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A PARAMETRIC STUDY ON CABLE-STAYED BRIDGES
BY THE LIMIT STATES DESIGN

By Shunichi NAKAMURA* and T.A. WYATT**

Cable-stayed bridges with multi-stays have been recently planned and constructed in
many countries probably because of aesthetic and economical superiority, It would be
generally possible that the girder could become much slender by properly controlled cable
prestresses. The system has been designed in this paper by mainly BS 5400, one of the few
codes which have introduced the limit states design. The consistently optimised designs
have been achieved by Linear Programming in order to compare the various bridge
configuration., A simple method has been proposed to estimate the buckling capacity of the
girder. The girder stiffness obtained is substantially lower than that of existing bridges.
The bridge with multi-cables could have much slender girders than that with few-cables.
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1. INTRODUCTION

The multi-stay bridges have several advantages such as slender girders, compact anchorages of cables,
small size cables and easy replacement of cables. The system has also a favorable dynamic property, which
is the system damping effect. Each of many inclined cables with the mass of the deck belonging to it would
have a different resonant frequency, therefore, the development of resonance is likely to be interrupted.
Another feature of cable-stayed bridges is that the bending moments of the girder can be controlled by
cable prestressing to induce a predetermined distribution of moments on the dead load configuration. The
systematic way to determine prestress forces has been developed and explained in this paper,

The limit states design has already been introduced in U, K, and U. S, A. . It has been reported that the
steel bridges could be more economically designed by this method”. Autostress method?, which uses the
compact rolled H-seétion, is one of the good examples to show the effectiveness of the limit states design.
Japan is currently carrying out a wide study on load factors and ultimate strength of members to establish a
design code. A trial has already been made to apply the load factor design to the Akashi Bridge”.

Cable-stayed bridges with different spans and number of cables have been designed using the limit states
design so that they could have consistently optimised girder stiffness. Load factors and nominal live loads
in BS 5400 have been used in this paper, which would be useful to introduce the British way to design.
Although a couple of studies to determine optimum cable prestresses?~” have already been proposed, one
based on the limit states design has not studied before.

* Member of JSCE, Ph D., Bridge Engineering and Construction Div. , Nippon Steel Corp. (2-6-3 Otemachi, Chiyoda-ku, Tokyo
100)
** Ph.D., Dept. of Civil Engineering, Imperial College. (London SW7, U K.)
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2. LIMIT STATES DESIGN

The basic equation of the limit states is

Rl 2R N ( 1 )
where, Sisloads and R resistance. Then R and S are expressed by F; . nominal strength of materials, K,

. material reduction factor, K,, : factor that takes account of inaccurate assessment of defect of loading
and unforseen stress distribution accompanied by analysis and construction, K,, : partial load factor and
Q) : nominal loads.

R= Fk/Km

S=K;KnQx
where, for the ultimate limit state of steel structures, BS 5400 specifies :

K,=1.1

1.05 for steel
K,={1.15 for concrete
1.5 for live loads
Applying the above equations to the cable design, we have

T[l.l (1.05 D+1.5 L)]<chu ...................................................................................... (3)
where T : cable tension function, D : dead loads (mainly steel), L : live loads, and T, : ultimate strength
of a cable.

It is far from easy to find the value k. because there is not a clear yield stress in cables unlike steel
plates. 0.2% off-set strength (residual strain is 0. 2%) would be a reasonable value to take as a nominal
strength of a strand. This value for spiral strands generally ranges (0. 6 to 0. 75 of the ultimate strength
depending on the strand diametres, If you take the material reduction factor K,, of 1.2, the resistance R
averages (0.6 t00.7)/1.2%0.6 T,. This is the value chosen in this paper. On the other hand, DIN 1073 is
based on the working stress method (allowable stress method) . We can write the design method of DIN in a
similar way,

T[D+L]<0.42 R DB DL T TR P (4)

If you compare eq. (3) and eq. (4 ), it is clear that both equations are same when 1./ D=1.23. When L/D
is smaller than 1. 23, eq. (3) can be more effective. Resistant cable tension can be increased by about 29,
8% and 15% when L is D, 0.5D and (.2 D respectively,

HA loads of BS 5 400 has been used as design live loads. The concentrated live load . is 120 kN per
notional lane. The distributed live load w, is 30 kN/m for loaded length up to 30 m per notional lane, and
for loaded length over 30m eq. (5) is applied.

w1='151 (1/Lo)**"® butnot less than GkN/m----+-oveevrmainiii (5 )
where, L, is the loaded length which is the length between two zero points on the influence line, The
influence line of bending moments has quite sharp peaks and this tendency becomes stronger for the system
with more stays,

3. OPTIMISATION METHOD

The stress due to bending moments and axial forces caused by factored loads should satisfy the following
stress equations, eq. (6) to eq. (8), at the bottom and upper flanges on every point of the girder. The
simplified trapezoidal cross section with stiffened plates, as shown in Fig. 1, is assumed in this study. The
torsional rigidity of this section is considerably large and the effect of lateral torsional buckling is small.

Mi—ms Ni

2160/ T2 Agoc/ T

Mi+m, Ny <1

2101/ T2 Agoy/ T

T (6)
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_M;_WL);i Nk >
ZuOic/ T2 TAgac/ 71

where, M}, M5 . maximum and minimum bending moment at position % on the girder, N, : axial force at
k (plus for tension and minus for compression), z,, z; : section modulus of upper and lower flange, A, :
cross sectional area of the girder, ¢, : yield stress, ¢, . least ultimate stress for buckling, ¢,. . limiting
compressive stress from Fig. 3. 10 in part 3, BS 5 400, and m, . additional moment due to shear lag effect
which has been explained in 4. r,=K, K;,;=1.155 and 7,=1.32.

Fig. 2 shows the stress distribution at the top and bottom flange due to sagging and hogging bending
moments as well as compressive axial forces, The stress equations, eq. (6) toeq. (8), correspond to the
bottom flange stress due to hogging moment, the bottom flange stress due to sagging moment, and the upper
flange stress due to sagging moment respectively. The upper flange stress due to hogging moment is less
‘critical than eq. (7 ) because the neutral axis is usually closer to the upper flange and axial forces are
always compressive,

Cable tensions due to factored dead loads, live loads and prestresses should not be slacked nor the
tension be over the upper allowable.

D T R R RRTIEE ( 9 )
A T LR CERITT TR PRPPPPE PR (10)
where, T, TF . minimum and maximum cable tensions of cable i, and %,, k, . lower and upper limits of

cable tensions (k,=0.1 and k,=0.6 are assumed).

The compressive axial force and hogging moment are usually maximum at the tower, therefore, the
moment at that point is minimised in the first place under the constraints of eq. (6) to eq. (10). At this
stage the girder is assumed to be uniform along the span, and z, and z, are the same at all point on the
girder.

—M; = tODEMEMIMISEd ++esvveesreessressetasit et 11)

The optimum method with this objective function usually produces a combination of bending moments and
axial forces which gives a uniform girder stiffness over the whole span and can be considered as the
optimum solution in a practical sense. However, there are some cases in which the sagging moments at the
centre or near the abutment can be improved, especially when the side span is much shorter or longer than
the usual cases. In those situation, after the first optimisation, the moment at the tower is fixed and the
sagging moment to be reduced M} is taken as the second objective function,

M? = t0beMINIMISEd e eeereeeremrrtte i (12)

Introducing prestress forces P, for each cable ;, the maximum and minimum bending moments M and
M at each position are expressed :

M= WaAkt WAL 10Dt~ D0 Pyfyroreerrsrssrsrm st 13)

Bending Stress Axial Stress Upper Flg.

—

Lower Flg.

4500

/j

Fig.1 Girder cross section,

1000~

+
+ =
22,000 A

Fig.2 Stress states of the girder,
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Mx=wsAc+ w Ax+ wcb;+§; Pt.fi,k ............................................................................. (14)

where, f;, ! bending moments at & due to a unit prestress force of cable §, w, . dead loads, A,, A, A :
total, positive and negative influence area of bending moment at k£, and b, b; . maximum and minimum
value of influence line of bending moment at k.

The objective function and the constraints of eq. (6) to eq. (10) are summarized as follows,

For the first stage  F(P)m — 3 Pyfyyessssssseseroreresesessisessssssins i as)
For the second stage  F(P)=3] Pufiyssssssssserermessssssssmissssios i i 16)
Constraints |
33 Pufu> = Wal— w3 Ax — Webk+ M 20016 (1 TN/ Ag@c)/ Toovervossssssssssnecossssnsces a7
33 Pof i< — Wale— W, AL — Webk— Mk 21010 (1— TN/ Agoy) Troeroovssssssesecsossssen as)
33 Pofur< = Walle— w Af = Webk— M Zugie (1 1N/ Ag0)] Tyrvevoovssssssesscvvsvosnsee (19)
Zi: Potix> — WalAen— WrAme— We kA oy Tyrewrerrosersrsmsmomseemmse ettt s s et eeeeneeen (20)
Zi; Py tin< — Walcn— WAt Wb b Foy Toyree-evvereeremnseeeassses ittt 1)

where, A.., Alr Az . total, positive and negative influence area of tensions of cable k, %, i :
maximum and minimum value of influence line of cable tensions of cable k, and %,, : tension of cable & due
to a unit prestress force of cable ;.

Since the objective functions and the restraints are all linear functions of cable prestress forces, Linear
Programming can be applied. The moment of inertia is then obtained the maximum value from the following
equations which correspond eq. (6) to eq. (8) respectively, The section forces optimised has been used
in these equations,

Li={Mis—m) 12/ 21016 TilNg/ AgocHy o+ ovreseemeaeneieiiii (22)
Le={MiH+ M) 72/ 21010 TLNg/ AgOadlyr e reveeeremere e (23)
Ls={—Mi—mu 72/ Zuorct 1IN/ Ao Ly - eeoreremr i 24)

where, ], is the assumed moment of inertia. If the girder stiffness obtained by the optimisation with eq.
(11) and (12) differs from that assumed, the girder configuration is modified. Then the procedure is
continued until convergence. The number of repetition until convergence is only several times, if the initial
value is estimated properly. The optimisation has been terminated in most cases when the girder moment of
inertia has become uniform along the whole span, which can be reasonably accepted in practical cases, This
could be understood by the results described in 5. The steel girder section has been mainly studied in this
paper, whereas, this method can be used for the concrete section or the composite section without any
alteration.

4. GLOBAL BUCKLING STRENGTH OF THE GIRDER

Large compressive forces are transferred into the girder from cables. It is thought that these forces do
not cause a significant effect for few-cable systems, and little research has been carried out on the buckling
strength of the girder so far. However, these effects may become considerably larger for multi-cable
systems, therefore, the buckling behaviours should be properly considered.

If the girder is considered as a beam on elastic foundation provided by the stays, the simple, explicit
BEF (beam on elastic foundation) solution for elastic critical stress ., can be taken as an approximation
to the elastic buckling of the multi-stay bridges.

Ger=2 \/m/Ag ..................................................................................................... (25)
with half wave length [,
lor= II(EIg/ kg)°‘25 ..................................................................................................... (26)
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where E is the steel elastic modulus and k%, the spring constant of the foundation. k, was calculated by
moving a unit load on each point of the bridge model.

The practical limiting value of the axial force, taking account of yielding and/or local instabilities,
including the effect of imperfections, can then be inferred by postulating an appropriate strut curve, For
the present purpose of rational comparative design, it has been felt sufficient to use the very simple, and
generally conservative Rankine strut interaction formula.

L:L_‘_L. ........................................................................................................... (27)

Oc Ocr Oy

The spring constant is maximum at the tower and decreases towards the centre on the main span and the
centre on the side span as well. ¢, is proportional to the square root of k,, therefore, has the same
tendency. The axial compressive force is maximum at the tower and decreases towards the centre and the
abutment as well, but drop more sharply. Therefore, the critical buckling section seems to exist near the
quarter point on the main span,

Nakai’s proposal® has been adopted to take the shear lag effect into consideration. He assumed a
parabolic curve with fourth order for normal stress distribution. It is difficult to fix the equivalent span by
finding two points with zero bending moment, which is the recommended method in BS 5 400, due to the
complex moment diagram. Nakai has introduced the concept of additional moments due to the shear lag
effect instead of the equivalent length.

5. SCOPE AND RESULTS OF A PARAMETRIC STUDY

In this study the carriageway is assumed to be a two lane dual carriageway requiring a deck width of
22m. A three-span fan-shaped configuration with equal side spans and continuous stiffening girder is
assumed. Examples have been evaluated for main span of 250 m and 450 m, with three values of the side
span length against the main span length (namely 0.3, 0.4, 0.45), and cable systems with 3 and 12 stays
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Fig.3 Influence lines of stay tensions. Fig.4 Influence lines of girder moments.
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per fan. The height of towers has been taken as the main span / 6 for the three-cable system and the main
span / 4.5 for the twelve-cable systems. Dead loads consist of the steel work weight and superimposed
dead loads, principally representing the surfacing. Spiral strands with the ultimate strength of 1 500
N/mm? and the elastic modulus of 150 kN/mm? have been taken as stays. Steel grade 50 C of the British
standard with ¢,=345 N/mm? and the elastic modulus of 205 kN/mm?’ is used as steel plates. The minimum
and maximum plate thicknesses were set at 12 mm and 40 mm respectively from a viewpoint of practical
fabrication.

Fig. 3 and 4 show the typical influence lines of cable tensions and girder moments., Those of bending
moments of multi-cable system have sharper peaks than the few-cable system indicating a short governing
loaded length and thus a more severe live loads.

Fig. 5 is a typical optimisation result. (a) shows the maximum and minimum bending moment envelopes
before and after cables have been prestressed. It is clearly shown that, due to prestressing, the hogging
moments at the tower drop sharply, the sagging moments at the centre rise, and there are no large changes
at other points, The ranges between maximum and minimum bending moments at a given position do not
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change, and the maximum ranges exist near the abutment or mid-centre, which set a limit of opimisation of
girder stiffnesses. (b) shows the prestress forces to be introduced for each cable. The prestresses near
the tower are large to reduce the moment at those points. Those of anchor stays are also significantly
large. (c¢) is the axial forces of the girder, which is maximum at the tower and decreases towards the
centre and the abutment. (d) is the global buckling capacity which have been calculated by eq. (27) and
ranges between 200 N/mm? and 300 N/mm?. (e) shows the moment of inertia of the girder obtained by the
optimisation.

Table 1 is a summary of section forces and girder stiffnesses for all bridge configurations compared in
this study. The girder depth has been chosen by several trials so that it produces the minimum stiffness.
These results were all obtained by the first objective function of eq. (11) and converged quickly. Although
the second objective function of eq. (12) was required in some extreme cases which were not stated in this
paper, convergence was not always satisfactory. The influence of the various factors on girder selection is
typified by the following example.

Take the bridge with =250 m, L,/L=0. 4 and twelve stays per fan. The moment influence lines shown
in Fig. 4 shows that, for sagging moment at the tower, the loaded length is 95 m, giving a live loads of
52. 2kN/m. The total hogging moment due to live loads and dead loads, including additional moments due to
shear lag, is 14.25 MNm which is reduced to 4. 8 MNm by cable prestressing. The axial force is
16.34 MN. From the stress check of BS 5400 the moment of inertia is decided as (. (0352 m‘.

At the centre of the bridge the loaded length for sagging moment is 60 m, giving live loads of 64. 8§ kN/m.
The total sagging moment is 16. 00 MNm which is reduced to 10. 41 MNm by optimisation. The axial force is
zero and the girder stiffness obtained is (.(0318 m¢.

Tt is understood from Table 1 that the girders with 12 stays per fan is much more slender than that with 3
cables, and the girder stiffness with shorter side spans is a little smaller than that with longer side spans.
The web height of the girder with 12 stays can become as low as 1. ) m for 250 m main span and 1. 5 m for the
450 m main span. In practical cases, the one box girder section assumed in this study may had better be
modified to multi-box or multi ] -section girders for such very low web height girders. It should be
reminded, of course, that the aero-dynamic stability of those sections must be checked carefully.

The moment of inertia obtained by this optimisation method is almost uniform over the whole span. A
uniform section girder is of great merit for manufacturing. It is noted that the girder stiffness obtained is

Table1 The optimised results of section forces and girder stiffnesses,

_Caplesperfn [ w 3
. 250 a0 R 450
L /L 0.3 0.4 0.45 0.3 0.4 045 | 03 0.4 045 | 03 0.4 0.45
Hu 1.0 10 1.0 15 15 15 22 22 2.2 45 45 45
i ay 345 345 345 345 345 345 345 345 345 345 345 345
Ma* | 446 | 1050 | 1509 | 11.80 | 17.87 | 2002 | 700 | 1408 | 19.95 | 298 | 19.37 | 37.63
Before Me™ | —937 | —7.73 | —6.90 | —13.64 |~13.05 | —874 | —10.33 | —2016 | ~19.95 | ~70.80 | —72.72 | —67.03
prostressing M | =11.70 | —18.25 |— 1343 | —23.86 |— 26.42 | ~32.47 | —30.08 | —40.63 | —30.06 |-1125 | —-129.4 |-125.6
Mc* | 1642 | 1600 | 1684 | 37.76 | 3698 | 3815 | 60.38 | 6471 | 5439 | 1772 | 17570 | 171.30
Ne | 1593 | 1634 | 1664 | 27.38 | 27.90 | 2820 | 1978 | 1909 | 1902 | 3371 | 33.32 | 3298
Mot | 931 | 1104 | 1289 | 1406 | 2118 | 2631 | 10.24 | 17.66 | 2153 | 2841 | 48.31 | 56.32
Ms™ | —452 | —7.19 | —8.09 | —8.98 | ~0.74 |~1245 | —16.10 | —16.58 | —18.37 | —45.37 | —43.78 | —50.14
Attor M| —526 | —a89 | —a76 | —88s | -0.67 | —871 | 2289 | —1088 | —22.33 | ~56.17 | ~60.19 |~066.98
brestressing Mt | 1067 | 1041 | 1038 | 2483 | 2655 | 2013 | 4781 | 37.30 | 37.15 | 12260 | 121.60 | 12050
la | 0.0328 | 00352 | 00385 | 0103 | 0106 | 0113 | 0263 | 0281 | 0204 141 150 | 154
fe {00328 | 0.0352 | 0.0352 | 0.103 | 0106 | 0113 | 0263 | 0281 | 0204 141 150 | 154
¢ | 00328 | 00318 | 00302 | 0103 | 0104 | 0110 | 0263 | 0281 | 0204 1.41 1.50 154

Ma, Mt and Mc : bending moments at a,t and ¢ (MN.m)
Nt : compressive axial force at t (MN)

la, ft and Ic: moment of inertia at a,t and ¢ (m?)
+and= ! maximum and minimum

L : main span (m)

L) : side span (m)

Hy : web height (m) a t ©
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much smaller than that of the existing bridges, although more recent designs for multi-stayed bridges,
such as the Annacis Bridge, have approached the corresopnding reductions. The effect of the limit states
design method compared with the allowable design method would be about 10 % or 15 %, judging from the
consideration in 2., therefore, a large reduction of girder stiffness was obtained mainly by the cable
prestress optimisation.

6. CONCLUSION

Cable-stayed bridges with multi-cables and few-cables have been consistently optimised using the limit
states design. It has been concluded from the foregoing results and discussions :

(1) Limit states design has been applied to cable-stayed bridges, The longer the bridge span extends,
the larger becomes the rate of the dead loads against the total weight, indicating that the structural safety
factor could be more accurately estimated and long span bridges could be constructed more economically
than they would be designed by the allowable stress method.

(2) The optimisation method has been developed to minimise the girder stiffness by introducing
proper cable prestresses. The girder stiffness obtained is almost uniform along the whole span.

(3) Girder stiffness of the multi-cable system can be substantially smaller than that of the few-cable
system. The reduction may be a factor of § for the 250 m span, and a factor of 14 for the 450 m span.

(4) Girder stiffness required with a short side span is slightly smaller than with a longer side span.

(5) The range between the maximum and minimum bending moments at a given position on the girder is
largest at the centre on the main span or near the abutment on the side span. These bending moment ranges
set the limit of the optimisation of the girder stiffness,

(6) Although it is possible to design the girder very flexible by a static analysis, the shape and type of
the girder must be carefully investigated aero-dynamically.

(7) Compressive axial forces near the middle supports are generally very large especially for the
multi-cable system, and are a dominant factor to decide the girder stiffness. The buckling capacity of the
girder has been estimated based on the BEF solution, which has been satisfactory for this kind of
comparative study. However, the buckling analysis by FEM may be useful to validate this method or tackle
more complicated features, such as the effect of residual stresses or a bridge camber. In order to
construct the bridge with much longer span, the erection and design methods should be developed to reduce
these compressive forces,

Cable prestressing has been proved effective in reducing the required girder bending strength.
However, the report on the Nagoya Harvour West Bridge® pointed out that the cable adjustment during
erection was quite difficult and prestressing was sometimes accompanied by a significant error,
Therefore, the construction errors should be properly and systematically considered in design, in addition
the cable force adjustment method should be developed to improve the erection reliability.

Finally it is reminded that the results obtained in this paper have been used in our paper'™ on the fatigue
problem of stays on cable-stayed bridges.
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