coricrete
from 15MPa to 50MPa™®. In the tensorial
expression”, the term /2 Jy, geometrically repre-
sents the arch length of z-plane, and +3 Iy,
corresponds to the location of the m-plane mea-
sured from the origin (See Fig.11).

The continuum fracture discussed above is
conceptually performed within compression. But,
in fact, the isotropic tension can be carried by
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concrete without any catastrophic fracture when
applied shear is small. Thus, concerning the
progressive fracture, the bottom term of Eq.(7a)
was introduced as an indicator of the effective
compressive confinement originated from the
critical 1isotropic tension denoted by material
constant 0.23g,, which also indicates the tensile
coordinate of the focal point as shown in Fig.9 .
Eq.(7) was not verified in the case of high strength
or lightweight concrete, in which the coarse
aggregates are split and damaged sharply in local
tension unlike the normal concrete.

As far as the steel encased confinement is
concerned, the unique relation between the
fracture parameter and the equivalent strain is
exhibited regardless of different confinement as
shown in Fig.10. In order to verify the versatility of
the parameter, the authors conducted the isotropic
cyclic compression test in accordance to the same

procedure specified in reference”. However, the

fracture parameter can not be well predicted on the
same line when the isotropic biaxial compression
path is adopted. Here, the source of this discrepan-
cy has to be taken into account.

Let us consider the plane where the values of I,
and J,. are common. In general, this plane is
named 7 plane as shown in Fig.11. The location
corresponding to the updated stress on this plane is
specified by the directional angle & of the elastic
deviator vector on the 7 plane (See Fig.11), and
computed with the second and third invariants® as,

PR Y 17, R — (s)

The equivalent elasticity in the case of steel
lateral confinement is to be recognized being under
the special condition where the cosine of the angle
30 on the m plane gets minus unity. As other

extreme case, the cyclic and isotropic biaxial
compression test, in which the direction of the
elastic deviator vector on the m plane is quite
opposite to the steel encased cylinder tests (See
Fig.11). At this time, the value of cosine of
direction 36 becomes unity. Compared with the
isotropic lateral confinement by cylinders, the
continuum fracture is much advanced as shown in
Fig.10 when biaxial compression stress state would
be realized. This is understood to be the effect of
the third invariant. Actually, the failure envelope
on the 7 plane of the total stress field is not circular
but distorted”®.

When cos30=—1, the passive lateral confine-
ment is placed and the fracture is supposed to be
induced by the maximum principal stress. When
cos36=1 similar to the biaxial compression, the
fracture is mainly induced by the lateral action and
the principal direction of the defects will be
different. Concerning the intermediate condition
on the 7 plane (—1<cos360<1), the authors
simply and linearly assume the equivalent elasticity

function F as,
F=F( Ile,]Zere) =Fo( Ile’jze) (—6—+C50—530>

........................................... (9)

When the value of F is adopted, we have the
unique relation between the value of K and F as the
3D equivalent elastic strain as shown in Fig.12.
When cos36=—1, the value of F coincides with
F,. Within the applicability (normal aggregate
concrete, f/ =15-50MPa), the authors propose the
following empirical equation so that it can fit data
shown in Fig.12.

Keexp| [ —exp(=E)]] o 10)

where, F is implicitly equal to Fuax, i.e., the
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maximum value of the equivalent elasticity Fin the
past loading. If not, no fracturing is assumed as
damage criterion. The material constants<la, b>>
are empirically<3.25, 0.8>.

6. TENSORIAL EXPRESSION OF
FRACTURED ELASTICITY

The fracture parameter is thought to be averaged
scalar to exhibit the damage. The anisotropy of the
reduced elasticity is the next problem. Li et al.”
reported that the principal direction of the total
stress coincides with that of the elastic strain even
under the rotating principal axis of biaxial stresses.
If the coincidence is accepted, the generalized
expression of the fractured elasticity is to be
described as,

S5 = 2G 0K @iy -+ veveerereenersne st (11)

Maekawa® and Li? also experimentally clarified
the isotropy of the concrete shear -elasticity
appearing under biaxial compression-tension stress
states. In considering that 3D compressive stresses
would make the internal damage further isotropic,
the authors assume the following tensorial express-
ion in terms of the fractured elastic body in shear
as,

It can be mathematically proved that Eq.(11) and
Eq.(12) satisfy Eq.(5). The isotropy in deviator
tensors mentioned above holds for fractured
elasticity of concrete in shear only. It does not
mean the apparent anisotropy of concrete
nonlinearity? caused by the entire plasticity. By
combining the volumetric and deviatoric fracture
laws of concerte, the total tensorial expression of
the fractured elasticity is obtained as,
""" 11+S,, 8K011¢51j+2GoK(F)egij
........................................... (13)

If the value of K is unity, Eq.(13) becomes the

perfect elasticity equation. When K is equal to 0. as
fictitious case, Eq.(13) describes the non-frictional
fluid material. Here, we have the fracture criterion
where Fi.x=F and dF>0. Otherwise, the progress
of the fracture is to be zero. Then, the incremental
form of the damaging elasticity in progress is
formulated as,

do,;=dl,6;+ds;;
= 3K06i,~d( 521!/3) + 2GoKdeeij+ ZGoede
=Miikld5ekl ................................ (143)

Myu=2GoK0,5,+ 5| (3Ky—2G.K) B

+2Goees Uf( 2119 [( aallje)
(ﬁi) (6])” Ou

+2Goeeis U,(?,’l?) [(aa]lj) SJI:

( g}’; ) ee;»]z:lm] .................... (14b)

Us=1, when F=Fn.x and dF>0

U,;=0, otherwise

The propriety of the tensorial expression can be
examined with regard to the elastic Poisson’s ratio
of the fractured continuum. If the fracture in terms
of the volumetric elasticity might be definitely
associated with the deviatoric one, the elastic
Poisson’s ratio remains constant and independent
on the damage”. The elastic Poisson’s ratio can
derive from the compliance of the stress and elastic
strain relation. The total elastic strain is described
in turn by the hydrostatic and deviator stress
tensors as,

- P VI
€eis= 116011 €e1j= (3Ko>6”+ (2G.K)

CiiniOri

L

120



Proc. of JSCE No.460,”V -18, pp.113~122, February 1993

where,

Ciikl (ZG K)arkazl {9}{ 2G K]5115kl
......................................... (15b)
The apparent elastic Poisson’s ratio of the
damaged concrete is equal t0 — Crzyy/ Crazx as the
function of the fracture parameter. Here, the
fracture parameter remains unchanged. From
Eq.(15), we have,

_ 1+00_K(1_200)
Y= 2T+ 00 + K1 —2v0)
The elastic Poisson’s ratio obtained in the

unloading or reloading path is shown in Fig.13,
which involves tri-axial and biaxial loading tests.
The precision of Eq.(16) seems reasonable. The
shear fracture isotropy in Eq.(12) is practically
applicable. The theoretical maximum value of v, is
0.5 whatever the initial Poisson’s ratio is. This
prediction was verified also on the biaxial stress
paths®.

7. CONCLUSIONS

The nonlinearity appearing in the deformational
behavior of concrete under tri-axial stresses was
separated into plasticity and elasticity. The con-
tinuum fracture was defined as the reduced
stiffness and associated loss of the volume which
can reserve the elastic strain energy. The elasticity
of fractured concrete was investigated in terms of
the isotropic (volumetric) and deviator (shear)
components as follows.

(1) Within the range where the hydrostatic stress
is less than 60% of the uniaxial compressive
strength, the capacity of the volumetric elastic
strain energy is not deteriorated no matter how
mechanical defects such as micro-cracks are
induced.

(2) The continuum fracture appears in terms of
the elastic strain energy of the deviatoric (shear)
mode. The elastic shear stiffness irreversibly
decreases when defects are accumulated. the
hydrostatic component of stress was found to
sensitively affect the rate of fracture when the
elastic shear strain is getting ahead.

For predicting the fracture parameter, i.c., the
reduction rate of the shear elasticity, the elastic
strain invariants are adopted as the representative
of the internal stress intensity to govern the
microscopic fracture. The tensorially expressed
constitutive equation for elasticity of the fractured
concrete was derived. The path dependent Pois-
son’s ratio in unloading and reloading was theoreti-
cally derived from the constitutive law and
experimentally verified.

The fully formulated constitutive equation will
be formed by combining the continuum fracture
model for elastic component with the plasticity,
which will be independently discussed later.
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