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ADJUSTMENT OF TRILATERATION NET BY CONDITION EQUATIONS
AND CHARACTERISTICS OF ERRORS IN TRILATERATION CHAINS

BT B & —* - & AR
By Ken-ichi MACHIDA and Chuji MORI

In order to adjust a trilateration net, we used to apply the method by observation
equations more frequently compared with the method by condition equations. The main
reason is that the more complex a trilateration net is, the more difficult the formation
of condition equations is. It is evident that finding and describing the condition equa-
tions which are necessary and sufficient for a given problem are not easy, But it is also
true that the adjustment by condition equations has some merits described as follows. A
gross error or a mistake can be found out by checking an error of closure in a condition
equation at an early stage. The number of normal equations to be solved is generally
small, and so the adjustment computation is carried out by a personal computer. The
purposes of this paper are as follows, 1. To propose a method which will enable us to
describe the condition equations by the use of simple rules for applying the adjustment
by condition equations to complicated trilateration nets. 2. To describe linearized for-
mulae of the condition equations, 3. To show a systematic computation work for obtain-
ing cofactor (or variance-covariance) matrices of angles, directions of sides and coor-
dinates of stations. 4. To show the characteristics of errors in several typical trilatera-
tion chains by investigating the cofactors (or variances) . 5. To present some useful
data for making a plan of the observation for practical trilateration chains,
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=X—X. 2 &)
Bl P, DEEE X, Y. WA TRD 5N 5.

Xe=Xl+§(f,,cos/§rz)

Y= Y,+§(Z,,sin/§n)

R (5) OEIEEROIHHEOE LV ICT -7 - BH
U, BUNE v, 88 ICBSL TRIEILT 5 L IRADES
ha.

Xe= X.— tg’: (b\ﬂrtyrt)“i' g (Urt cos ﬂ'rt)

~ m m
Y =Y.+ z;z (b\ﬂrtxﬂ)"'; ('Un sin ﬂrt)
iz,
Xrt= 1 COS Bri, Yre=1lreSIiNBre
m m
Xe= Xl"';:a Xrty Ye= Yl+t=21 Yrt

A (6) »d, X, Y. ODWIE 6X., 6Y BRD &S0
5.

oX.= —g_‘; (OB reyr)+ é (vreCOS Bre)

Y= Zl] (0BreXr)+ g} (vr sin]ﬁ’n)

t=2

7z, AOAHEAIE P, 5 P AZd»-> THIZARD
BERVTHEST20DEFTBE B, fnid,
l§rt=/§m—l)‘"180°+[&]s
ﬂn=/9r(t—1)—180°+[0]s
THEHLHELEMSH, K (8) D2ROER ENERKXHIE
Hhb.
OBr=08r—nyFL0a]gremerrerrmensieeinni. (9)
R (7)) o2ROBEDFEIH, K (9) 2RATEE
FhEhRATEDES (BE%KRL).

n

22 (ﬁﬂnyn)=[3a]z g Yn+[de]; g Yrteor

+[6alnyra=3 ([6a1s35 )

3 (08 rir)=[5a): 20+ By 33 et

t=2

+{dalnrra= i ([80].929 x‘rt)

§=2

—%, R (3) © . 3XACitETE 5.

TP, ¢ R 4 )L T RPN (11)
R (11) OBFDEEHOELECE LY ICT -5 —ER
L, BUNE 6X., 8Y. ICBIU THIENT B S RAHB S
na.

i.= lc+7i8Xe+%5Ye .............................. (12)

T2z, L={Xi+Y/?

BYH - 7 :

LT, \WREHEK (3) TRbEsr S, K (3)
iR (12), (7) OETRAL, 351K (10) 2RA
TEHERAPEO>NS.

2 (8a)Do)+ 2 (0rEd— vt =0 wovvesoneee (13)
iz,

Ds“_"% éxrt_‘)l(_: g}g Yre

En=(X./l)cos Brn+(Y./l)sin B

w=1l—1

X, day, 0ai 3 Fig.6 D=0 { OZ/DDOES % H
WTIRATEDYE 5.

S0a;=A:02+ BiVsisa1+ Civniy

8ai=Ai Vs + Bivy 1+ Civn
iz,

A==t B — B0/ 2 sin e, i by s)

B;= by /(sin eglylyiy)

Co=—(— B+ Lo+ U5 0)/2 sin as 1, i)

a;=cos  (Bi— i+ Bis) /2 Lilyy)
THY, A, B, Ci, aild A, By, Ci, 0, DAHRT, L
boor, buima ZZNEN by, bicy, LiICRZTZHDTH
5.

K (13) @ [da]s kK (14) 2RALT, v, & v &
IZB8 9 2 ROEDOBERAANB LN S,

2n+1
jzﬂ (ajvj)—vq-w:() ................................... (15)

22T, a; i L, oY, L sEEdTHE v,=0, 1
PEEATHNE v=0, w=1—1]Th5.

iz, A (4) ORELREA2FEE T 5. Fig.6ich
VT, P, P.ABAMALELX A HOEEEZhEN
(X, V1), (Xe Yo) &5 5. 2L 7T, P, %F558
Ut BERSE U, B P, P.OSAZELS Abe BT
b b EEEBORNOER Z 123 5&, Z LBAN
EOBRM@E#ZEAVI P.® X BE X 3Kk » 5K
HHND.

Xcezj‘(l'.' inCOS 2+é(2rtcoslér!) """""" (16)

2T, Z=Z+Z(Z W Z OFEPUE, Z & Z ORIE)
EBFER (16) B0 B, i,
,ért=2+Z+ﬂrz+ Brt+ EH
TEOEB N LR (16) 2EHOEMEDOE DY ITF —
S—BEL, MR vn, 08n Z ICEAULTEEWLL, R
(10) OB 1 XERATHEEXANSBLNS.
L M (£ Py

8=2

+i(v"c05ﬂn)~i YpoZ -oeememenererennens (17)

=1 t=1



ZOAEROREHE E SUREHORERE

22, Xee B3R (6) O X, DRIZBNT, X, ORb
DIZ X, 2RO LO, da 3R (14) OETH 5.

A (17) 2HREGR (4) OBI1RITRAT S L&,
RO DR P/ONS.

2n+1
jgl (axj vj)— bxZ 4 wy=0 <--crerecerernreseniacninnns (18)

I, au i L OBE, bR (17) OhGBE41H
D Z OFL, wy=Xee— Xe, L SEERDTHNE 0,=0
TH 5.
FUE2ILT, K (1) OB 2R IHET 5844
KBNS,

4. =MD

K (15) OBESHEREBRVWTR/N _FEITL V=D
WERAEThEEL, ZOHEAEOBERIZAT ¢
BEFR, 5K (18) #EATMTEL. M, —
BiLT 5720 (18) 26T 2454, TRHOLEAIL
RRMBEBRIL SVWARARE 2 XA ECHEHE
EULTHOES. COBGORN_REXBHT L&
DOFE, REFABTRIBERD L) TH BV,

q MR, [ BAE, | BRRORRERE, P!

BREOEATH, Q=P BREDE A REITH,

v=I—1 8%, k:BALZVRONEEY Z:. 8

BLEORNE (REBORNOER), Z ' Z Ok

B, Z=Z-Z : Z O®WE, A: REFY, Ao+

BZ+w=0 . BELGEETEDLEHERER (0

EHL, 1L Z EoBE), Z=—(B'N'B)'BN'w

2T, N=AQA", A=—N"'(BZ+w), v=QA"A,

as=(0"Pv)/(q—k) . E#H 1 OBRDOHEL

BIF, C&b0DnneE s QIIORE L XED
BOEHRETIERT.

23=(B'"N"'B)"', Qu=N"'—N"'BQ3:B'N",

Q=0Q47QuAQ, Qi=Q—Qu,

2300=—Q22BTN'AQ : Z & | & DEAFZHTY,

§7=(27, IN:Z &1 E0am,

Qzz  Qzzie
Qo= Qzzir Qi )
PBRDEHIT g OBEEBE TELEB L&,
Ry O T TR En (19)
i OEAFREITH Qus BIRATRY H1 5.
,’21;=FQ53F1 ........................................... (20)

£, SRESBITHOMNB BB TH Y, tE 2
[ ORBEABUTH Zn RXRTRO 5 5.
Zn=Qso}

AXDHETY, k=10BE0A»THY, R (18)
EBHLLZVE SR B=0I0HN L, g=1, Q:=Qn
R,

55

5. RBOEAMRHITIIOSEHE

(1) BIhEBHESCEBRORTR

6, & 13K (14) D a, o, ORIBNT, BRNEZE
BRBOBRECRIZ6OhEROONE. LT,
Ihs 2 ROGAEEHOBRBOETOVIZT — 5 — B
B32LADNEBLNS.

b= Adly+ Bidly+ Cdlp +EX

dr=A bl + Bidl s+ Ciol o+ EH

zziz, A, B, C, A% B, Cid, & (14) @ A, B,
Ci, ay, A, B, Cl, a; ORIZB VT, BRE2EHED
BREEIIRxX b0 THS. UT, 6, @i 23 ~_TEE
BT e EERT S,

s B 3R (8) OE1XDORDHA, COR
OFEDEBOREEOEDLVIZT -5 —-BRATHER
AP/ LIS,

Brr=0BrenyF OG- TER v oreemeeverememminennnans (22)

r o pEOBOAEALR (22) EAUETEDE
b5, QMFIhbETRTEEDT f LERT 5.
B P, DEEIE X, V.13 Fig.6 LV KRB OIS,

)A(s=)}'l+j§—:(i"cos;§n)
~ ~ 8=1 A ~
Y= Y1+§ (lresin Br)

R (23) OEBEEROBREBEOTHVIZT — 5 — B
THEXRANBLNS.

~ $-1

Xs= Z; (cos .értb\irt*' 271 sin /§r:5l§rt)+ E¥

t=

~ 81 “ A ~ " A
Ys= g (sin Brnbdlpu+lrcos ﬂnb\ﬂrt)"‘%&

r oL EVIEORAOEELR (24) ERAUET
bt dhd, UTFTINOETNTEEDT X, ¥s &
£RT 5.

md, R (21), (22), (24) ® 8lu, Braory Olr 12 E
i, EREN Ly, Bro, ln BEERAUBELSURE
Zrzhidk<, fnid Z EEX T &,

(2) EEOBHFEBITS

EEOBEHMEBTAE, R (21), (22), (24) THER
UEBEEOVT, XKOER CHRIICEHE T 5.

a) 9, @ DEAMEEFT Qa:

g.exFLHTetETRL, hzri (19 OEIC
TLEHT e=Fg LtExbHIE, ¢ DEXMBEUTY Qs 12
H (20) KV XA TEETES. Qu:=F,QsF\T

b) 9, B DEHEHITH Qe

9. BEFEDTEERRL, 2heR (19) oK



56

FEBT t=Fé tEbwid, t OBEHEETH Qu ik
® (20) FVKATHETXS. Qu=F.Q::F,"

c) X, Y DBEHFEITH Qzz, Qre

X, Vs 25X (19) OBICEEDHT Xo=Fit, Vo=
Fit EEZbeid, X, Y, OFEHBFEITH Qsz, Qo7 3R
(20) KVXATCEETES.

Qz=F:QuF.", Qep=F.QuF.”

B, BEEAA & B O»OEIMERITH Qs
Qsz 13, FNEFN Qss, Qe 005 Qz5 ZEFRWVIZHDITIE
3.
FHERD B VIBEOEBOSBE S BTN OHER,
’D EIHiIcdhi k.,

w BB (EWICHN) OBRERE (u=F'I)
THELEHEE, | OOEESEITH Z (BREOE
OHDOFATH) HEMTH NI, o OHBILSEIT
B Ty R (20) EE LD Svy=F'ZF" THbt
B, L1zd-T, (1)0R (21), (22), (24) BLT (2)
ZBWT, T8 " 2T TRVWIZEESEAYL, a) O g,

s EENRENL T IKRE, LBo QoW BS54
BESETNAEDT Z OBICEA I IT L0,

6. SIIAESHORENM

BEORICKNT 5 =DREB L EDOEBRAIZL>T, B
EaEZr BB L L DI, Wolf 5OBEY M %
A5, ATIEERE (RAKs) SOAE#EEERIIU
T, FOREBEBRELEOBE2HRBLITT S,

(1) BFI=:2F

Fig. 70 k3 2 E 2T 7 9 BOE=ZTED & K
5, WERFHEDOLZVEII=ZDEHIC OV TREGTHEZX
L. ZOBO—HROBEDORE (HH) 2RTE

Table ] Variances of angles, directions and coordinates of

stations in the chain without constraint.
Angle *x1, X2, X3, ---, X7, X8, X9
6a’ 2.0

Direction B1 B3 Bs B B89
6 8 0 273 | 3073 3873 4673

Station P P3 Ps P2 Pa
6x* 0.0 22/3 | 82/3 |196/3 | 380/3
6v? 1.0 2.0 3.0 4.0 5.0
6p? 1.0 2873 | 9173 | 208/3 | 395/3
P’ 25 P2 29 Pa

HTHH - 2% -

Table 1 ®EBVTHD. 1212 L, BRADE L~ L 3E
WIZHY T2, 2098 o beffl sl, P &
P., P, HABEE (/=90°, EEi3nl) SRELRLE
XDETHB. THD 6213 ok + ot TELNZE (LT,
UBBEELWS) TH Y, IHIIEEEOEEICEBFR
BT, BEEMICRATIN RIS DOAEERZEZFHE
TE B,

COBMDEBOBREDORME LT, Tablel i 5RO
ZEMBNVZ B,

i) ADEEELHFLL 2 TH 5.

i) 38 Ly Lo he bs ODFRIADEEL/3TD21IR
ATz 5.

i) ok (MUF, &) IKBMUTELL 3XRAT
W25 ((KBEULT3RESMRL). ohid i E
ULCIELL 1R T#A 5. o213 (ICBUTIEL
< 3WATWAE ((IPILT 3IRESMREL).

iV) P oBENBIZHEN, Y EBEOEEIIHNT X
BEOBESEOHTRELES. BETIE, K
FHILY IR BEOBE FRT 5.

(2) $REM% M -BMI=0%8H

Fig. 7 i2 BT, ROOQ~DDHMREME% 4 12851

SESIOVWTE LS. WA, REEIE (£
rRIEENE), 20K, FOBRE (H8) OEREDE
KT ERDEBYVTHS.

D Py, Po=1ls;1; Leo® (FREEHEEIRI)

tP, P, 1;3L (b TERBEORRA)

P, P OSBRI ;2572 L

: Py, Ps, P\, P, Ps, Ps, Ps, Ps, Ps, Ps;5; 0"

@& P, Py, Py, Ps, Py, P,;8;6°

0EG®;9;QE®ERL

:D& Py, Py, Pi, P33, OERU

L, BASEHEOAEL Z209#, 1815 E

EORER (1) ERUCTHS.
IhsORFBARD FEED) 1@B&icX (1) T

EbUrEELAERNS 1ET 2860, @OV T it

2 (18) RO UIRERSFAVBELNBDT, h
HEBAWCRIROHFETHRE LHEOEAREITI 2 &

B35 &i25. MREHD, @, @icHLT,

DEHIITUTERL THEHEOERO—FOBE (KL

T, EHFKzEWD) 2RF& Table2D L5 THh 5.

CECRGECECNORC)

213 217

P L6 P3

L14

Ps P2 218 Pg

Fig. 7 Notation of a single trilateral chain without constraint.
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Table 2 Cofactors of sides, angles, directions and coordinates
of stations in the chain with various constraints,
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Table 3 Cofactors of positions of stations in the chain with

various constrains,

Constraint | Station P1 P3 Ps P2 Po
@ 0.9 7.5 | 24.0 | 56.4 108
® 0.9 6.9 | 223 | 53.6 107

Qpp
® 0.8 6.4 | 199 | 46.2 | 87.2
@ 0.8 84| 274 | 61.8 114

KO 2O ORARE R 2B > TH@ &
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Fig.8 Notation of a trilaterated hexagonal chain,
(Type (a) : P, and g, (90°) are fixed, Type (b ) : P,
and P, are fixed,)

Table 4 Cofactors of coordinates of stations in the trilaterated

hexagonal chain.

Type Station P P3 Ps Pz Pga
QRR 0.0 3.3 | 1.3 | 25.3 | 46.7
@) Qe 0.9 1.5 1.8 2.2 28
Qpp 0.9 4.8 | 13.1 | 2.5 | 9.5
QR X 1.9 3.3 3.3 1.9 0.0
®) QY ¢ 0.7 0.9 0.9 0.7 0.0
Qpp 2.6 4.2 4.2 2.6 0.0
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Fig.9 Notation of a quadrilateral chain,
(Type (a) : P, and 8, (90°) are fixed, Type (b) : P,
and P, are fixed. )

Table5 Cofactors of coordinates of stations in the

quadrilateral chain,

Type Station P11 Ps3 Ps P2 Po
QIR 0.0 4.4 | 16.1 | 39.9 | 79.7
@) QY e 0.9 1.8 2.7 3.6 4.5
Qpp 0.9 6.2 | 18.8 | 435 | 84.2
QR R 2.3 4.1 4.1 23 0.0
®) Qe 0.7 1.1 11 0.7 0.0
Qrp 3.0 5.2 5.2 3.0 0.0
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Fig.10 Notation of a single row triangles,
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Table 6 Cofactors of coordinates of stations in the single row

triangles.
Station P Pa Ps P2 Pg
QR K 0 6/3 26/3 68/3 14073
Qe 23 103 323 7%/3 15073
Qpp 3 1673 5873 14473 29073
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Fig.11 Notation of a quadrangle chain.
Table7 Cofactors of coordinates of stations in the quadrangle
chain,

Station P Pa Ps P Pog|P11
QXK 0.8 4.2 1128 | 30.0 | 58.1 |100.5
Qee 0.3 1.7 25 3.4 4.2 51
Qrp 1.6 59 | 163 | 33.4 | 623 }105.6
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Table8 Relation between Y,Q/p, Qmax and n.

Single trilateral chain with constraints

Type n >0p Qmax Type n 0 Qmax

3 4.3 8.0 3 24 25

5 10.6 2.8 5 3.2 4.0

@ 9 38.2 115.8 o®) 9 6.4 8.8

13 93.3 3020 13 119 17.9

17| 184.9 620.0 17 20.6 331
Trilaterated hexagonal chain

Type P Qmax Type n >0p Qmax

n

1 3.4 5.0 1 21 2.3

2 6.1 13.4 2 23 2.8
@ |3 10.5 21.8 ® |3 29 3.5

4 4

5 5

17.1 49.5 3.7 4.9
26.1 79.8 4.7 6.4
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