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This paper presents a method of analysis for externally prestressed concrete beams based on the
deformation compatibility of beams and friction at the deviators. A large number of beams tested with
external cables are simulated to verify the reliability of the analytical method adopted. The characteristic
responses such as load vs. deflection and load vs. increase of cable stress are presented and discussed. A
parametric study is also performed to investigate the effect of friction at the deviators on the behavior of
externally prestressed concrete beams in four cases, namely, free slip, slip with friction, partially fixed
and perfectly fixed. The predicted results are then discussed with emphasis on the effects of friction.
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1. INTRODUCTION

In recent years, the beams prestressed by means
of external cables have attracted the engineer’s
attention. Especially, the use of external prestressing
1s gaining popularity in bridge constructions because
of its simplicity and cost-effectiveness. A large
number of bridges with monolithic or precast
segmental block have been built in the United
States, European countries and Japan by using the
external prestressing technique. The external
prestressing, moreover, is applied not only to new
structures, but also to existing structures, which
need to be repaired or strengthened. Although
various advantages of external prestressing have
been reported elsewhere”, some questions
concerning the behavior of externally prestressed
concrete beams at ultimate often arise in the design
practice.

One of the major problems concemning the beams
prestressed with external cables is in calculating the
cable stress beyond the effective prestress. In the
case of beams prestressed with bonded cables, since
the cable strain is assumed to be the same as the
concrete strain at the cable level, the calculation of
cable strain under the applied load is a problem
related only to a section of maximum moment, i.c.,
the increase of cable strain is a $ection-dependent.
This is totally different in the case of beams

prestressed with external cables. Since the cable is
unbonded, the cable freely moves in the relative
change of the beam deformation. Therefore, the
cable strain is basically different from the concrete
strain at every cross section, i.e., the cable strain
cannot be determined from the local strain
compatibility between the concrete and the cable.
For the calculation of cable strain, it is necessary to
formulate the global deformation compatibility of
beam between the extreme ends. This makes the
analysis of beam with external cables more
complicated, and a proper modeling of the overall
deformation of beam becomes necessary.

‘When behavior of externally prestressed concrete
beams was investigated, many researchers attempted
to calculate the increase of cable stress beyond the
effective prestress either by using their formulations
with some parameters involved for certain cases” ™,
or by using equations, which are provided in the
codes for unbonded beams™ ©. Since there is no
crack under the service loads, the stress increase in
the cable is extremely small, it can be negligible. As
a result, the cable stress at ultimate could be
computed by using the strain compatibility with the
strain reduction coefficient”. Whereas Lu and
Zhang® assumed that after cracking, the total
elongation of a cable is equal to the total crack
widths of concrete surrounding the prestressing
cable. Some researchers”™'? assumed that the strain
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variation in a cable is uniform over its entire length,
and tried to calculate the cable strain by adopting the
assumption, which states that the total elongation of
a cable must be equal to the total elongation of
concrete at the cable level. Since the prestressing
force is transferred to the concrete beam through the
deviator points and anchorage ends, the cable
friction obviously exists at the deviator points,
resulting in a different level of strain increase
between the two successive cable segments. Due to
the complicated calculation of cable strain, almost
all analytical approaches, however, did not consider
friction at the deviators because of its unknown
extent. For the purpose of simplicity, some
researchers consider only two extreme cases,
namely, free slip and perfectly fixed at the deviator
when the cable strain is being computed'? '*).

Although an extensive body of experimental
studies has been conducted to understand the
behavior of externally prestressed concrete beams, a
method of prediction, which gives results in close
agreement with experimental observations, is still in
the research process. Nevertheless, the characteristic
behavior of externally prestressed concrete beams at
the ultimate state is a research topic, which has not
yet been well understood in depth. The demand for a
better understanding of experimental observations
has been an analytical research need.

In this study, an analytical method based on the
deformation compatibility of beam and friction at
the deviators is firstly proposed to predict the entire
response of externally prestressed concrete beams
up to the ultimate state. The accuracy of the
proposed method is then verified by comparing the
predicted results with experimental observations,
which are available in the literature. Finally, a
parametric study is performed to investigate the
effect of friction at the deviators on the behavior of
externally prestressed concrete beams.

2. METHOD OF ANALYSIS

(1) Non-linear analysis algorithm

To obtain a whole deformed shape of beam, a
finite element method is commonly used as one of
the popular tools in the “structural analysis. The
conventional finite element method often
approximates a deformed shape of beam element
with interpolation functions such as a cubic
polynomial function for transverse displacement and
a linear function for longitudinal displacement.
However, the analysis of unbonded beams in
general or the analysis of externally prestressed
concrete beams in particular necessitates an accurate
evaluation of strain variation in the concrete since
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the compatibility requirement should be formulated
with the values of concrete strain at the cable level.

In the previous study'® ', a non-linear finite
element program together with the displacement
control method has been developed to obtain the
entire behavior of extermally prestressed concrete
beam up to the ultimate state. The program uses a
stepwise analysis and deformation control to trace
the nonlinear response of prestressed concrete
beams with external cables. This program is capable
of accounting not only for the flexural deformation,
but also for the shear deformation, friction at the
deviators, and extermal cables with different
configuration (straight or polygonal profile). In the
analysis, the beam is represented by a set of beam
elements connected together by nodes located at
either end. Each node has three degrees of freedom,
namely, horizontal displacement, vertical displace-
ment and rotation. A cable stress equal to the
effective stress after all losses, is taken as the initial
value in the analysis. Cross section of the beam is
divided into layers, in which each layer might have
different materials, but its properties are assumed to
be constant over the layer thickness. Based on the
effective stress of cable, the concrete strain of each
layer for every beam element is determined, and
appears to take as the initial condition of beam. In
this study, a single displacement controlled point,
which could be arbitrarily chosen among the loading
points, is applied in the analysis.

(2) Force equilibrium at a deviator

Fig.1 showed that F;, F, are tensile forces in the
cable segments (/) and (i+1) at the deviator (§).
Correspondingly, 6, 6. are cable angles,
respectively. Thus, the force equilibrium in the X
direction can be expressed as:
_ Fcosg +(-1)" /{F;sinf +F,,, sind)

i+l ) = E+] c°39i+l (1)

where coefficient k; depends on the slipping direc-
tion, and has a value k;= 1 if Ficos@ > Fy,c0564,
and k= 2 if Ficos@ < Ficosbyy; uis the friction
coefficient at the deviator.

Eq.(1) can be rewritten in terms of the incre-
ments of tensile forces as:

Fig.1 Force equilibrium at a deviator



AF;cos8) + (-1 (4 AF;sing +AF, sinf, )= AF,, cof,, (2)

where AF;, AF;,, are the increments of tensile forces
of cable at the both sides of the deviator.

Since the stress in an external cable usually
remains below the elastic limit up to failure of the
beam, it is possible to rewrite the force equilibrium
at the deviator in terms of the increments of cable
strain by dividing both sides of Eq.(2) by E,A,,, the
force equilibrium can be then expressed as:

Aggcos 0, + (1) u(Ae,sing, + Ac,,, sind,,)) =
Agg, cos b,

or
lcos8, +1* using, e, +

3
[—COSH‘.“ +(—l)k‘ /“Sineﬂvl ]Ag.viﬂ =0 ( )

where E,; and A, are the elastic modulus and area of
the cable; Asg, Agg.; are the increments of cable
" strain at the both sides of the deviator, respectively.

(3) Strain variation in external cables

Since the deflection of the external cable does
not follow the beam deflection, except at the
deviator points as the beam is deformed, the strain
in a cable totally differs from the strain in the
concrete at the cable level. The strain induced in the
concrete at the cable level varies according to the
bending moment diagram, while the strain in an
external cable is uniform over the length of a cable
segment between two successive deviators or
anchorage end. Since there is no strain compatibility
between the cable and the concrete at every cross-
section, the strain variation in a cable must be
evaluated by taking into account the whole
structure, rather than performing the calculation at
each section, independently. An analytical model for
externally prestressed concrete beams, therefore,
should satisfy by the total compatibility
requirement, 1.e., the total elongation of a cable must
be equal to the integrated value of concrete
deformation at the cable level. This requirement is
commonly adopted elsewhere'® ', and is referred
to as “deformation compatibility of beam” in this
study. The mathematical expression of the
deformation compatibility of beam is expressed as:

31,86, = [ dx @)
i=l :

where Aeg is the increment of cable strain; /; is the
length of cable segment under consideration; Ag is
the increment of concrete strain at the cable level.
Combining Eq.(4) with the force equilibrium at
the deviator, which is expressed in Eq.(3), one can

analytically obtain the increment of cable strain of
each segment at a particular loading stage, and it can
be expressed as the following:

' L A
G+Df s —c+(-Df s, 0
0 o+, —g+(D) s

.o 0 0
- by 1 Agy EA&C X
0 Ag, 0
0 0 Agy 0
1 *‘(—l)k"_2 o,y 0 Ag 0
cn—l + (—l)k’kl /'Sn—l —Cn + (_IY’H /Sn_ A‘s}n | 0 ]

or

[M e, }=[N )} ®)

Finally, the increment of cable strain can be
defined by using the inverse matrix operation as:

{ae} =[] [vHa} = [cla} (6

where the letters ¢; and s; are denoted as cosine and
sine of the cable angle, and the subscripts under
these letters indicate the cable angle number; {d} is
the increment of nodal displacement vector.

Since the elongation of a cable depends on the
concrete strain at the cable level, the portion under
the integral of Eq.(5) should be formuiated in terms
of the coordinate of the cable elements. Within one
cable element, the coordinate of cable can be
determined by the equation of a straight line as
y=px+q. Therefore, the integral of Eq.(5) can be
derived as following:

5 i 4
IAecsdx :I (' - yv,)dx :I[u' —(px + q)v, ldx
0 0 0

1 6K
Ts(pl, 2 H{d}
(M

where Ag, =u ~yv, ; u and v, is the horizontal
displacement and the vertical displacement,
respectively; y 1s the coordinate of the cable in the ¥
direction; K = EI/GA is the stiffness ratio; EI and
GA is the flexural stiffness and the shear stiffness,

6pK
={—L L g L £ g
Ts

Ts ITs’
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respectively: Ts=1+12K/L*; L is the length of
concrete element.

it can be seen from Eq.(5) that the strain
variation in an external cable depends mainly on the
overall deformation of the beam, friction at the
deviators and cable angle. The change of the beam
deformation under the applied load is in the relative
change of cable elongation. The adequate evaluation
of cable strain depends on the accuracy of the
calculation of concrete strain at the cable level.
Therefore, the concrete beam should be necessarily
divided into a large number of short elements by
using finite element method.

For precast segmental beams, since continuous
reinforcement is not usually provided across the
joints between segments, all the cracks are
commonly concentrated at the joint locations as the
applied load increases, thus inducing opening of the
joints. In this study, a model for the joint opening is
referred from the previous‘studiesm)’ ' in which the
joint opening depends on the horizontal
displacement and rotation of the joints.

It should be noted that the beams prestressed
with internally unbonded cables do not exactly meet
the proposed method of analysis since no deviator
points are provided. The proposed method, however,
can simulate the beams prestressed with unbonded
cables by setting a large number of “fictitious
deviator” along the beam and zero-friction at these
deviators. To do that the behavior of beams
prestressed with either external cables or unbonded
cables can be investigated by the same method of
analysis. Because the proposed method is member-
analysis, the accuracy of the outcomes depends
strongly on the initial condition of the beam.

(4) Material model

In the analysis, the stress-strain curve for the
concrete in compression is assumed to be a
parabolic ascending branch and a linear descending
branch as shown in Fig.2. The stress-strain curve is
expressed as follows:

2 N
|2
f.=f & —[E—Cj for ¢, <, (8)
gco ECO
fo=f-mle, -¢, for ¢, <e.<g, (9)

where f°. is the compressive strength of concrete;
£,=0.002 1s the concrete strain at the peak stress;
£,=0.0035 1s the concrete strain at ultimate;
m=0.8f"/(&.-€0) 15 the post peak slope controlling
the descending branch of concrete. A bilinear curve
for the stress-strain relationship of prestressing cable
is also presented in Fig.2, in which ¢, and g, has a
value of 0.008 and 0.035, respectively.

3. VALIDITY OF PROPOSED METHOD

The accuracy of the proposed method is verified
by comparing the predicted results with the
experimental observations of externally prestressed
concrete beams reported recently by Nishikawa, K |
etal.'® and Zhang, Z., et al."?

In the study by Nishikawa, K., et al."® five
beams in series of flexural test are taken to analyze.
A layout scheme of beam, cross section, cable
configuration, and loading arrangement are shown
in Fig.3. A summary of the test vanables is
provided in Table 1. All the beams with a flanged
section were cast-in-situ, except beam GS1 with
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Fig.3 Layout scheme of beams with extemal cables
(Test by Nishikawa, K., et al.)
Table 1 Test variables and materials
Con- Cable | Amount | Type Devia
Beam | crete | strength of of tor dis-
No | strength S reinfor- | prest- tance,
N/mm® | N/mm’ | cement | ressing m
Gl 55.7 1773 4-D10 Ext. 3.0
G4 513 1773 4-D10 | Unbnd. -
GS 51.2 1773 4-D10 Ext. 5.0
G6 50.5 1773 4-D16 Ext. 3.0
GS1 51.9 1773 4-D10 Ext. 3.0

I10

Ext.=external; Unbnd.=unbonded



precast segmental block. The main test variables
included the area of non-prestressed reinforcement,
distance between the deviators, type of prestressing
(internally unbonded cables or external cables), and
type of casting method. Before loading test, all the
beams were prestressed by four cables type 1S12.4
with 981.7 mm’ per a cable. The effective stress in
the cable was approximately 52% of the ultimate
strength of cable. Two loading points were provided

at the distance of 1000.0 mm and symmetrically

located from the midspan section of the beam.

In the experimental program conducted by
Zhang, Z., et al.w), among ten tested beams, nine
beams of them are taken to analyze. A layout
scheme of beam, cross section, cable configuration,
and loading arrangement are shown in Fig.4. A

summary of the test variables is provided in Table 2.

All the beams were simply supported with a flanged
section, and were divided into two groups with
different configuration of cable. In each group, the
beams were designed with different amount of non-
prestressed reinforcement in order to examine its
effect on the behavior of the prestressed beams with
external cables at ultimate. Six beams in the first
group were prestressed by two cables with the
straight profile at the depth of 350.0 mm from the
top surface of the beam (beams with series A). Also
the beams of the first group were subdivided into
three pairs. In each pair, one beam was subjected to
a single concentrated load at the midspan section,
while the other was subjected to two loading points,
symmetrically located at the distance of 2.0 m from
each end of the beam. In the second group, three
beams were prestressed by two cables with the
polygonal profile at the depth of 375.0 mm, and two
deviator points were provided at the distance of
2700.0 mm (beams with series B). The main test
variables included the area of non-prestressed
reinforcement, cable profile (straight or polygonal
profile), and loading type (one or two loading
points).

As mentioned earlier, there is a friction between
the cable and the deviator, and the friction can be
expressed in terms of the friction coefficient, u as
shown in Eq.(1). The real value of friction
coefficient depends on many factors, and it can be
only determined by the experimental investigations.
The friction coefficients, however, are not easy to
find in any of the available literature. For the
analytical purposes, the friction coefficients at the
deviators should be assumed to have a certain value,
and they are assumed to be 0.2 for the beams tested
by Nishikawa, and 0.15 for the beams tested by
Zhang in this study. Although these values might
not be true in the tested beams, they are, however,
only adopted for the analytical purpose.
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Fig.4 Layout scheme of beams with external cables
(Test by Zhang, Z., et al.)

Table 2 Test variables and matenals

Con- Prestressing Area of
Beam | Crete cable reinforce | [ oading
No |stengh ;=7 7 ment | e
mm° | N/mm
Al-1 52.3 981.7 | 3229 157.1 One point
Al-2 52.3 981.7 | 3259 157.1 Two points
A2-1 49.8 981.7 | 3323 2356 One point
A2-2 49.8 981.7 | 3354 2356 | Two points
A3-1 52.6 981.7 3313 358.1 One point
A3-2 52.6 9817 | 3268 358.1 Two points
B1-2 52.7 392.7 | 805.7 157.1 Two points
B2-2 52.7 392.7 | 8434 201.1 Two points
B3-2 49.3 392.7 | 8222 402.1 Two points

Jpe 18 the effective prestress at the prestressing stage

A comparison between the analytical predictions
and the experimental results of the beams tested by
Nishikawa in terms of load vs. deflection curves is
presented in Fig.5. In order to show the test
variables in the experimental program by
Nishikawa, beam G1 is chosen as a reference beam,
and the predicted results as well as the experimental
observations of beam G1 are compared with results
of the other beams. It can be seen from Fig.5 that all
the beams behave essentially the same before
cracking regarding the use of different parameters
such as amount of reinforcement, the distance
between the deviators and the type of prestressing.
However, the ultimate strength of beam Gl is
comparatively much larger than that of segmental
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Fig.5 Comparison of calculated load-deflection response
with experimental results

beam GS1 (see Fig Sa), and much smaller than that
of beam G6 with additional amount of
reinforcement (see Fig.Sb). The difference of
ultimate strength of the beams is obvious and is
approximately 55% for the case of segmental beam
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Fig.6 Calculated results in terms of load vs. increase
of cable stress
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Fig.7 Calculated results in terms of increase
of cable stress vs. deflection

GS1 and 30% for the case of beam G6. This is
because the joint of the midspan section of
segmental beam GS1 opens rapidly as the applied
load increases, resulting in the reduction of stiffness
of the beam, leading to premature failure at a low
strength. The load-deflection curve of the precast
segmental beam GS1 is also indicatéd by a rather
plateau as shown in Fig.5a. This implies that the
deflection of the beam increases rapidly with a little
increase in the applied load. While beam G6 with
additional amount of reinforcement is attributed to
the resistance of the reinforcement itself as well as
to its effect in distributing and limiting the cracks in
the concrete, leading to give a higher strength to the
beam.

Beam Gl is also compared with two other beams
as shown in Figs.5c, d. It is apparently indicated
that the distance between the deviators increases
from 3.0 to 5.0 m, the ultimate strength of beam G35
reduces approximately 14% compared with beam
Gl (see Fig.5d). Because of shortening of free
length of cable, beam G1 with less free length of
cable produces a greater stress variation in a cable
than beam G5 with more free length of cable does
(see Fig.6). This also leads to a higher strength of
beam Gl as compared with beam G3. Since there
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are no second-order effects in the case of unbonded
beam G4, the ultimate strength of beam G4
increases approximately 9% as compared with beam
G1, which is prestressed with external cables.

Fig.6 shows the calculated results of all the
beams in terms of load vs. increase of cable stress
responses. It can be seen from this figure that the
curves of increase of cable stress exhibit essentially
similar to the load-deflection relationships. This
means that the stress in the external cables increases
very little before cracking. However, it more rapidly
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Fig.10 Effect of cable configuration and loading pattern

increases after that, i.e., the major part of stress
increase in a cable develops as the deflection of the
beam becomes large. The segmental beam GSI
shows the smallest value of stress variation in the
cable, while the monolithic beam G4 with unbonded
cables indicates the biggest value of stress increase
in series of tested beams. A comparison between the
calculated results and the experimental data could
not be made because the experimental data are not
available in the literature.

While a comparison between the curves of load
vs. deflection and load vs. increase of cable stress
for the individual beam is made, it is interesting to
note that these two curves are very similar in shape,
indicating the close relationship between the
deflection and the stress increase in the external
cables. The close relationship is also indicated by
approximately linear relationship in terms of stress
variation in the cable vs. deflection response as
shown in Fig.7. The linear relationship between the
midspan deflection and the stress increase in the
cables confirms the findings from the experimental
observations, which have been reported
elsewhere” . Consequently, the deformation
compatibility of beam as mentioned earlier is



verified to be suitable for the analysis of prestressed
beams with external cables.

Figs.8, 9 show a comparison between the
analytical predictions and the experimental results
of the beams tested by Zhang in terms of moment
vs. deflection curves. It can be seen in these figures
that since the stiffness of the beams prior to
cracking remains the same, all the beams exhibit
essentially identical before cracking, indicating no
significant effect resulted in using the different area
of non-prestressed reinforcement. Since the first
crack of the beam with a smaller amount of non-
prestressed reinforcement occurs a little earlier than
the companion beams with a larger amount of
reinforcement do, the beam with a smaller amount
of non-prestressed reinforcement, therefore,
produces a lesser moment at ultimate. Afier
cracking, the beam with a smaller amount of non-
prestressed reinforcement exhibits rather ductile,
and fails by initial yielding of non-prestressed
reinforcement, sequentially, collapses totally by
crushing of concrete in the compression region. On
the other hand, the beam with a higher value of non-
prestressed reinforcement exhibits rather stiff,
resulting in a higher strength at ultimate. The
analytical results reproduce the experimental data
with remarkably good agreement.

Fig.10 shows the effect of cable configuration
and loading pattern for two pairs of beams (A1-2 vs.
B1-2, and A2-1 vs. A2-2). It can be seen from
Fig.10a that since the beam deflection and the
accompanying reduction in cable eccentricity are
small in the elastic range, the moment-deflection
responses behave similarly in this stage, indicating
insignificant effect of cable configuration on the
moment-deflection response. As the applied load
increases, the beam deflection becomes large. As a
result, the reduction in cable eccentricity of the
beam without deviator becomes more pronouncedly,
leading to lower strength of the beam as compared
to the beam with deviator.

Beam subjected to a single concentrated load at
the midspan section exhibits a higher strength as
compared with beam subjected to two loading
points as shown in Fig.10b. Similar experimental
observations for the beams prestressed with external

cables have been reported elsewhere™.

4. PARAMETRIC STUDY

The effect of friction is performed on a simply
supported beam with a box section, which was
tested at the Research Center for Experiments and
Studies on Construction and Public Work (CEBTP)
in France’ ?. The dimensions of the beam, span

length and loading armrangement are shown in
Fig.11, and material properties are shown in
Table 3. Two deviators were provided at the
distance of 3.0 m from each other, and
symmetrically located from the midspan section.
The beam is analyzed by considering four different
cases, namely: 1) free slip; 2) slip with friction
coefficient of 0.17; 3) partially fixed; 4) perfectly
fixed. For the case of cables being free slip, the
friction coefficient is equal to zero, whereas for the
case of cables being perfectly fixed, the friction
coefficient should have a value, which is big enough
to restrain any movement of a cable at the deviators.
In this case the value of friction coefficient is
assumed to be equal to 2.0, which is referred from
Garcia-Vargas’s model®. For the case of partially
fixed, the friction coefficient is assumed to be 1.0,
which has an intermediate value between the cases
of slip with friction and perfectly fixed in order to
examine the extent of fixity at the deviators.

Fig.12 plots the predicted characteristics of the
load-deflection response for four cases and also the
results obtained from the experimental observations.
It can be seen from this figure that the deflection
responses behave essentially in the same manner as
in the experimental observations until the
decompression stage regardless of friction. This is
because the beam deflection is very small, which
induces a small tensile force in each cable segment,
leading to an extremely small unbalanced force at a
deviator. As a result, the cable slip generally cannot
occur at this stage. That is the friction at the
deviators does have an insignificant effect on the
deflection response until the decompression stage.
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Fig.11 Layout scheme of beam tested by CEBTP

Table 3 Material properties (N/mm?)

Concrete Prestressing cable
f ¢ EC fpy fPll EP-Y
41.0 3.8x10* 1570 1860 1.95x10°
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Fig.12 Effect of friction at the deviator on
the load-displacement responses

After the decompression, the deflection response of
beams with consideration of free slip and slip with
friction is more or less identical to the experimental
results, whereas for the case of perfectly fixed, the
prediction overestimates the strength of the beam at
ultimate. The reason for this can be explained that
since the cables are assumed to be a perfectly fixed
at the deviators, the stress increase in each segment
is independent from that of the others. As the
applied load increases, the deflection of midspan
and the accompanying concrete strain at the cable
level between the deviator points becomes large,
resulting in a great increase of cable stress of middle
segment (see Fig.13). A greater stress variation in
the middle segment of a cable induces a higher load
carrying capacity, resulting in overestimating
prediction of ultimate strength of the beam.

Fg.13 presents the results of stress increase in
the external cables. It is apparently seen that the
increase of cable stress exceeds the yielding strength
for the cases of partially fixed and perfectly fixed,
and remains in the elastic range for the cases of free

115

Increase of cable stress {N/mm?]

700

600 =g gy
W Ak
=,
® 400 [4
o .
°
o 300 [
3 Exp. results ©
& 200 Free slip —
Slip with friction —%—
100 Partially fixed —&—
Perfectly fixed —C—
(o}
0 300 600 900 1200 1500
Increase of cable stress [N/mm?]
a) Entire responses
650
600
)
3 s
= 550
g 550 o
o
3
= 500 Exp. results °
g Free slip ——
450 Slip with friction —%—
Partially fixed —&—
Perfectly fixed —O—
400
0 300 600 900 1200 1500
Increase of cable stress [N/mm?)
b) Responses after the decompression
Fig.13 Effect of friction at the deviators on the
load-increase of cable stress responses
1500
Exp. results —o—
Freeslp —=—
1200 /
900
600
300 Slip with friction —#—
Partially fixed —@&—
Perfectly fixed —<C—
0

0.04 0.06 0.08

Displacement [m]

Fig. 14 Increase of cable stress vs. deflection

slip and slip with friction. Although a small
discrepancy has been observed in the predicted
results for the cases with free slip and slip with
friction, the same rate of stress increase, however, is
approximately found until the ultimate state, and
very similar to the experimental observations.



1500

L
£
§ 1200 Partialy fixed —2—
= Perfectly fixed —C—
@ segmeftt ;: D
- —
s ™
S 600 \ 4 /s'/e
3
S 2" End
2
{1
§ A)S.egnlm_«.k__._-_
Q
£

o 0.02 0.04 0.06 0.08
Displacement [m])
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and perfectly fixed

Table 4 Comparison between the experimental observations
and the calculated results

Ultimate Ultimate | Increase of

Case of study load deflection | cable stress
kN mm N/mm’
Free slip 586.2 58.1 741.7
Slip with friction 580.6 54.0 679.4
Partially fixed 594.0 58.0 995.5
Perfectly fixed 589.9 454 1455.0
Exp. observations 570.0 53.0 745.0

A fairly linear relationship between the increase
of cable stress and the beam deflection is also
observed as shown in Fig.14. This indicates that the
stress increase in a cable is almost proportional to
the midspan deflection until the crushing strain
reaches in the concrete. However, the rate of stress
increase in the case of cable being perfectly fixed is
quite different from the other cases. It is also seen
from this figure that the rate of stress increase is
reduced from the deflection of 40.0 mm as observed
in the experiment. This is because the rate of stress
increase in the external cables is smaller than the
rate of increase in the beam deflection as the applied
load increases from this point. However, the rate of
stress increase observed by the predictions does not
change except the case of cable being slip with
friction. This may be indicated in the calculated
results for the ultimate load capacity, which are a
little higher than that of the experimental
observations (see Table 4). It is also found from the
results of the case of slip with friction that the
congcrete strain at the critical section suddenly jumps
as the applied load reaches the peak load. As the
crushing strain reaches in the concrete at the
compression region, the applied load is sharply
reduced, accompanying the beam deflection
increases significantly as shown in Fig.12. This
causes the change in the rate of stress increase as
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Fig. 16 Evaluation of the friction effect on behavior
of beams prestressed with external cables

shown in the curve of the increase of cable stress vs.
deflection (see Fig.14). Because the deflection of
beam increases noticeably after the crushing of
concrete, the linear relationship, therefore, is
terminated as shown obviously for the case of slip
with friction.

Fig.15 shows a comparison between the cases of
perfectly fixed and partially fixed in terms of the
increase of cable stress vs. deflection curves. It can
be seen from this figure that since the external
cables are being perfectly fixed at the deviators as in
the case of perfectly fixed, the stress increase in the
midspan segment and the end segment is totally
different. While for the case of the cables being
partially fixed at the deviators, the difference of the
stress increase in the midspan segment and the end
segment is lesser as compared to the case of
perfectly fixed. This indicates that some cable slip
might occur at the deviator points, resultir’ag in
transfer of cable stress from the midspan segment to
the end segment. This phenomenon is agreed well
with the experimental observations, which have
been conducted by Fujioka, A., et al.”®



It is also found from the calculated results that
the ultimate load of the beam with consideration of
partially fixed at the deviators does not increase
much as compared with the cases of free slip and
slip with friction (see Fig.12 and Table 4).
However, the stress increase in the external cables is
much higher as the comparisons have been made.
This is because the strain vanation in the external
cables depends not only on the overall deformation
of the beam, but also on the free length of a cable
between two successive deviators, 1.¢., it depends on
a ratio of L/L (the distance between the deviators
per the total span length). For the beam tested by
CEBTP, this ratio of Ly/L is equal to 0.5, which
seems to be considerably large. In this case the
extent of fixity of cable at the deviators has a
significant effect on the stress increase in the
external cables rather than on the ultimate strength
of the beam. It is believed that when the ratio of
L/L is rather small, both the ultimate strength and
the stress increase in the cables are significantly
increased due to the extent of fixity of cable at the
deviators. The improvement due to the fixity of
cable is also venfied by the experimental
observations for two pairs of beams with the
different ratio of LyL, which have been reported

6
elsewhere™.

The results at the ultimate stage for the beams
under the different bondage of cable at the deviators
are presented in Table 4. It should be, generally,
noted that friction at the deviators reduces the
ultimate deflection and increases the stress in the
prestressing cables. However, it is found from the
analysis that the results of the case of slip with
friction show somewhat contrary to the other cases.
The reason for that might be the strain jump, which
is happened in the concrete at the critical section as
explained early. Note that the calculated results in
terms of load vs. deflection and load vs. increase of
cable stress curves have been observed somehow
similar for the both cases of free slip and slip with
friction.

It is also found from the predicted results that
beam with partially fixed condition shows a higher
ultimate load but a lower increase of cable stress as
compared with beam having perfectly fixed
condition. This is rather contrary to the previous
findings that beam having a higher cable stress
should also have a higher ultimate load capacity in
general. The reasons for this can be explained that
since the cables are perfectly fixed at the deviators
as in the case of perfectly fixed, the cable stress
usually reaches the yielding strength at the lower
level of the applied load as compared with the case
of partially fixed. As a result, the ultimate load
capacity of the beam in the case of perfectly fixed is

a little smaller than that obtained from the case of
partially fixed. Moreover, the value of friction
coefficient adopted for the case of perfectly fixed in
this study is not exactly known for the real condition.
This reason might also lead to overestimate the
stress increase in the external cables. For the others
cases of this study, the predicted results are agreed
well with the findings from the previous studies.

The effect of friction is also investigated on the
beams tested by Nishikawa, K., et al."™® and
Zhang, Z., et al.”®. The calculated results are plotted
in Fig.16. It is apparently shown that the friction at
the deviators have some influence on the load-
deflection curves of a prestressed concrete beam
with external cables. Although a small difference

_between the cases of free slip and slip with friction

has been observed, the experimental results,
however, fit more closely with the assumption of
slip with friction. The same effect of friction at the
deviators is also found as in the case of the beam
presented in Fig.12. Similar predictions of the
friction effect on the behavior of the beams with
external cables have been reported elsewhere®”™ 2
It should be noted that since no any means to
prevent the movement of a cable at the deviator
points are generally provided, the assumption of
either free slip or slip with friction seems to be more
realistic rather than the assumption of perfectly
fixed in the numerical analysis.

5. SUMMARY AND CONCLUSIONS

A non-linear analysis using a finite element
algorithm  together with the deformation
compatibility of beam is performed to predict the
entire response of the. beams prestressed with
external cables up to the ultimate loading stage. The
accuracy of the proposed method is venified by
comparing the predicted results with the
experimental observations. The predicted results in
terms of load vs. deflection and load vs. increase of
cable stress curves are in reasonably close
agreement with the experimental data. The close
agreement between the experimental data and the
predicted results apparently indicates a validity and
potential of the proposed method for the analysis of
beams prestressed with external cables. The
proposed method is generally suitable for the
investigation of all kinds of beam prestressed with
external cables such as simply supported or multiple
spans continuous beams with or without deviators. It
should be noted that the proposed method might be
best for the purpose of research rather than for the
design practice. _

There is a close relationship between the two
curves of load vs. deflection and load vs. increase of
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cable stress. This relationship is also verified by the
fairly linear response between the midspan
deflection and the increase of cable stress for the
individual beam.

The appropriate amount of non-prestressed
reinforcement should be provided for externally
prestressed concrete beams to improve the ultimate
strength of the beams. The extemally prestressed
concrete beams with the adequate addition of
bonded non-prestressed reinforcement exhibit like
the flexural members after cracking rather than the
shallow tied arch members.

In consideration of friction at the deviators, the
cables with free slip and slip with friction produce
more or less equalized stress increase at all loading
stage, and very similar to the experimental
observations. While the cables with consideration of
partially fixed and perfectly fixed at the deviators
overestimate the stress increase as well as ultimate
strength of the beam.
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