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Fig. 1 Coordinate Systems of a Beam Element.
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Fig. 2 An Alternative Local Coordinate.
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Table 1 Direct Lagrangian Expressions.
Theorics Euilibrium Eaustio Boundary Conditions Stress Resultants
1 quilibriu: quations Mechanical I Geometrical vs. Displacements
’_ , r_ _ —
{Nsind'F(fM"":m) cos c{} +py=0 Nsin d+(M —m)cos a=Fy Vo="p N=EA(Wg,—1)
) Finite Strains with Voo Vo
a inite Strains wi ,_ , ,_ _
Finite Displacements {NCOS a’—'('M 7m) sin a’} +p.=0 N cos df%;?”) sina=F, Wo= Ty M=-Ela’
Vo Vg,
M=-M a=a
{N'sin a+ (M’ —m)cos a} '+ py=0 Nsin o+ (M’—m)cos a=Fy V)= N=EA(W g, -1
b) Small Strains with (N cos @ — (M —m)sin o)+ py =0 N (B —m)si W—F L M= —Ela’
Finite Displacements cos mIsin pz= oS ¢ msin @=L Wo=Wo -
M=M a=a
¢) Inextensional Finite {Nsin a-+(M’'—m)cos @}’ +py=0 Nsin o + (M’ —m)cos d=[7‘y Vo= V=1
Displacements {Ncosa— (M —m)sin a}’+pz=0 Ncosa—(M'—m)sina=F, Wy="1) M=—Elo’
(Elastica) M=M a=a

Remarks : The following notations are used throughout Tables presented as E=Young’s Modulus, A=Cross Sectional Area, /=Moment
of Inertia, N=Axial Stress Resultant, and (Fy, F;, M) and (%, @, @) =Prescribed Boundary Values
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Nog+ M —m=F, Bo="Fo M= —EI" —6,/®¢")
N— (M —m)oy =F, By=18, N=EA<-¢0.,'+%-‘DD’2)
M=M Dyt =
Noy + M —m=P, Dy=) M= —Elsy
N=F, W=D, N= EA(w.,' + 21» 1‘;0'2)
M=M Dyl = o
M —m=F, o=y M~ —EFp,”
N=F, Wy=18y N=EAwy
M=k By'=a



PEE OB REIRT OREIC T 5558

NS E (D, Gb) itkY (9, 8) EERST
H#bL, 20a8nRb (9, &) EERSTERXS L, B
# Lagrange R » XEHE I IET 5 BRI
KR DOELHSY (Do, W0, &) DR TR FERIKE
5. Zhid, A#dl, BE# Lagrange FHOX L[
—Zip5. ZORED LI, BEREMNBREOFERHN
T LIl b b 53073, EHE Lagrange RHL 0wk
WEXEFBEReEE LMz Ly, FEREM
5.

Z T, MHEERBREE OBMESBASNEWn I
HYBRIZLY, ZoOfNcHE+% Lagrange 3 0
BB R R KA R b, INEML D&M E A
TR Lens D~ R E2n)Hzenti
%. LTz -T, Table 2 o DidsE (+)' i Table
1 DFE LR =z T 3MaERT. T, A8
DHOILE () 1FFT 2 IZETI3MHTHS. o2
L, M 2 2HWThL, BEMOERMEEE 2
2 E8=2—2; EWIHBTHIELTNWE DT, =z vk
WAL E oo KRR &R D 320,

£) OROBEIT MIENORNTHZ DT, FAMEERL
BROMEIL O BN E (9, £) EEIZET% Euler %
Bohiicbnbd b TE5. LL, 208
EHEERABRER OBMEMNTH Y, MR cE 2
el B ERONRERSR OALE L B HE OLE R
2 <, UL KER 2RI B AT O EHAIE T
FREINTNWB. L7hd > TR & 2T OESRAL
BIEE Iz 0% Lagrangian formulation, %O
FhIE S D% Eulerian formulation & X443 FEfk
TIFEOWFR b hil, BUEEMRE DT Lagran-
gian formulation @ 1 2G4 Y Eulerian formulation

LWV S APRILT L DY TR,

9. ERMREOZME - HZEOBGRR

(1) BRIt OFE

Table 1, 2 (252 2 KEHERRNE b L, BESLE
HroRaflies, EEMER S O =), i1 HE
©, zi) OFREFH 7, i+1 MROBME B IV S
BOBBAERD 5. BRI I g e §i A T O8AT
¥ NFEE Q) THRDbL, KDL 3iILE L3,

{Q}=1{Fy, Fzy M, vy, wy, ¢}7 (j=1~6)

HESORS Fy, Fo @ 4, i+1 {0 oBEREL
TERE DR ARAE & HARICER 2501 by, £2) %
Banchiid, EROLTBREBIZBERL, Hoo0s
WRHFDOHTREY, KANTHLIISB.

37

ity Zit)

Pedz

DB {M, vy, w,, @} 122V T it BIEAHEHICBIG
THed, KM HFENEMRE, mEAMOBGRLE
ROLZLERDS. BRERkD D HYE, EESEHE
4l Z N EL LT o e BB ORI REOFRIZL
L DEHE Lagrange REL O KEFEN O~ UK
M, EEEERETLILEHD. LT, BIER
4 KT AR ERBFROBTRIET D KBS
FHRAOREFHM L kD Bledic,  fHiso Taylor
BHICE 2 e A5, -0k Table 1, 2
W OREMS FERICOEA T2, 2 CRiER
Lagrange FHOKLEHEX O AICOWTHAT 5.

i HiR iRIT5 Taylor & Hwa &L AD @
F.VH-H in+x %/ﬁj&) i1 ﬁﬁ)ﬁ@; Qj?z'ﬂ % 2 E?L"l:\@%
Qjl: BV ZED n OB Q, 2AWTERDX
kb ENB.

S 0., A
Qj\i+1=QjVi+n§1Qj‘ iy } ...... (12+a, b)
AZZZ,'H—Z,'

REMHFEX»D
dij = Fi{Qu}) -ereeerremreeees (13)

EV IO TBEMAOFENAFE ST, BEE
LT TICROIDEEBORAERYBEST o Lick Y, E
Mg (@) 3 Qs ok A25. Zhic ¢ HiED
EERATSE, KX A2) @ Q;™); T+ T {Q4li}
THFR I, 4B TEIEREERT O Qfliv: &
{Quls} Lo BB RES. Zhid (| HEOHEY ¢
+1 HIE~BTWhw 3 BEXOR L > Tn5.

— Iz, Q; ) IEEIEIC RS I o0 T {QL) itk
DR RBNEE L 420, FERROLXBERE O
BT EID DED R L 2B, LL, AREMREOF
HizB 175 Table 2 OFLEMN HEN CEKROLETE
B FETIERICERTEILIEZLNT, £, &
LRI TH-oTHHEBELEEE MRS THE, &
WIHOBEEM I D7 PP, ISR DED K TH D
BB TEs b oL ELLNS.

(2) 1E¥% Lagrange OFEKICEITIBHER

Table 1 {77 Shic TEMAFTEX2S, X A3
DIREEMIFTERN 2 FELTRDE F1UQD %
Table 3 i25x3. [T Table oz 3Bz LT A
HigS (Fy, Fo) LWiES (N, M) oBRLBELT
V5.

hEd e iz, (]) T’iﬂj’\ff_cﬁ 51 LT, {AM; Tp, Wy,
a} @i HRTOMBEEIER KD . zoT {Fy, F.}



38

%k - R - WP

Table 3 First Order Differential Equations in Direct Lagrangian Expressions.

Differential Equations a) Finite Strains with

b) Small Strains with

¢) Inextensional Finite

‘ Finite Displacements Finite Displacements ‘ Displacements
S ‘ —by ~by ‘ 2]
f2 [ ~Pz ‘ Pz — Pz
fiUQ)) in Eq. (13) Sa ‘ A gs (Fycosa—Fysina)+m (Fycosd—F;sina)+m i (Fycosa—F;sina) +m
(j=1~6) S A/, sin & ‘ A/go sin @ [ sin o
S A/ gocosa—1 A gocosa—1 ‘ cos @—1
fo —MJEI —MIEI ‘ ~M/EI
(M’ —m) . . )
F, Nsinad+-"——=—"cos Nsina+ (M’ —m)cos Nsin o+ (M’ —m)cos &
Voo
Nodal Forces
F, Ncosd— '\/4} )sind Ncosa— (M’ —m)sin @ Ncos ad— (M —m)sin o
°

Remarks :

QJ -=f;({Qr)) and «/gn~(Fys1nd1 F,cosd)/[EA+1

Table 4 First Order Differential Equations with Separation of Rigid Body Displacements,

Differential Equations ‘ d) Small Strains with

Relatlvely SmaU Dlsplacements

e) Beam-Column

|

1) Small Displacements

y A | ) | S
l *5: ‘ “1/’\2 J *52
fa ! F,—No/+m ‘ Fy—F.o0+m | Fovm
Fi(@e) in Ea. 15 | ;\ . oW % | o
o1 A1, LN ‘ 1 A
(=1~6) ‘ EANZv02 o Fam oo | o o
¢ y .
P EA(l >(”y+“ﬂ M i M
6 [l+ ZN’uo Fy} :| El ‘ Er
"EAQ o0y |
ﬁy 1; Noy +M'—m ‘ Ny +M'—m ‘ M —m
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| e ’ N—(M-m)v, N ! N
Remarks : N in the case of d) is expressed by {Op*} as N= m} )(Fyﬁu +F)
DRI (1) TR L2 5 leER L otEREbH dQJ = 70 (15
: A X = [ RO
Y, R OLER 2D TEKE L . !
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—
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B ONZ HiE S (Fy,[“) CEM@}J (N, ZV[) o R &

{Qx*} 2 {Qs) ORsH &

Brlzboths. X A5 2ENBOFIE
FE SN EROBER 5

1%
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iz Taylor BEIC X BBk 5. K A3) W DL Lz
% 1S HRER D, =sin &
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Table 5 Derivatives of Physical Values.

(a) Derivatives of M
‘ Theories LM M”); } M
é a) Finite Strains with ‘ P | = by~ For) m” by —~2 o+ AF APy +1m) (b— 1 Fyrt —2(Fyx + )
El Finite Displacements ' 7+4Fy l — et Eyy Fyla (B —py)ia— (Fort+ Fy (UFy +m) [b—2 pyr+dp) Fyla
g T ! . s T G .
b . .
b) Small St th & y A LR .7 - o
B2 |0 mlmmait,  meR | weiehe | i i Rk b
d) Small Strains ‘ ‘ I
£ g, g gvrn;:HRelanvely ‘ m+ By 1 m’—py+ For ‘ m” —dpy—2 pat+Fo(Fy+m)ib—2 Fyrt— (Fyr+p,) Forja
2 g | ! i
gg E 58 Displacements |
R 5-% — -
59 | I “ a ~ A A
ﬁg—‘: LG % e) Beam-Column ‘ m+Fy ‘ m’ —py+Fex ‘ m”—dpy—2p+ F(Fy+m)/b
L8| ="K I
TTA | 8 !
£) Small ‘ A , T
B = Displacements m+ Fy ‘ m=by m”—dpy

Remarks : The following notations are used throughout Tables 5, 6, 10 and 11 s=M/EI, 2=4/9, :Fz/EA‘Fl‘ dpA_V:p_V’ cos & —p,’ sinda,

dpz=p;’ cos A+ py’'sind, s=sind, c=cos, EA=a, EI=b

(b) Derivatives of v,

Theories vyl v”i; e’
§ a) Finite Strains with i _m_ﬁi_ Fys 7Z(Fi,).+m)f/br(dpz/a »-Mz)f-‘fz(Fyx +pecla
-EO Finite Displacements ) a a — (Fue? - Fy (Fy2-m) [b—2 pyr) sla
g |- - ,
- H N ~ ) ~ . N ~
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Table 68 Derivatives of Physical Values with Inextensional Deformations.
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Table 7 Coincidence of the Order of Derivatives for
Small Strains with Finite Displacements.
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Table 8 Coincidence of the Order of Derivatives
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Table 10 Third Derivative a’’/ at Node 7.
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Definitions Beam-Column
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Table 11 Third Derivative a’’’ at Node i with Inextensional Deformations.
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