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% File name is Rieman.red
LOAD "EXCALC";
ARRAY GM(3, 3, 3), XX(3), XXB(3), NSEQ(3), @(3), VIS(3),
- GH(3, 3),GK(3, 3),PRES(3)$
FORALL X LET COS(X)#%2 =1-SIN(X)#%2;
FORALL X LET COSH(X)##2=1+SINH(X)#¥2; ————
%%%%%% 1 ENCHUU ZAHYOU %R%%%X%%%%BXSRX%%%HHHR%%%%———
%PFORM R=0, TH=0, Z=0
%XXB(1) :=R;XXB(2) :=TH;XXB(3) :=Z$
%XX(1) :=R%COS (TH) ; XX(2) : =R¥SIN(TH) ; XX (3) :=Z$
%for i:=1:8 do write d xx(i);
%coframe e(R)=d R, e(TH)=d TH, e(Z)=d z
%with metric g={COS(TH)*E(R)-R¥SIN(TH)*E (TH))#*2 +
% (COS{TH)*R*E(TH)+SIN(TH) ¥E(R) ) %2 +
% B(Z)*%2;
%%%%%% 2 Terrain following coordinate? %%%%%%%%— ®
fdomain h=h(GZ, TS);
PFORM GZ=0, TS=0, YT=0, h=0$
XXB(1):=GZ;XXB(2) : =TS; XXB(3) :=¥T;
XX(1) :=GZ; XX(2) :=TS; XX (8) :=(YT/HO) % (HO-h)+h;
for 1:=1:3 do write d xx(i);
coframe e(xxb(1))=d gz, e(xxb(2))=d ts, e{xxb(8))=d yt
with metric g=e(xxb(1))**2+e(xxb(2)) %42+
((e(xxb(1))*@(h, gz)* (h0-yt)+
e(xxb(2))*@(h, ts)*(h0-yt)+
e{xxb{3))*(h0-h))/h0) *¥2;
%%%%% 3 SINE GENERATED CURVE XX%%%HXXEXAEHXE%ER%
%operator fnc:FDOMAIN THT=THT(SA)$
%PFORM SA=0, NA=0, ZA=0$
%XXB(1) :=SA;XXB(2) :=NA;XXB(8) :=ZA$
%depend fnc, sa;
%THT:=COS(K*S4A) ;
%XX(1):= (£nc(COS(THT))-NA*SIN(THT))*COS (AL)+ZA*SIN(AL) ;
%XX(2): fne (SIN(THT) ) +NA*COS(THT) ;
%XX(3) :==(fnc (COS(THT) ) -NA*SIN(THT) ) #SIN(AL) +ZA*COS (AL) ;
%forall xo let @(fnc(xo), sa)=xo;
%forall xo let d fne(xo)=xo%d sa;
%%D1:=@(XX(1), SA)*¥D SA+@(XX(1),NA)* D NA+@(XX(1),ZA)*D Z4;
%%D2:=@(XX(2), SAY*D SA+@{XX(2),NA)* D NA+@(XX(2),ZA)*D Za;
%%D3:=@(XX(3), SA)*D SA+@(XX(3),NA)* D NA+@(XX(3),ZA)*D ZA;
%for i:=1:3 do write d xx(i);
%COFRAME E(XXB(1))= d SA, E(XXB(2))= d NA, E(XXB(3))=d ZA
%with metric g =( COS(COS(K¥SA))*COS(AL)
%%e SA*SIN(K#SA) *K#NA+ cos(cos(k#sa))
%%cos(al)*e(sa)-COS(AL)*e NA%SIN(COS(K#S4)) +
%e ZA¥SIN(AL))*%2 + (COS{COS(K¥SA))*e NA + e SA¥
%STN(COS (K#SA)) #SIN (K#SA) *K¥NA+e (sa) #sin(cos (kksa)) ) %2
%+ (COS(COS(K#SA))#*e SA*SIN(K*SA)#SIN(AL)#*K¥NA
%+ cos(cos(ksa))*e(sa)*sin(al)- COS(AL)%e ZA
%- ¢ NA*SIN(COS(K£SA)) *SIN(AL) ) %%2;
BRELBRHERERTELTNBBRBBRKKB%"THBBXR%%%%HHRK%%% %K% %%%%%%%%8%%%%%%
% GH(I, J)=CONTRAVARIANT METRIC TENSOR = HANNHENN TENSOR
% ( =HENSU NO UWATUKI, G NO SHITATUKI, =G(-0,-0)
% GK(I, J)=COVARIANT METRIC TENSOR = KYOUHENN TENSOR
% ( =HENNSU NO SHITATUKI, G NO UWATUKI, =G(0,0)
for i:=1:3 do
for j:=1:3 do write GH(I, J):=g{(-xxb(i), -xxb(j));
for i:=1:3 do
for j:=1:3 do write GK(I, J):=g(xxb(i), xxb(j));——®
% DTMNT IS THE DETERMINANT OF COTRAVARIANT METRICS
ON RAT, DIV,
DTMNT:=detm!#;ABG2:=SQRT(DTMNT) ; DTMNT : =ABG2#%2;
factor 8,e;
5%%%%%R%%%%%  GM(1, J, K)= CHRISTOFFEL SYMBOL %%%%%%%%%%%%%
FOR 1:=1:3 DO : — @
FOR J:=1:3 DO
FOR K:=1:3 DO
write GM(I, J,K):=FOR M:=1:3 SUM
1/2%G (xxb (1), xxb(M))

® © ©

*(@(G(-XXB(K), -XXB(M)), XXB(J))
+@(G (-XXB(J), -XXB(M)), XXB(K))
-@(G (-XXB{K), ~XXB(J)), XXB(M)));
%%%%5%%%%%% NAVIER-STOKES EQUATIONS %%B%B%%%%%%%%%%%%%%%%%
FDOMAIN P=P(xxb(1), xxb(2), xxb(3));
FDOMAIN u=u(t, xxb(1), xxb(2), xxb(3));
FDOMAIN v=v{t, xxb(1), xxb{2), xxb(3)):
FDOMAIN w=w(t, xxb(1), xxb(2), xxb(3));
q(1) :=u;q(2) :=v;q(8) :=w;
FOR 1:=1:3 DO WRITE
NSEQ(1):=@(Q(1), T)+(FOR J:=1:3 SUM Q(J)*
(@Q(1), XXB(1)) +
(FOR M:=1:3 SUM GM(I, J, M)*%Q(M))));
FOR 1:=1:3 DO WRITE
PRES(I):=FOR M:=1:3 SUM GK(I, M)*@(P, XXB(M))/Tho;—— @

FOR 1:=1:3 DO WRITE
NSEQ(1) :=@(Q(1), T)+(FOR J:=1:3 SUM Q(I)#
(8(Q(1), XXB(1)) +
(FOR M:=1:3 SUM GM(I, J, M)*Q(M)) )+
(FOR M:=1:3 SUM GK(I, M)*@(P, XXB(M))/rho) ;
%
ARRAY SV(3,3), TAU(3, 3), visc1(3), visc2(3), visc(3)$
% SV WA SHEAR VELOCITY
for i:=1:3 do
for j:=1:3 do
write sv(i, j):=for n:=1:3 sum
gk(j, n)*@(q (i), xxb{(n))+gk (i, n) ¥@(q (i), xxb(n))
-@(gk (i, i), xxb(n)) *q(n);
for i:=1:3 do
for j:=1:3 do
write tau(l, J):=nu¥sv(i, j);
for i:=1:3 do
write visel(i):=for j:=1:3 sum
@(abg2*tau(i, j), xxb(j))/abg2;
for i:=1:3 do R
write visc2(i):=for m:=1:3 sum for n:=1:3 sum
gn(i, m n)*tau(mn);
for i:=1:3 do
write visc(i):=viscl1(i)+visc2(i);

%
% EQUATION OF CONTINUITY
EQCONT:= FOR 1:=1:3 SUM @(ABG2%¥Q(I), XXB(1));— @
%buturi seibunn de hyouji suruto ©
FDOMAIN PB=PB(xxb(1), xxb(2), xxb{3)):
FDOMAIN ub=ub(t, xxb(1}, xxb(2), xxb(3));
FDOMAIN vb=vb(t, xxb(1), xxb{(2), xxb(3));
FDOMAIN wb=wb(t, xxb(1), xxb(2), xxb(3));
u:=ub/sqrt(gh(1,1));vi=vb/sqrt(gh(2, 2)); M
w:=wb/sqrt(gh(3,3)):
FOR 1:=1:3 DO WRITE
NSEQ(I):=8(Q(I), T)+(FOR J:=1:3 SUM Q(J)#*
(8 (Q(1), XXB(J)) +
(FOR M:=1:3 SUM GM(I, J,M)*%Q(M)))) :
FOR 1:=1:3 DO WRITE
PRES(I):=FOR M:=1:3 SUM GK (I, M)*@(P, XXB(M))/rho;

FOR 1:=1:3 DO WRITE
NSEQ(1) :=8(Q(I), T)+(FOR J:=1:3 SUM Q(J)*

(@(Q(1), XXB(J))

(FOR M:=1:3 SUM GM(I, J,M)*Q(M)))) ;

(FOR M:=1:3 SUM GK(I,M)*@(P, XXB(M))/rho; —®
FOR 1:=1:3 DO WRITE

vise(i):=vise(i);

% ue no visc no +— wa sahenn ni
%notte itta toki no mono de aru
% EQUATION OF CONTINUITY
EQCONT:=EQCONT;

®

- end;
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TRANSFORMATION OF NAVIER-STOKES EQUATIONS IN GENERALIZED
COORDINATES WITH ALGEBRIC COMPUTER LANGUAGE (REDUCE)

Tadashi YAMADA

The present paper proposes a useful computer program for transforming of Navier-
Stokes equations from the cartesian to generalized coordinates. After brief reviews of
tensor analysis and Riemann geometry, the Navier-Stokes equations expressed in the
cartesian coordinates are transformed into generalized coordinates by applying a com-
puter program written in the algebric-language REDUCE. The program is then tested
for terrain following coordinates and confirmed its validity.
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