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PROPOSAL OF A TIME-DEPENDENT YIELD FUNCTION AND
CHARACTERISTICS OF YIELDING OF SOFT ROCKS

By Hiroyoshi HIRAI*, Masao SATAKE**
and Eiji YANAGISAW A*¥**

1. INTRODUCTION

The influence of time on yielding may be
great significance for viscoelastic materials. Some
criteria related to yielding of viscoelastic materi-
als have been proposed so far. Reiner et al.P
generalized von Mises’ yield criterion of elastic
materials to include viscoelastic materials, by
assuming that yielding may occur when the
distortional work which is conserved as elastic
energy reaches a critical value. Furthermore,
Reiner® discussed the above criterion to explain
the phenomena such that the yield stress in-
creases as the loading rate is increased and
yielding occurs under constant stresses. Olszak®
propounded a failure criterion that failure of
some viscoelastic materials depends not only
on the stored energy but also on the dissipative
energy. By taking account of the difference
between the influence of the stored energy and
that of the dissipative one, Tateishi et al.®
studied yield criteria of viscoelastic-plastic materi-
als. As the above-mentioned yield criteria are
related to viscoelastic materials whose yielding
is independent of hydrostatic pressure, they
should be mainly applied to materials such as
metals.

On the other hand, Akai et al.® investigated
the constitutive equation which can describe
the time-dependent characteristics of soft rocks
on the basis of the elastic-viscoplastic theory
given by Perzyna.®? Hirai et al® studied
a yield function and a constitutive equation of
soft rocks by use of elastic-plastic theory. In
order to extend the yield function proposed by
Hirai et al. to incorporate the effect of time,
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the investigation will have to be made about the
yield criterion of viscoelastic-plastic materials.
Further, it has been required that the yield
criterion of materials whose plastic behavior is
independent of hydrostatic pressure is generalized
to that of materials such as soft rocks whose
plastic behavior depends on hydrostatic pressure.

The objective in this paper is to deduce a
suitable yield criterion of soft rocks to elucidate
phenomena associated with yielding. TFor this
purpose, a yield function which consists of the
energy related to distortion and that to dilatation
is proposed on the basis of energy criterion; and
furthermore, each energy is divided into the
stored and dissipative energies. The stress-
strain relationship is derived from the proposed
yield function by use of the special histories
given by Gurtin et al.® The discussion is made
concerning the relationship between the proposed
yield function and the mechanical behavior for
some histories. The availability of the proposed
yield function is examined through experimental
results of a soft rock.®

2. PROPOSAL OF A TIME-DEPENDENT
YIELD FUNCTION OF SOFT ROCKS

Before the time-dependent yield function of
soft rocks is investigated, let us summarize the
stress-strain relationship of viscoelastic materi-
als. With reference to rectangular Cartesian
coordinates, the comstitutive equation of wvis-
coelastic materials is expressed in the form!®

ei,-(t)zgf)]i (t—r)@%ﬂ ar

em(t):S:]2 (z_T)&'—skT(Tl AT wevvvenneiennnen (2)

where eij(f) are components of the deviatoric
strain, ew(f) is the trace of the strain ei;(2),
si3(¢) are components of the deviatoric effective
stress, ow(f) is the trace of the effective stress
oi5(t), Ji(f) and J»(¢f) are creep functions related
to distortion and dilatation respectively and ¢ is
time.
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Gurtin et al.® show that the stress-strain
relationship and the work of viscoelastic materi-
als are approximately elastic for very fast and
very slow strain histories, which are called an
accelerated and a retarded strain histor es
respectively. Following the method given by
Gurtin et al., let us consider the very fast and
very slow stress histories, which are referred to
as an accelerated and a retarded stress histories
respectively. For a prescribed stress history
oij(t), an accelerated and a retarded stress
histories are defined respectively as follows.»

OL{E) =0 g(AL) , A>T rereeremsnenninnnnienn (3)
gt =0u5(A) , AL ereeriovmnniiinn (4)

Eq. (3) means that the rate of the stress in the
accelerated history is A times as large as that in
the prescribed history. The meaning similar to
the content mentioned-above for eq. (3) is applied
to eq. (4). Iet eij(A, £) be the strains at time ¢
for both an accelerated and a retarded stress
histories defined by egs. (3) and (4). For an
accelerated stress history, eqs. (1) and (2) take
the relations

}Lm esg(A, 4A)=J1(0)ses(E) wreeverreremiineenns (5)
}Lﬁ xnl(A, HA) = Jo(0)Gur(E) woreververesrecean (6)

As for a retarded stress history, egs. (1) and (2)
have the forms

lli_r'gl eij(A, t/A) = J1(o0)si5(2)
%i_{(r)l exn(A, t/A) = J2(oo) oux(t)

Egs. (5) to (8) imply that, for an accelerated and
a retarded stress histories, the stress-strain
relationship of viscoelastic materials approaches
that of elastic ones. For the creep functions,!®
it is satisfied generally that

JiOSJa(H) S Ji(oo), (F=1,2) wrveemeeees (9)
Using eq. (9), it is found from eqgs. (1), (2) and (5)
to (8) that

J1(0)s63(t) Seis(t) S J1(00)si5{t) wrvrrererenes (10)
Je(0)oue(t) Zern(t) < J2(o0) orre(t)

where ei;(f) and ew(2) are given by egs. (1) and
(2) respectively. Egs. (10) and (11) represent
the upper and lower bound formulae of the
strain of viscoelastic materials for a prescribed
stress history. In what follows, an accelerated
history means an accelerated stress or strain
histories, according as the boundary condition is
prescribed by stress or strain. The definition
similar to an accelerated history above-men-
tioned is applied to a retarded history. From
results given by Gurtin et al. and the above
discussion, it is found that for both an accelerated
and a retarded histories, the stress-strain relation-

ship of viscoelastic materials approaches that of
elastic ones.

According to Christensen,!® if the motion
starts at time #=0 and stress and strain are
oij(t) = €is(¢) = 0 for #<0, the stored energy
related to distortion, Sq and the rate of the dis-
sipative energy to distortion, Das are expressed
as

Sa=sij(t) S:]l (t —T)a—sggrldr

where the creep functions are assumed as

Jir, ) =Jar4+n), G=1,2) s (14)
If the difference between the influence of the
stored energy and that of the dissipative one is
taken into account in yielding, a yield function
may be assumed from eqs. (12) and (13) in the
form

f=Ra—R=0
where f is a yield function and R is a work-
hardening parameter and
1
Ra=Sa+¢ So
where ¢ is a material constant to be determined
from experimental results. When ¢=0 and ¢=1
in eq. (15) with eq. (16), eq. (15) with eq. (16) is
reduced to the yield function proposed by Reiner
et al.?»® and that by Olszak® respectively. Al-
though Tateishi et al.#> propounded a yield func-
tion similar to eq. (15) with eq. (16), the yield
function given by Tateishi et al. is based on the
sum of distortion and dilatation energies instead
of the distortion energy in eq. (16). Therefore,
since eq. (15) with eq. (16) is considered to be
a generalization of yield functions proposed so
far, the meaning of the constant ¢ will have to
be investigated in the respect of the mechanical
behavior of yielding. For this point, the investi-
gation will be made later when the yield func-
tion of soft rocks is discussed in section 5.

‘When soft rocks are subjected to high hydro-
static pressure, it is observed that appreciable
permanent change occurs.> This phenomenon
may suggest that not only the distortion energy
but also the dilatation energy may play an im-
portant role in yielding of soft rocks. Then, by
analogy with the form of R4 given by eq. (16),
it is set that

R"=S”+¢S Dodf wveveererrensrieererininnenen (17)

t
0
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where the stored energy related to dilatation,
Sy and the rate of the dissipative one to dilata-
tion, Dy are expressed respectively in the form

1 t 33
Sv=-g it (1 So Je(t—T) a"aT@dr

LA dou(n) dou)
Ggogojz(t L e
KAT @Y woeervereeenssnnss s (18)

xdrdy

Making a modification of the yield function
given by Mrdéz et al.'®, Hirai et al.® proposed
a yield function of soft rocks as an elastic-plastic
material in the following form

=l ali?+ I+ yli—k=0 coveenerenes (20)

where Iz is the second invariant of the deviatoric
stress defined as f:=s:5(¢)s:5(¢)/2, I. is the first
invariant of the stress defined as Ii=o0u(t), a, 8
and y are material constants and « is a work-
hardening parameter and will be expressed in
terms of the plastic work related to dilatation
and that to distortion, as will be shown in eq.
(44). Since the stress-strain relationship of visco-
elastic materials is approximately elastic for a
retarded history, it is considered that a yield
function of wviscoelastic-plastic materials for a
retarded history approaches that of elastic-
plastic ones. Then, the yield function given by
eq. (20) may be assumed to be that of visco-
elastic-plastic materials for a retarded history.
The extension of the yield function eq. (20)
proposed for elastic-plastic materials may be
made for viscoelastic-plastic ones on the basis
of energy criterion. The energy of viscoelastic
materials for a retarded history approaches that
of elastic ones and the invariants I:2 and I: in
eq. (20) are related to dilatation and distortion
elastic energies respectively. If egs. (16) and
(17) are incorporated into the yield function of
viscoelastic-plastic materials, a time-dependent

yield function of soft rocks may be assumed in

comparison with eq. (20) in the form
f@)=Ra+aRY*+bRy—cRY*~R=0 - (21)

where @, b and ¢ are material constants and R
is a work-hardening parameter which does not
depend on time.

For a prescribed stress history oi;(f), let fi (%)
be yield functions at time ¢ for an accelerated
and a retarded stress histories given by egs. (3)
and (4) respectively. For an accelerated stress
history, it follows from eq. (21) that

}imf;(t//\) =Ma+aMy*+bMs—cMy*~R

where
Ma=J1(0)si5{8)s:5(£) ]2 +-rrrreerersinraeninns (23)
Mo=J2(0)et(£)T3() 6 -wwrrrmvemermreeeranees (24)

For a retarded stress history, it is seen from
eq. (21) that

lim f; (/) = Na-+aNi*+bNo—cNY*~R

o SN (25)

where
Na=J1(00)s15(t)s15() /2 wrverrremrnrreereesoes (26)
No= J2(00)Tss(f)05(2) [6 «werveervesmrreeronsnes 27

Eqgs. (22) and (25) mean that for an accelerated
and a retarded stress histories, the yield function
of viscoelastic-plastic materials eq. (21) ap-
proaches that of elastic-plastic ones similar to
eq. (20).

3. INFLUENCE OF LOADING RATE
ON YIELD STRESSES

In order to investigate the characteristics of
yielding of soft rocks, it is instructive to adopt
a series of experimental data of a soft sediment-
ary rock performed by Akai et al.®'® The
static yield stress shown in the second paper® is
defined for the case of the constant strain rate
10-%/min which is considered to correspond to
a retarded history. Then the elastic constants
for the retarded history should be determined
in application of the strain rate 1078/min. How-
ever, since the elastic constants obtained in the
first paper'® by Akai et al. are those for the case
of the strain rate 3.5x107%min, the elastic
constants for the strain rate 3.5x107%/min are
assumed to be those for a retarded history in
the present paper for convenience.

For a retarded history, the shear and bulk
moduli # and K of the soft rock tested by Akai
et al. can be assumed to take approximately

#=4.0x10°kgf/cm? (3.92x 102 MPa) ---(28)
K=7.0x10°kgf/cm? (6.86 x 10> MPa) ---(29)

By use of eqs. (7), (8), (28} and (29), it follows
that

Ji(0)=1/(2)=1.25 x 10~* cm?/kgf

(128X 1078 MPa™t)  reveeereeene (30)
Je(0)=1/(3K)=4.76 x 10° cm?/kgf
(4.86 X 107 MPa™t)  cerreeerereens 81

Although it is considered that it is difficult to
decide strictly the elastic constants for an ac-
celerated history, in view of the experimental
data of the soft rock, the instantaneous elastic
shear modulus #: may be assumed approximately
to be
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#1=8.0x 10° kgf/cm? (7.84x 102 MPa) ---(32)
Then it leads from eqgs. (5) and (32) that
J1(0)=1/(2p:)=6.25 x 107° cm?/kgt
(6.38x 10~ MPa™)
Assuming that the form of displacement is

separated into time and space variables, Chris-
tensen!® showed that

J@O)/J () =w
where w is real constant.
(33) and (34) leads to

J2(0)=2.38x 107* cm?¥/kgf
(2.42 % 104 MPa-)

Using eqs. (30), (31),

Let us consider the sample of a soft rock which
is subjected to a compressive stress o3’ in the
axial direction under confining pressures oi’=
o2 in a triaxial compression test. The compres-
sive stresses are taken to be positive. In tri-
axial tests, eqs. (22) and (25) can be written as

lim £,(¢/A)=J1(0)¢*/3+a{]:(0)/3} /*
+3073(0)/2p>—c (3 ]2(0)/2) /2p

lim f,(¢/A) = J1{e0)g*/3+a{]1(e) 3} *q
+3b J2(00) [2p2—c {3 [a(00)[2) V2P

where the mean principal stress and the devi-
atoric stress are defined as p = (200'-4-0%)/3
and g =03"—01" respectively. In triaxial tests,
the yield function eq. (20) is expressed in the
form

F=3+a[3°g+ 95 —3yp—x=0 --(38)
To investigate the influence of time on yielding,
it may be assumed that the yield function eq.
(38) is obtained for a retarded history, as men-
tioned in section 2. Then, it is found from eqs.
(37) and (38) that

a=a{Ji{eo)}

b=6f3]1(0)/ J2(e)

e=yJ1(®){6/]2(c0)} /2

R=kJi()
For the yield function eq. (38), the material
constants «, 8 and y and the work-hardening
parameter at the initial yielding xo was reported
as®

a=>54.6 kgf/cm? (5.35 MPa)

£=0.149

v=42.9 kgt/cm? (4.20 MPa)

Ko=0
Thus, substitution of eqs. (30), (3!) and (40)
into eq. (39) leads to

p (Mpa)
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T T T T T T
100 e
Yield Function for
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o
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20f s
oL 1 L L ! L « 0
20 40 60 80 100 120
e P (KgE/en®)

Fig. I Yield Functions for Accelerated and
Retarded Histories (from 5)).

a=0.61 (kgf/cm?)¥? (0.191 MPa?)

b=2.35 an
¢=1.90 (kgf/cm?)/* (0.597 MPa/2)
Ro=0

where o denotes the work-hardening parameter
at the initial yielding. Substitution of egs. (33),
(35) and (41) into eq. (36) leads to the yield
function at the initial yielding for an accelerated
history, as shown in Fig. 1. The yield function
eq. (37) for a retarded history, as shown in Fig. 1,
is assumed to be identical with the yield func-
tion of eq. (38). As the leading rate changes
from a retarded history to an accelerated one,
that is, the loading rate is increased, the yield
stress increases; e.g., L—->M and L'—-M’ in
Fig. 1. As compared with the data reported by
Akai et al.®, it is found that the results shown
in Fig. 1 explain properly the relationship be-
tween the yield stress and the loading rate.

4. INFLUENCE OF LOADING RATE
ON STRESS-STRAIN RELATIONSHIPS

For viscoelastic-plastic materials, Naghdi et
al.'® showed that the normality of the plastic
strain rate vector for the yield surface does not
necessarily hold. However, since it is proved
that the property of viscoelastic materials ap-
proaches that of elastic ones for an accelerated
and a retarded histories, the normality rule
relevant to elastic-plastic materials can be
applied to viscoelastic-plastic ones for these
special histories.

According to Prager,'® the plastic strain rate
for elastic-plastic materials can be written in the
form
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1o of |

1 A -

=T 000 dom “2)
where

__ (9o o ok O oo

A= <0s<,,f; oKk 6T ) Do (43)

and &%’ are components of the plastic strain
rate and « is a work-hardening parameter. For
soft rocks as elastic-plastic materials, Hirai et
al.® proposed a form for the rate of the work-
hardening parameter « in the form

= 10711852 I3 4 Pasige® oemreeeerieininnis (44)

where ¢: and ¢: are material constants, which
for the soft rock tested by Akai et al.® was
obtained as
p1=—1.12x 10*kgf/cm? (—1.10x 10° MPa)
¢2= 3.73x10%kgf/cm? ( 3.66x 10*MPa)
.............................. (45)

As the yield function for a retarded history given
by eq. (37) is assumed to be identical to eq. (38),
the stress-strain relationship for the retarded
history can be seen in the paper written by Hirai
et al.®

The yield function for an accelerated history

is represented by eq. (36), which can be altered
as

F=gi(3+o |30 + 01~y p—x'=0 - (46)
where
a’=al{J.1(0)}¥/?
B'=b]2(0)/{6]:(0)}
v'=c{J=(0)/6}2/]1(0)
K'=R[J:(0)=kJ1(e)/](0)
Since the material constants o', B/, and 7’ in
€q. (47) can be expressed by egs. (33), (35) and
(41), it follows that
a’'=77.2 kgf/cm? (7.57 MPa) 1
B’=0.149
v'=60.5 kgf/cm? (5.93 MPa) [
The work-hardening parameter &’ in eq. (47)
can be written in terms of the work-hardening
parameter « in eq. (44). Substituting eqs. (43)
to (48) into eq. (42) leads to the relationship
between the deviatoric plastic strain and stress
for an accelerated history as follows:
dPfg=(2/3q-+a’'|3%) ((2/3-+28")q
+a 3 6070y =y} (J1(0)/ J1{e0)}/
{28 B1+2/3¢2)g*+ (3a(4f'Gr~y'/3)
+a’he/34% g+ 3o (68 01— )]

where d® is the deviatoric plastic strain rate

L Accelarated 410
100 History
— Confining
g pressure
g = 15kgf/cm s
o 80 {1.47MPa) h I~
5
2 g
< 5(0.49) Z
o 15 o
60 L 46
5
Retarded
sl History 44
20| 42
L L L L 1 0
0 0.2 0.4 0.6 0.8 1.0
d (%)

Fig. 2 Relationships between Stress and Strain
for Accelerated and Retarded Histories
(from 5)).

defined as d®=(2/3)]&p —&#]. The stress-
strain relationship in viscoelastic range for both
an accelerated and a retarded histories are ex-
pressed by egs. (5) to (8). Combining the vis-
coelastic and plastic strains for an accelerated
and a retarded histories leads to the total
stress-strain relationships, as shown in Fig. 2.
It is found from Fig. 2 that (1) the yield
point for an accelerated history is higher than
that for a retarded history. (2) The gradient of
curves for an accelerated history is steeper than
that of curves for a retarded history. The results
shown in Fig. 2 have the tendency similar to
those reported by Akai et al.? Kobayashi'®»!?
showed the stress-strain curves of sandstone
for various loading rates. It is noticed that there
are some relationships mentioned in Fig. 2 in
the data given by Kobayashi.

The stress-strain-time relationship for a pre-
scribed stress history is illustrated schematically
by the curve OLM in (d, g, ¢) space in Fig. 3.

Prescribed
Stress
History

M

Accelerated
History

Retarded
History

Fig. 3 Stress-strain-time Relationships for Pre-
scribed, Accelerated and Retarded Histo-
ries.
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The point L corresponds to the initial yielding.
The curve OL’M’ is the projection of the curve
OLM on (d, ¢q) plane. For both an accelerated
and a retarded histories which correspond to
the prescribed stress history, the stress-strain
relationships are indicated by the curves OL”M"’
and OL’"M’” respectively. It is shown that the
curve OL’M’ exists generally between the curves
OL”M’" and OL""M"”.

5. YIELDING CAUSED BY CREEP

In the triaxial compression test of a soft rock,
consider the possibility that yielding may occur
under constant stresses. The boundary condition
of stress is specified as

oty =02/ (t)=01"h(2) }
o3 (B =05"h(t)

where 01" and o3’ are positive constants and %(¢)
is the Heaviside unit step function defined by

A(t)=0, t<0 }
1, >0
The boundary condition given by eq. (50) be-

longs to an accelerated stress history. It is to
be noticed that'®
an() _
—a 00
..................... (52)

S: g(t—T1)6(r)dr=9(¢)

where 6(f) is the delta function and ¢(¢) is a con-
tinuous function of £

By use of egs. (14) and (52), the yield function
given by eq. (21) for a triaxial compression test
of eq. (50) can be written as

F@=Uat+aUy{*+bUs—clUY*—R=0-----+(53)
where

Ua=g*/3[2]:(f) — J1(28)+ ¢ (J1(2t) = J1(0)}] }
Uo=3p2/2[2 J+(¢) — J2(28) + ¢ {J2(2¢) — J2(0)}]
.............................. (54.)

The yield function given by eq. (53) is represented
in Fig. 4. As time ¢ increases, the yield surface
contracts from the yield function of an accelerated
history toward that of a retarded one. Therefore,
if the rock is subjected to the constant stresses
below the yield stresses for an accelerated history,
yielding will take place at the moment when
eq. (53) is satisfied.

If it is assumed that the yield stresses p and ¢
which satisfy eq. (53) in the limit #->c0 are
equivalent to those for a retarded history, p
and ¢ in eq. (37), it follows that

e p (MPa)
0 2 4 6 8 10 12

T : 7 T T T
J10
100}
% £(0)
S 8ol 8
£ ]
o £1(t) o
604 16
40l 14
204 12
I Il 1 1 L L 0
0 20 20 50 80 100 120
P (kgf/cn?)

Fig. 4 Yield Function Dependent on Time
(from 5)).

This implies that the stored energy only is as-
sociated with yielding of soft rocks. If, however,
the above assumption is not pertinent to soft
rocks, it is concluded that

=0
This means that the dissipative energy as well
as the stored energy have to be taken into ac-
count for the criterion of yielding. In view of
the fact that substitution of a=b=c¢=0 into eq.
(21) leads to eq. (15), eq. (21) with ¢=0 and
eq. (21) with ¢=1 are related to the vield criterion
preposed by Reiner et al.*»® and that by Olszak®
respectively. It is found that the meaning of the
material constant ¢ in the proposed yield func-
tion can be made clear through the mechanical
behavior in a retarded history and that in creep.
For the soft rock experimented by Akai et al.®,
it seems difficult to decide presently what value
the material constant ¢ takes for lack of the
experimental data to serve the present purpose.
The further detailed investigation will be required
for the determination of the material constant ¢
in the proposed yield function eq. (21) through
many experimental results.

Before closing this section, it may be of interest
to make a comparison with the work of Akai et
al.®  The constitutive model established by
Akai et al. is based on the theory proposed by
Perzyna.®”  Perzyna develops a constitutive
equation for elastic-viscoplastic materials by
postulating the existence of static and dynamic
yield functions as well as the assumption of
normality. The constitutive equation for visco-
elastic-plastic (rather than elastic-viscoplastic)
materials has been discussed in the present paper.
The yield function of viscoeleastic-plastic materi-
als reduces to that of elastic-plastic ones for two
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limiting cases, i.e., very fast and very slow load-
ing conditions. The normality for the yield func-
tion of viscoelastic-plastic materials is hold for
only two limiting cases.

The theory of viscoelastic-plastic materials
discussed here is reduced to that of the classical
linear viscoelasticity in one case and the invicid
theory of elastic-plastic solids in another. How-
ever, Perzyna's constitutive equation may not
reduce to that in the classical viscoelastic theory.
Furthermore, the perfect plastic idealization is
assumed in the viscoplastic constitutive equation
given by Akai et al. In the present paper, the
above assumption is not employed and the stress-
strain relationship at the viscoelastic-plastic state
is derived from the yield function based on the
energy related to viscoelastic materials.

6. CONCLUDING REMARKS

On the basis of energy criterion, a time-
dependent yield function represented by the
stored energy and the dissipative one was propos-
ed for soft rocks. The above yield function is
able to describe properly the time-dependent
behavior such that as the loading rate is increased,
the yield stress increases and yielding occurs
under constant stresses. For two limiting cases
that the loading conditions are very fast and
very slow, the stress-strain relationships derived
from the proposed yield function explain ade-
"quately the experimental data containing the
effect of loading rate.

By making certain assumptions between the
mechanical behavior in a very slow loading and
that in creep, it was shown that the yield function
proposed here is reduced to those given by Reiner
et al. and Olszak. Therefore, it was suggested
that the yield function propounded here is a
generalization of those proposed so far.
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