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SHEAR DESIGN OF REINFORCED CONCRETE BEAMS
FOR STATIC AND MOVING LOADS

By Hajime Oxamura* and Sabry FarcuALy**

SYNOPSIS

The results of the test of a reinforced con-
crete T-beam 750 mm high and 7500 mm long
are presented. The beam was designed for a
simulated moving load and was loaded until
failure. The web reinforcement consists of ver-
tical stirrups with variable intensity along the
beam. A design rule for reinforced concrete
beams for shear based on the yield of web re-
inforcement as one of the ultimate limit states
is presented. Reduction for the design shear
forces in the vicinity of concentrated loads and
supports is duly recommended. Results ob-
tained from tests on another T-beam and
published test results are in good agreement
with the presented design rule including the
proposed reduction.

1. INTRODUCTION

(1) Scope

How much shear reinforcement is necessary
and how such reinforcement should most effec-
tively be used? This old question is still at-
tracting attention to researchers on concrete
structures. Because of complexities ‘involved
in the behaviour of concrete members under
shear forces, the design rules for shear reinforce-
ment differ considerably according to codes.
However, most of them are based on so called
truss analogy and are made by referring to test
results of beams with constant spacings of
stirrups.

The main object of this study is to propose a
proper design rule for shear reinforcement based
on a modified truss model. In the first place a large
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T-beam designed for a simulated moving load
based on a trial design rule was tested. Accord-
ing to the difference in shear forces corresponding
to loading positions, the spacings of vertical
stirrups in the beam varied along the beam.
From the analysis of the test, a new design rule
for yielding of stirrups was obtained. In order
to verify the rule, another large T-beam designed
based on this rule was tested in the second
place.

(2) Angle of compression diagonals

In the classical truss analogy, a beam is re-
placed by a statically determinate truss with
parallel chords, and the angle of compression
diagonals is assumed to be equal to 45°. How-
ever, recent works show that this angle can be
lower, influenced by such parameters as the ratio
of web to flange width, percentage of web re-
inforcement, presence of axial force and effect
of loading point and support.

Stiittgart tests (l) show that the angle of
diagonal crackings decreases with increase of
the ratio of web to flange width. Thiirlimann’s
analysis (2) indicates the proportional relation
of the angle of compression diagonals with the
percentage of shear reinforcement. The angle of
diagonal crackings is affected by the application
of -axial compressive forces in an inversal rela-
tion. The crack patterns given in Ref. 3) and
4} indicate that the angle of diagonal cracking
can be as low as 25°.

For full utilization of web reinforcement, angle
of compression diagonals @ is required to be as
low as possible. A limit of # is given as 26.6°
(cot 6=2) by Thirlimann® and Regan &
Placas®. This lower limit was used in the
design of the first beam.

(3) Contribution of other means than the
assumed truss

In the classical truss analogy all the applied
shear force is to be carried by the assumed truss.
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However, recent tests show that the consider-
able part is carried by other means than the
truss such as compression zone of concrete, dowel
action of longitudinal bars and internal shear
transfer at cracks. Nevertheless, contribution
of these factors was neglected in the design of
the first beam, since the angle of compression
diagonals in the truss was taken as low as pos-
sible.

(4) Reduction of applied shear

In many works on beams without shear re-
inforcement, it was remarked that the shear
strength became larger if the position of load-
ing became nearer to the support. This was
explained by arch action (9) or by local stresses
around the support (10). In the truss model
this can be treated as the inclination of the com-
pression chord (1, 7, 8), and this produces con-
siderable reduction in shear reinforcement near
supports.

TFor design purpose this can be treated with
reduction of applied shear forces near supports.
The reduction was recommended to be applied
for a concentrated load within the distance of
2d from supports (1), where d is the effective
depth. Higai'® found from his tests on special-
ly reinforced beams that shear resistance of any
part of the beam was affected by the position
of loading, and it increased exceedingly if the
load approached to the part within the distanse
of 1.5d. He recommended the reduction of ap-
plied shear to half of its value at the loading
point.

In order to take into consideration of these
effects, applied shear forces in the design of the
first beam were reduced in the vicinity of loading
points and supports. The reduction began at
the distance of 2d from supports or d from
loading points, and changed linearly toward the
support or the loading point. The reduction was
1009, at the support and 509 at the loading
point.

2. TEST OF THE FIRST BEAM

(1) Test specimen

In order to check the validity of the trial design
rule mentioned before a T-beam designed for
a simulated moving load was tested. The test
specimen has 750 mm in height, 6600 mm in
span and 7500 mm in length. The cross section
is shown in Fig. 1.

Deformed bars were used throughout the
specimen. The longitudinal tension reinforce-
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Fig. 1 Cross-sectional dimensions of the test
beams (mm).

ment consisted of 16 bars with diameter of
25 mm. They were continuous through the beam
length without any cut off. The web reinforce-
ment consisted of vertical stirrups with nominal
diameter of 13 mm. The measured yield strength
was 35.5 kg/mm? and the modulus of elasticity
was 2.17 x 10*kg/mm?

One batch of ready mixed concrete was used.
It was made from a mixture of normal portland
cement, sand and coarse aggregate with maxi-
mum size of 20 mm. The compressive strength
determined from tests of control cylinders was
332 kg/cm?.  The test specimen and the control
cylinders were cured in wet condition for 7 days,
and then were left in the laboratory to dry until
they were tested at 28 days.

(2) Design of stirrups and test procedure

The beam was designed for a load moving on
the left half of the beam. The load consists of
two indentical concentrated loads 600 mm apart
moving with intervals of 600 mm from the posi-
tion A to the position E as shown in Fig. 2.
To obtain more information around the support,
two additional loadings A’ and B’ with one
point loading were also applied. The shear dia-
gram for a certain load P modified by the reduc-
tion in the vicinity of supports and loading points
is shown in Fig. 2.

The design load was 80 tons for the yielding
of stirrups. According to the modified shear
diagram and the difference in shear forces cor-
responding to loading positions, the intensity of
designed stirrups varied along the beam. The
calculated shear capacity of the beam at the
positions of stirrups according to the trial de-
sign rule is also given in Fig. 2.

The beam was tested in a steel frame. Loads
were applied by two hydraulic jacks with 100
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Fig. 3 Location of stirrups and positions of strain gauges. (a) the first beam, (b) the second

beam.

ton capacity each. To distribute the loads, steel
plates of 30x80x200 mm were used, and the
beam was supported on roller bearings with
100 mm wide. Loading was applied in incre-
ments of 20, 40, 60, 80 and 90 tons at which
the failure occurred. For every increment of
loading the load was increased in three steps.

In order to take extensive measurement of
strains on stirrups, all stirrups in the left part
of the beam were instrumented with four strain
gauges on the one leg of them. In the right part,
which is mainly affected by the loading at posi-
tion E, one strain gauge was provided on each

stirrup. The positions of these gauges are shown
in Fig. 3(a). Strain gauges were also provided
on the bottom surfaces of longitudinal bars.
The length of strain gauge was 10 mm.

3. TEST RESULTS AND DISCUSSIONS OF
THE FIRST BEAM

Fig. 4(a) shows the crack pattern and the
cracking loads with the position of loading.
Most of diagonal cracks originated at the web
between the longitudinal bars and several centi-
metres below the flange, independently of any



130 H. OxkaMURA and S. FARGHALY

(a)

= = T ]
- +
3 N i
5 H0F i
i
; |
I KN,
; | :
= At N
A L NS

B0k ot

(b)

Fig. 4 Crack pattern and cracking loads.
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Fig. 5 Relationships between the applied shear forces and measured strains in selected
stirrups of the first beam. For other loading positions not presented in (a) & (b)

strains are negligible.

existing flexural cracks. The cracks were initially
developed at about 45°. Further loading led the
cracks to extend up or down to the full web
depth. During the increase of loading additional
flatter cracks branched from the formed cracks
and became the main cracks. The angle of incli-
nation of these main cracks ranged between 25°
and 35° except those in the centre of the beam.
From the inner edge of the left support two in-
clined cracks with 45° and 25° were created.

Soon after a diagonal crack crossed the stirrup,
the strain at the position near to the crossing
point began to increase and continued to increase
until yielding in approximately linear proportion
with the applied shear as shown in Fig. 5 for
the selected stirrups. The positions away from
the crossing of the crack did not show such in-
crease of strain as in Fig. 5. For more details
Table 1 gives all values of measured stirrup
strains for all measurement positions under all
loading positions except four positions at which

their strain gauges were damaged.

The rate of increase in the strains ol most
stirrups was considered to be parallel to the line
obtained from assuming the truss with 45°
diagonals rather than that with cot™2, which
was assumed in the design. Examples are shown
in Fig. 5(a) and Fig. 5(b).

Four stirrups, No. 1, 2, 21 and 22, which were
adjacent to the supports showed smaller rate of
increase in strain. A typical example is given
in Fig. 5(c). This behaviour was expected in the
design, but the reduction of applied shear in the
vicinity of supports seemed better to be applied
not to the total shear but to the strains of stir-
rups only. This is discussed later. It was also
recognized that the rate of increase in the strain
became smaller when the loading points were
near to the stirrup. The strains at the position
D in Fig. 5(a), E in Fig. 5(b) and A" in Fig. 5(c)
are the examples.

From these measurement it could be considered
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Table 1 The measured strains on stirrups of the first beam.
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that the applied shear was carried not only by
the assumed truss but also by the other means.
The shear Ve, which was carried by the other
means than the truss, could be obtained by
continuing the measured load-strain line toward
the load axis. Measurement of V¢ for each stirrup
showed a considerable scatter as usually found
in such measurement. In fact, it was found that
for one stirrup crossed by two diagonal cracks
with different inclination there were two different
valves of V.. However, the valves of Ve for the
stirrups near supports were similar to those for
others. This indicates that the reduction of ap-
plied shear does not seem to be applied to the
valves of Ve. The average of V. for the total
measurement was 18.1 tons.

Under the design load of 80 tons six stirrups
from the left support had yielded, but the beam
could sustain the load of 90 tons at loading
positions of A, A" and B. At the next position
B’ the carrying ability of the beam reached the
maximum of 88.3 tons. After this maximum
load was reached there was a substantial drop
in load carrying capacity accompanied by ac-
celerated vertical increase in the width of two
V-shaped cracks at the left support specially of
the steeper one as shown in Fig. 6. All the stir-
rups crossed by these cracks had yielded prior
to this stage. Although it could be considered
that the beam failed at this stage, the beam was
reloaded at the position E. At this central load-
ing position the load carrying capacity reached

Fig. 6 Tirst failure of the first beam.

t 1,200
i 1,400

Fig. 7 The measured strains (10~¢) on the
tension reinforcement of the first
beam under the design load of 80
tons.

106 tons at which failure occurred at the right
side of the beam as shown in Fig. 4(a).

The measured strains on the tension reinforce-
ment under the loading positions of C, D and
E are given in Fig. 7. From this figure, a shifted
length of this beam is suggested to be about the
effective depth.

4. MODIFIED DESIGN RULE

(1) Shear carried by the assumed truss

From the general behaviour of the recorded
strains on stirrups the shear force corresponding
to the yielding of the stirrup Vy can be expressed
as the sum of the shear force carried by the as-
sumed truss with 45° diagonals Vg and the
shear force carried by other means V. than the
truss. Yielding of stirrups does not always mean
the failure of beam, but it often occurs prior to
the complete failure. However, under the yield-
ing of web reinforcement, widths of diagonal
cracks become abnormally wide and the deflec-
tion increases rapidly. Therefore, the yield limit
state of web reinforcement is considered to be
necessary in addition to the wultimate shear
capacity.

Vs Vo Vggeeereemmemmreemanmeeannianninneniees (1)
Vey=Asw fuwy zfs for vertical stirrups:--(2)
where,
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Asw==area of a stirrup
Sfuwy=yield strength of the stirrup
z=distance from the centroid of com-
pression of concrete to the tension
reinforcement
s==spacing of stirrups
For the design purpose, the value of V¢ can
be assumed at the present as the shear force
corresponding to the opening of diagonal cracks
and to be constant along the whole beam, al-
though it is recognized to increase slightly near
the support.

(2) Reduction of shear applied to the truss

For the design purpose, the reduction of ap-
plied shear due to the effect of supports and
loads can be applied to only the truss part,
keeping the value of V¢ constant along the beam.
In Fig. 8, the test results are plotted according
to this principle. In other words, the shear
forces Vear carried by each stirrup position were
calculated by Eq. (3) and the ratios of Vea/V
were plotted, where V is the applied shear force.

Voares Vo Vs weeeerereeeseerenncainsecnnaces (3)
T=20t o B0t
0.0 : ! : "+ not yielded 0.0
0.2 : Ve ! . yielded 0.2
0.4 ,‘V_‘ , strainis large 0.4
0.6 ! at previous loadings| 0.6
. g .0
Vcal p

VvV 520t P=80t
0.0 .
0.2
0.4
0.6 3
0.8
1.0 L

—-d - ‘
~1.5d~ md- de-
P P=280ton
*—2—=30t P/2P/2
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Fig. 8 Relationships between position of
stirrup and the ratio of Vea/V of the
first beam, where, T is applied
shear force and Vear is shear force
calculated by Eq. (3) using measur-
ed strain.

where,
Vs=AswEscw z[s

Es=modulus of elasticity of stirrups
=2.17 x 10* kg/mm?

ew==strain of the stirrup

Ve==18.1 ton for this case

The load P in Fig. 8 is the maximum applied
load under which any stirrups in the same figure
do not yield. The ratios of Ve/V vary according
to the applied loads and the loading positions.
Nevertheless, the ratios of Veu/V decrease
approximately linearly toward the correspond-
ing values of V¢/V at the supports or the loading
positions, and the reduction of applied shear
force can be seen in the range of 1.5d from the
supports and d from the loads. It is of special
interest to note that the sum of these lengths
is 2.5d, which is the critical length where the in-
crease of shear strength of beams without web
reinforcement starts. From the general trend of
these results the reduction of applied shear force
to the truss part is suggested as shown in Fig. 9.
This reduction can only be applied where the

5

<t

b—

~-1.5d--

(@) (b)
Fig. 9 The proposed reduction of applied
shear force in the vicinity of support
and loading point.
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301 \- 30
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50 50

60 / 60
recaleulated shear capacity

70 based on the modified rule 70

Shear, ton Shear, ton

Fig. 10 The re-modified shear diagram, the
calculated shear force of the first
beam carried by each stirrup posi-
tion with the symbol indicating the
critical loading position, and the re-
calculated shear capacity based on
the modified rule.
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Fig. 11 Comparison of test results reported in literature with the proposed reductions.

supports or the loads produce transverse compres-
sive stresses in the beam.

Using this reduction re-modified critical ap-
plied shear diagram was obtained as shown in
Fig. 10. Although the shape of this diagram is
different from the previous one in Fig. 2, the
critical loading positions are similar. In Fig.
10 the calculated shear force of the beam carried
by each stirrup position are also given together
with the symbol indicating the critical loading
position under which the strain of the stirrup
took the maximum value. The critical loading
positions obtained from the measurement are
recognized to be consistent with the critical
loading positions of the re-modified shear diagram,
although some values in the right part of the
beam are smaller than the diagram. In the right
part, only one strain gauge was provided on
each stirrup. This seems to make it difficult to
pick up the maximum strain along the stirrup.

The shear capacities of each stirrup position
were recalculated by Eq. (I).

The results are also shown in Fig. 10, which
indicates that the yielding of stirrups occurred
at the positions where the recalculated shear
capacities are below the re-modified shear dia-
gram.

(3) Application of the proposed design rule
to available test data

To demonstrate the general applicability of
the proposed design rule, available test results in
published papers were reanalysed. Unfortunately,
most of shear tests contain only the limited
record of strain measurement. Strain measure-
ment of stirrups is given for 15 beams in Ref.
12), and for 3 beams in Ref. 13). These eighteen
beams were provided with stirrups running with
constant intensity in each beam. The shear
forces carried by stirrups Vs, I'ss or Ve were
calculated by Eq. (4). The results are presented
in Fig. 11, which indicates that the ratios of Vs/

Vs and Vs:/Vs decrease toward the support and
loading point, respectively. And the range of
reduction can be considered about 1.5 d and d for
the vicinity of the support and loading point,
respectively, although the variation of data is
rather large.

5. THE SECOND BEAM

(1) Design and test procedure

Analysing the results of the first beam, a
modified design rule was proposed for the yield
limit state of web reinforcement. To verify the
applicability of this rule to the beam which is
designed according to this rule, another T-
beam was tested. This beam was designed for
the similar simulated moving load starting from
the position A to the position E in Fig. 12. The
load consists of two identical concentrated loads
660 mm apart moving with intervals of 660 mm,
which is equal to the effective depth. In this test
the loading order and positions were not the same
as in the first beam. The design load for the
yielding of stirrups was also 80 tons. The applied
shear diagram for the design load including the
proposed reduction is shown in Fig. 12.

The second beam was identical with the first
beam in shape, length and longitudinal reinforce-
ment except in the amount of stirrups. The
yield strength of stirrups was 33.1 kg/mm? with
a strain of 2.1x 107%. Spacing of the stirrups
with a nominal diameter of 13 mm was designed
for the critical shear diagram in Fig. 12 by using
Eq. (1), taking V¢ equal to the value in the first
beam. The positions of stirrups are shown in
Fig. 3(b) together with the gauge numbers.
Strain gauges were mounted on four positions of
one leg of each stirrup. The concrete strength was
355 kg/cm?.

The second beam was tested in the similar
manner as in the first beam. Loading was applied
initially in increments of 10 tons and then the
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Loading positions and modified
shear diagrams for each loading
position of the second beam.

increments were reduced to 5 tons after the
diagonal cracks developed.

(2) Test results and discussion

Fig. 4(b) shows the cracks in the second beam,
which indicated the similar cracking pattern to
that in the first beam. The inclination of main
cracks ranged between 31° and 35° in gencral,
although the cracks initially formed were about
45° except the nearest crack to each support.
The shear force Ver at which the inclined cracks
developed was assessed by visual observation
and by the measurement of stirrup strains. All
of the initially formed inclined cracks with one
exception appeared when the load was increased
from 30 to 40 tons at the loading positions of A,
B and C, and the average value of Ver was 19.25
tons. The cracking load of the fourth crack from
the right support was the exception and was 80
tons (Ver=44 tons).

Fig. 13 shows the shear forces carried by each
stirrup position under the design load of 80 tons,

which were calculated by Eqgs. (3) and (4) together
with the critical loading positions obtained. The
strain of a stirrup in Eq. (4) is the maximum value
of the four measurment on the stirrup. The
details of the measurment can be given by request
from the author. The modified shear diagram is
also given in the figure. This figure clearly indi-
cates that the shear forces carried by each stirrup
position are consistent with the critical modified
shear diagram. Thus, the proposed design rule
is considered to be verified by the results of this
beam designed according to the rule.

After the yielding of some stirrups, the beam
could sustain the additional load, although the
width of diagonal cracks became very wide.
Under the load of 95 tons with the loading posi-
tion of D, the first diagonal crack from the left
support opened wide to some millimetres. By
this loading condition twenty two stirrups out
of 26 had yielded. The beam carried the load
of 110 tons for all the loading positions. When
the load was increased to 115 tons at the first
loading position of A, the deflection of the beam
increased largely. Therefore, the load was
increased to 120 tons for the next position of B
and then to C at which the first failure occured.
At this loading position of C, a concentrated
crushing of the lower tip of the triangular was
observed under the load of 120 tons as shown in
Tig. 14. At the next loading position of D the
beam could carry only 109 tons, under which the
same local crushing was observed and the first
crack from the left support propagated into the
full flange depth of one side in a very flat inclina-
tion toward the nearest loading point. It can be
pointed out that the loads of 120 tons for C and
109 tons for D produce approximately same values
of shear forces to this region. The beam was
loaded with the loading position of A and carried
122 tons. Under this load the deflection increased
rapidly, and accompanied with the local crushing

Shear forces, ton

Fig. 13 Shear forces carried by each stirrup position of the second beam under the design
load of 80 tons, which were calculated by Eq. (3) using the measured strains.
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in the

Fig. 14 Close-up view of failure
second beam under the load of 120
tons at position C (the opposite
surface of Fig. 4 (b)).

of concrete at the upper level of the longitudinal
tension bars between the nearest two diagonal
cracks to the right support. At the next loading
position of B the beam finally showed a pure
flexural failure at the load of 123 tons, ac-
companied with the distruction of compression
zone.

6. CONCLUSIONS

(I) From the test results of a T-beam design-
ed for simulated moving load, the shear capacity
corresponding to the yielding of stirrups can be
expressed as the sum of the shear carried by the
assumed truss with 45 diagonals and the shear
carried by other means than the truss.

(2) For the limit state of yielding of stirrups,
the reduction of applied shear force in the
vicinity of the supports and concentrated loads
can be applied to only the truss part, keeping
the shear carried by other means than the truss
to be constant along the whole beam. The range
of the reduction for T-beams shall be 1.5d from
the supports and d from the loads.

(3) This proposed design rule for the limit
state of yielding of stirrups was verified by the
test results of the beam designed according to
this rule.
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