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A micromechanical constitutive relationship is presented for the deformational behavior of steel
fiber reinforced concrete under uniaxial tension. Its properties are characterized by a nonlinear
interface between concrete matrix and fiber. The interface debonding is examined by the stress
criterion expressed in terms of the interfacial shear stress. The present model can take into account
the shear stiffness and the shear strength of the fiber-matrix interface, the frictional bond stress,
the constraint condition of fiber end, and the effect of the inclination of fiber. The validity of the
model is confirmed through simulation for the experimental data.
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1. INTRODUCTION

In a concrete structure with high mechani-
cal performance, the concrete should have high
strength and high toughness and ductility. The
mechanical behavior of concrete which is a brittle
composite material can be improved by adding a
certain amount of steel fibers. In a suitable vol-
ume concentration of fibers, microcracks formed
in the matrix are stabilized because of the bridg-
ing effect of fibers.

To obtain a thorough knowledge of the tough-
ening mechanisms of steel fiber reinforced con-
crete (SFRC) as a composite material that can
lead to the development of a new class fiber re-
inforced concrete structure, and to make fiber
reinforced concrete a practical material used in
various concrete structures, it is necessary to un-
derstand the constitutive relationship of SFRC.
These attempts provide a clue to the optimal de-
sign)of a SFRC structure (see, e.g., Nanakorn et
al. V).

To study the constitutive mechanical behavior
of SFRC, many types of research works have been
done. They may be grouped into two categories,
i.e., studies on the macroscopic mechanical be-
havior of SFRC and those on the microscopic me-
chanical behavior of SFRC.

To investigate the macroscopic mechanical be-
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havior of SFRC, Cho and Kobayashi 2 studied
the behavior of SFRC under uniaxial tensile load-
ing, Chern et al. ?) investigated the behavior of
SFRC in multiaxial loading, and Banthia et al. ¥
did research of SFRC with various randomly dis-
tributed deformed steel fibers under impact load-
ing.

The number of studies on the modeling of the
macroscopic mechanical behavior of SFRC is lim-
ited at present. Based on simplified composite as-
sumptions of steel fiber and concrete matrix com-
ponents, a constitutive relationship has been pro-
posed by Sumitro and Tsubaki ® to express ex-
perimentally observed macroscopic deformational
behavior of SFRC under multiaxial loading sat-
isfactorily. A constitutive model has also been
developed by Sumitro and Tsubaki © to be able
to express the mechanical behavior of SFRC un-
der impact loading.

However, to make the model more accurate for
the three-dimensional micromechanical constitu-
tive model, it is necessary to understand the mi-
croscopic deformational behavior and reinforcing
mechanisms of the steel fiber component in the
concrete matrix.

In addition, this kind of investigation will make
it possible to predict the pullout behavior of fibers
for given material parameters, to design fibers
for desired mechanical properties of SFRC, and



to control the tension-softening of SFRC. These
points are considered to be important from the
engineering point of view for more reasonable de-
sign of concrete structures.

The bond between the fiber and the matrix in
SFRC is an essential factor to be considered when
dealing with modeling of the microscopic mechan-
ical behavior of SFRC. The basic test to observe
the fiber-matrix bond parameters is the so-called
fiber pullout test in which a number of inclined or
aligned fibers are pulled out simultaneously from
a block of concrete matrix as performed by Naa-
man and Shah 7, Ouyang et al. 8 and Tsubaki
et al. 9). The effect of fiber properties on the ten-
sile mechanical properties of SFRC has also been
reported by Tsubaki and Sumitro 10),

To have a physically reasonable description of
the fiber pullout process with debonding propa-
gation on fiber-matrix interface, it is necessary
to identify the correct material parameters. Two
methods have been used to identify the bond pa-
rameters: the stress approach (see, e.g., Nammur
and Naaman 1)) and the fracture mechanics ap-
proach (see, e.g., Gao et al. 12)). These two meth-
ods have been compared by Stang et al. 13 and
examined by Li et al. 1. On the other hand,
a different approach without debonding propaga-
tion modeling was proposed by Li et al. 15

Aiming at characterizing various fiber debond-
ing and pullout properties, in this research, a mi-
cromechanical fiber pullout model is proposed.
The debonding between fiber and matrix is ex-
amined by the stress criterion where the propa-
gation of the debonded fiber-matrix interface is
expressed in terms of the interfacial shear stress.
The present model enables to take into account
the following factors: the shear stiffness of the
fiber-matrix interface, the shear bond strength,
the effective frictional bond strength, the effec-
tive elastic modulus of the fiber after debonding
process occurs, the effect of the end constraint
condition of fiber, and the effect of the inclina-
tion of fiber. Material constants for these factors
are estimated from experimental data.

Finally, the model predictions and the experi-
mental data are compared, and the validity of the
present model is verified.

2. MICROMECHANICAL MODEL

(1) Basic equations

In the present model, the fiber end condition
is newly introduced to take into account various
anchorage types of fiber. Some coefficients are
introduced to express the effect of fiber surface
condition. The influence of the fiber inclination
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is also considered.

Fibers inside concrete are modeled by the pull-
out model using the stress criterion 13). The pull-
out model of one fiber is shown in Fig.1. A single
fiber of a length of L is embedded in a matrix.
The matrix is assumed to be rigid except for an
interface zone idealized as a nonlinear interface.
The shear stiffness of the interface zone of the
matrix is k. The end effect of fiber is modeled by
a spring with a spring constant k4. The fiber is
assumed to have a constant cross-sectional area
Ay and an initial elastic modulus Ey,. The effect
of Poisson’s ratio is neglected for both fiber and
matrix.

It is assumed that debonding has occurred over
a length a, starting at z = L. Assuming that a
constant shear stress is acting along the debonded
interface ¥, it can be written that =

q = kU(z), O<z<(L-a) (1)

q =gy, (L-a)<z< L (2)
where ¢ is the shear force per unit length act-
ing on the fiber. gy is the frictional shear force
per unit length, and U(z) is the fiber displace-
ment. The constitutive relationship for the inter-
face layer is represented in Fig.2.

Denoting the fiber force by P, the equilibrium
equation is expressed as

Pz —q¢=20 (3)
where a comma preceding a subscript indicates

a differential operator, i.e., ( ) is the derivative
with respect to x. Introducing the constitutive

Y
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relat{onship for the fiber, the following equation
is obtained.

P = Ef A; Uy (4)
Then, the following differential equations for U
are obtained:

Ugr — WU = 0, 0<z<(L—a)(5)
SR/ S -
Ugs E, A, 0, (L-a)<z< L(6)

- with a quantity w defined by

k
“=\E4 ™

Introducing P* as the pullout force at z = L, the
boundary conditions can be prescribed as

kend U(O) = P(O) (8)

Ef A; Uy(L) = P (9)

The continuity conditions in displacement and
fiber load at £ = L — a require

U(L-ay = UL-a)*  (10)

Uz(L-a)" = Ug(L-a)t (11)

Solving the above set of equations, the follow-

ing solutions for the fiber displacement are ob-
tained:

_ P*—g;a {cosh(w‘z)
Uz) = EfAzw o
sinh(wz)
+a_ , O<z<(L-a) (12)
2 .
_ P*—gja {cosh[w(L -a)]
U(IL‘) - EfAjw aq
oL =0} _ar_(;
+ ) Q9 2EfAf\L a)

E¢A; 2E;Ag

>
U

P — ¢l

/A, z, ‘(L—a)<z<L (13)
where
a; = sinhw(L — a)]
+Fﬁ% coshfw(L —a)]  (14)
o = sinh[w(L - a)]E—’{f—l—f-ﬁ
+ coshw(L — a)] ™ (15)

Then, from Eq.(13), the displacement at the
fiber end U* is given by
P* — gsa {cosh[w(L —-a)]"
EfAjw
sinhjw(L — @
(sble(h— 0

Qg

U* =

(23]

P* — %qfa

* EsAg

(16)

(2) Effective elastic modulus of fiber

The elastic modulus of fiber is reduced by the
effect of composite action of fiber and matrix. %)
Therefore, the effective elastic modulus of the
fiber E is modeled as

(17)
where a. is a material constant. The coefficient
a. represents the fiber surface condition, i.e., the

Ef = aeEfo

'surface geometry and the bond condition. a. is

different from k& which expresses the shear stiff-
ness of the matrix surrounding the fiber, i.e., the
interface zone.

(3) Effect of fiber inclination

From the result of tension test on inclined
fibers 19, it is assumed that the ratio between
the inclined pullout force and the aligned pullout
force is proportional to the projection of inclined
fiber to the plane that is normal to the crack plane
as shown in Fig.3 and is governed by the follow-

'ing relationship.

P*y = P*p=gcos(f ) (18)

‘where P*, is the maximum force for inclined pull- -
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out, P*g-¢ is the maximum force for aligned pull-
out, and f is the snubbing friction coefficient,
i.e., an interface material parameter which can be
determined experimentally for each fiber-matrix
combination '®). From the result of the pullout
test 19, f is determined as unity in this study.
Then, to model a fiber with an inclining angle
0, the maximum shear force per unit length for in-
clined pullout g,, is assumed to be expressed by
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Fig. 3 Relationship between pullout force and inclin-
ing angle

the following relationship in terms of the maxi-
mum shear force for aligned pullout gy_-

Gy = Qyg=oCost

(19)

(4) Effect of fiber end condition

Fibers with various geometrical shapes are used
in actual SFRC structures. They can be classi-
fied into three kinds, i.e., straight fibers, hooked
fibers, and anchored fibers. By considering a dif-
ferent fiber end -condition for each fiber type, in
this model, it is assumed that the effect of fiber
end condition is represented by a spring constant

kend-

3. CRITERION OF FIBER PULL-
ouT

(1) Stress criterion

The stress criterion for debonding is based on
the assumption that the debonding takes place
only when the maximum shear stress in the inter-
face zone reaches a critical value. The criterion is
expressed in terms of shear force per unit length
g, and it is assumed tHat debonding starts when
g reaches a critical value gy.

It is also assumed that g, is constant, and that
the frictional shear force ¢y is expressed in terms
of the maximum shear force g, as

49y = Dgy (20)
where, after debonding occurs, D is assumed to
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be constant, Dg, up to the peak:
D=Dy, 0<Dp<1 (21)
The coefficient D expresses the shear transfer ca-
pability which depends on the surface condition
of the debonded zone.
Then, the solution for ¢ is

g = (P" - Dgyajw {——cos};(lwz)

M}, 0<z<(L-a) (22)
az

q = Dg,, (L-a)y<z <L (23)

The condition for debonding, ¢ = ¢, at z = L —a,
can be written as

. &
P* = gsa + ”

a0
{a1 sinh[w(L — a)] + a3 cosh[w(L — a)) }(24)

(2) Load-displacement relationship

The schematic load-displacement relationship
for one fiber is shown in Fig.4.

From the origin O to point A, the fiber has an
elastic relationship, which is referred to as elastic
state.

After reaching point A, debonding process
starts and propagates up to full debonding that
occurs at point B, which is referred to as debond-
ing state. During debonding propagation process,
the fiber elastic modulus is assumed to be con-
stant for the duration of each load step, having
the reduced value.

AN
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Either in a displacement-controlled test or
load-controlled test, just after reaching point B,
a sudden failure occurs and the sustainable load
drops to a level at point C. After sudden failure,
a successive pullout process continues until the
fiber is totally pulled out. This state C-D is re-
ferred to as pullout state. Assuming that after
sudden failure the remaining embedded part of
fiber provides frictional resistance, the following
relationship holds:

where Ly is the frictional length of fiber. It is as-
sumed that the elongation of the fiber is negligible
because it is too small compared to the original
fiber length and the total displacement. Thus,
the frictional length is considered to be equal to
the difference between:fiber length and the fiber
end displacement as shown in the following equa-
tion.

Ly =L -U" (26)
In the pullout state, it is assumed that D depends
on the fiber end displacement as in the following
relationship:

) ‘ U*1Pe
D = Dyexp(—aq [U—o ) (27)

where ag, pg and Up are constants.

Consequently, g5 is not constant in the pullout
state. This may be attributed to the reduction
of shear resistance due to the abrasion of surface
roughness of the interface by large slip of fiber.

The exponential function is used for the coef-
ficient D because it can represent wide range of
the behavior in the pullout state for various fiber
types.

The coefficient D controls the tension- softemng

behavior of SFRC. By determining its value for

representative fiber types under wide range of val-
ues of other parameters, it becomes possible to
estimate the behavior of other fiber types.

4. COMPARISON WITH EXPERI-
MENTAL RESULTS

(1) Material constants

A set of uniaxial tension tests for SFRC ha,ve
been done 9 19 to obtain the deformational be-
havior as described in Appendix A. The experi-
ment was conducted by pulling out 32 fibers si-
multaneously. For the purpose of data fitting, the
mean value of 32 fibers is assumed to represent
the deformational behavior of one fiber.

Analysis of numerous test data reveals that the
optimum values of empirical material constants
aq and Dg are always nearly the same. Therefore,

P* = g7 Ly (25)

they are fixed as ay = 0.05, Dy = 0.9. It is
also set that Uy = lmm.

The snubbing friction coefficient can be deter-
mined from the result of the pullout test for each
fiber-matrix combination. For the present test,
i.e., pullout of steel fiber from high strength mor-
tar, f = 1.0. The initial elastic modulus of
steel fiber is taken as By, = 2.0 x 10°N/mm”.
As a rough estimate, the first trial value of the
maximum shear force per unit length ¢, can be
approximated by the maximum measured pull-
out force from experimental data divided by the
length of fiber. This material constant controls
the maximum pullout force at the fiber end P*.
Shear- stiffness k& of the matrix of the interface
zone is taken as k = 0.20 x 10°N/mm?.

. The value of the fiber end spring constant k.4
may be approximated independently by consider-
ing the fiber end condition which depends on each
fiber geometry for a straight fiber, a hooked fiber
and an anchored fiber. It is assumed that there
is no spring at the end of a straight fiber. From
the observation, the value of fiber end spring con-
stant for an anchored fiber should be larger than
that for a hooked fiber.

Other empirical material constants can be es-
timated from experimental data. The analysis of
available test data shows some knowledge about

‘the influence of the material constants on the de-

formational behavior of fiber pullout as summa- -
rized in the following.
¢ a.
Material parameter a. controls the displace-
ment at the peak shear force. For larger
value of a., the peak shear force occurs at
a larger displacement. The peak shear force
of a hooked fiber occurs at a larger dis-
placement than that of an anchored fiber.
Therefore, a, for fitting the pullout force-
displacement curve of a hooked fiber should
be chosen so as to be larger than a. for fitting
that of an anchored fiber. The displacement
at the peak shear force is about lmm from
the test data. %) 10)
* pu
" Material parameter py controls the shape of
the strain-softening curve. Larger value of
P4 gives a steeper strain-softening curve. Be-
cause of the rupture of an anchored fiber, its
strain-softening curve is steeper than those
of a straight fiber and a hooked fiber. Con-
sequently, the value of p; for an anchored
fiber is larger than those for a straight fiber
and a hooked fiber.
The fitting of test data was accomplished by a
trial-and-error approach.
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Fig. 5 Comparison with experimental results of fiber
inclination effect

(2) Fiber inclination

To simulate the experimental results of inclined
pullout test, the following parameters are used:
L = 12.5mm, d = 0.55mm, k.,y = 0.0N/mm.
The optimum values of other material parameters
are listed in Table 1.

The data fits of inclined fiber pullout test are
shown in Fig.5. From the load-displacement
curves, it is observed that the maximum pullout
force is reduced for larger inclining angle. The
maximum pullout force is 141N for § = 0°, 119N
for § = 30° 104N for § = 45°, and 64N for
0 = 60°. Compared with the maximum pullout
force for § = 0°, the reduction percentage be-
comes 16% for § = 30°, 26% for 8 = 45°, and
55% for # = 60°.

The simulations include the elastic state, the
full debonding at the peak, sudden failure, and
the softening portion which is caused by the fric-
tional pullout of fibers from the concrete matrix.
The sharp drop of the pullout force at the peak
observed in the simulation result may disappear
in the case where the statistical variation of ma-
terial properties is considered. It is confirmed
that the numerical simulation using the present
micromechanical model can express the deforma-
tional behavior of SFRC with the effect of fiber
inclination satisfactorily.

(3) Fiber geometry

To simulate the experimental results of pullout
test for the influence of fiber geometry, the fol-
lowing parameters are used: § = 0°, L = 15mm.

2 T4
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Fig. 6 Comparison with experimental results of fiber
geometry effect

The optimum values of other material parameters
are listed in Table 2.

The data fits of aligned fiber pullout test
for different fiber geometrical shape (straight(2),
hooked and anchored fibers) are shown in Fig.6.
The displacement-pullout force relationship for
straight(2) steel fiber starts with an elastic state,
followed by a debonding state up to the maximum
pullout force. After a sudden failure, a frictional
fiber pull out state continues.

The deformational behavior of hooked steel
fiber is summarized as follows. The full debond-
ing phenomenon occurs around the maximum
pullout force, followed by a sudden failure. Sub-
sequently, a plastic deformation of the fiber hook
occurs. In these two geometrical shapes of steel
fiber, there is no fiber rupture.

The deformational behavior of anchored steel
fiber is different from other types. It is observed
that after achieving the maximum pullout force,
sudden failure occurs, followed by a small plastic
deformation of the fiber in a small fiber pullout
displacement. Then, fiber rupture occurs.

Similarly to the previous simulation for the in-
fluence of fiber inclination, the sharp drop of the
pullout force at the peak observed in this simula-
tion result may also disappear in the case where
the statistical variation of material properties is
considered. From these experimental data fitting
results, it is confirmed that the present model can
describe the deformational behavior of steel fibers
with various geometrical shapes.
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Table 1 Optimum values of material parameters of pullout test for fiber inclination

Type of [/ gy Pd
specimen | (deg) | (N/mm)
0 12.5 2.7 | 0.018
Straight 30 10.8 2.6 | 0.015
fiber(1) | 45 8.8 |25]0012
60 6.3 1.8 | 0.009

Table 2 Optimum values of material parameters of pullout test for fiber geometry

5. CONCLUSION

A micromechanical fiber pullout model is pro-
posed for SFRC. Comparing with the experimen-
tal results, it is confirmed that the present model
is suitable to express the pullout mechanical be-
havior of SFRC under uniaxial tension.

The major findings of this study can be sum-
marized as follows.

(1) The pullout behavior of steel fiber subjected
to uniaxial tension is influenced by the fiber
inclination. The maximum tensile pullout
force is reduced for larger inclining angle.

(2) The pullout behavior of steel fiber subjected
to uniaxial tension is also influenced by the
geometrical shape of fiber. The pullout be-
havior of a straight fiber or a hooked fiber is
more ductile than that of an anchored fiber.
The increase of ductility is provided by the
frictional resistance between the fiber surface
and the concrete matrix.

(3) The pullout behavior of steel fiber described
above can suitably be expressed by the
present micromechanical fiber pullout model.
Various stages of the fiber debonding and
pullout process are clearly shown in the sim-,
ulations of the aligned pullout test for several
types of steel fibers and the inclined pullout
test for various inclining angles.
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Type of d Qy ‘ kend Pd Qe
specimen (mm) [ (N/mm) | (N/mm)
Straight fiber(2) | 0.60 | 14.0 0 |1.0]0024
Hooked fiber 0.60 13.0 20000 | 1.3 0.015
Anchored fiber | 0.50 14.0 40000 | 5.5 | 0.063

APPENDIX A  BRIEF SUMMARY
OF THE PULLOUT
EXPERIMENT?®):19

(1) Materials

The materials used are ordinary Portland ce-
ment, steel fibers, and river fine aggregate with
maximum size of 5mm.

Four types of steel fibers are used in the exper-

" iment.

1) Straight(1) cut wire with indented surface
(see Fig.7(a)). The equivalent diameter of
the fiber is 0.55mm and the aspect ratio is 45.
The length is 25mm and the tensile strength
is 1000N/mm?.

2) Straight(2) cut wire with indented surface
(see Fig.7(b)). The equivalent diameter of
the fiber is 0.60mm and the aspect ratio is 50.
The length is 30mm and the tensile strength
is larger than 1000N/mm?2.

3) Hooked cut wire with smooth surface (see
Fig.7(c)). The equivalent diameter of the
fiber is 0.60mm and the aspect ratio is 50.
The length is 30mm and the tensile strength
is larger than 1100N/mm?. -

4) Anchored stainless steel wire with a round
block at both ends (see Fig.7(d)). The
equivalent diameter of the fiber is 0.50mm
and the aspect ratio is 60. The length
is 30mm and the mean tensile strength is
1000N /mm?2.

In order to obtain homogeneous matrix in a
specimen, coarse aggregates are not used. Fur-
thermore, a superplasticizer (anion type agent) is
used to improve the workability. -
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(2) Specimen and mix composition

Specimens are made from high strength mor-
tar. The water-cement ratio is 0.3 and the sand-
cement ratio is 1.0. Each specimen consists of
two parts, i.e., upper block and lower block of
the same size. It is assumed that crack has oc-
curred at the discontinuous plane between two
blocks. The size of the discontinuous plane is
100x100mm. The total height of the specimen
is 300mm. Steel fibers are arranged to have
a certain inclination angle to the discontinuous
plane with the same embedment length in two
blocks. The number of fibers is 32 (8 rows and 4
columns). Fibers are allocated in a grid position
with longer spacing 20mm and shorter spacing
10mm.

(3) Loading method

The specimen is loaded at the age of 28days af-
ter curing in 20°C water. The average compres-
sive strength of the age of 28days is 54.8N/mm?,
The load is applied to push down the lower block
by the hydraulic universal testing machine with a
loading rate of 0.25 N /s, while the upper block is
supported. The pullout slip of fibers is measured
by LVDTs at both sides of a specimen.
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APPENDIX B NOTATION

Ay = cross-sectional area of fiber
a = debonded length
aq,pg = material parameters related to D
a. = material parameter related to Ey
D= q/q
Do = initial value of D
d = diameter of fiber
Ej = effective elastic modulus of fiber
Ey, = elastic modulus of fiber
f = snubbing friction coefficient
k = shear stiffness of interface zone
kena = spring constant of spring at
fiber end
L = fiber embedment length
Ly = frictional length of fiber
P* = fiber pullout load
Py = maximum pullout load for
inclined fiber
g = shear force per unit length of
fiber
gy = frictional shear force per unit
length of fiber
¢y = maximum shear force per unit
length of fiber
Up = a constant(= lmm)
U* = fiber end displacement
6 = fiber inclining angle
w = interface parameter( \/k/(TjA,))
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