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THE STABLE LONGITUDINAL PROFILES
OF RIVER BEDS

SYNOPSIS

All present river bed equilibrium theories presu-
ppose rectangular sections. This practice will bring
satisfactory results in the case where the cross sec-
tion of the river bed is nearly horizontal like that
of the upper reaches of a sand-bank dam, but is
not accurate in the case of a complicated cross sec-
tion or of the cross section of a compound channel
often seen at a repaired river. In this paper, the-
refore, -the analysis is made of equilibrium longi-
tudinal sections of river channel with consideration
for the cross sections. As the cross sections in the
dynamic equilibrium state still remain unknown, ex-
amples of the cross sections of compound channels
and parabola have been taken for cross sections.
Two kinds of solutions under varied equilibrium
conditions have been worked out by using the Man-
ning’s roughness coefficient #» and the equivalent
roughness ks for the friction term. Also studies
have been made on theoretically unsolved factors
By the method of this

paper it will become possible to obtain solutions

and application problems.

for general stable cross sections too in similar ways.

1. INTRODUCTION

In executing river improvement work such as
building dams, beds and spur dikes or changing the
river widths and channels, it is important to foresee
the various changes expected to take place in the
river beds after the improvements. There is now
a remarkable tendency that while the volume of
the gravel artificially gathered from most of the
Japanese rivers to meet the demand from the con-
struction industry is rapidly increasing, that of the
gravel supplied to the rivers from their upper rea-
ches is decreasing because of the progress of dam
construction and anti-erosion work at the catchment
areas. This factor causes the lowering of river
beds especially those in the vicinity of cities and
affects the normal functions of the rivers by making
it difficult to obtain service water and damaging
river conservation facilities and other structures. In
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order that the functions of rivers may be properly
maintained under this condition, it is necessary to
predetermine stabilized river shapes for the fature
by foreseeing the possible changes of the river
beds.

For equilibrium river bed theory, the one known
as the ‘‘regime theory” suggested by Kennedy in
1895 was the first. Later this theory was developed
by Lacey in 1929, but it was not based on sufficient
study about its physical grounds and lacked univer-
sality for application. In Japan, Mononobe and Aki
formed a theory based on the notion of critical
tractive force and studied practical methods in 1951
out of necessity to draw out coherent river improve-
ment programs. In recent years, keeping pace with
the progress of researches on sediment problems,
there have been many improved studies based on
the theory of sediment transport, such as by Sato
(1957), Kikkawa and Sone (1953), Sugio (1957)Y,
Yano and Daido (1958), Tsuchiya (1958 and 1962)»,
and Masuda and Komura (1960):". Some of these
recent theories of sediment deal with the static
equilibrium state and others with the dynamic equi-
librium state. The former is the case where the
river bed materials constituting the runway do not
move, that is, the tractive force is below the criti-
cal and the latter is the case where the quantity of
sediment does not change longitudinally and is in a
state of equilibrium.

These studies are made on the basis of funda-
mental equations of non-uniform flow and carry out
analysis by the use of the sediment transport func-
tion or the critical tractive force function, but all
Where
the cross section of the river bed is nearly horizon-

of them presuppose rectangular sections.

tal as in the case of the upper reaches of a sand-
bank dam or where the section is single as in the
case of an artificial channel, these theories are fully
applicable and can lead to satisfactory results.
However, in many rivers the cross sections are com-
plicated and it is not advisable in respect of accu-
racy to discuss the flow velocity and depth in terms
of mean values, and therefore in such cases a con-
sideration of the characteristics of the cross sections
is highly desirable.

As an attempt for considering such cross sections
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of rivers, a study is made in this paper about the
case where general cross sections (including double
sections and quadruple cross sections) are consi-
dered as divided into several sections and also about
the case of parabola, both on supposition that the
water level and energy gradient do not approxima-
This

study has been made under various equilibrium

tely change to the cross sectional direction.

conditions in the light of the actual situations of
rivers. For the resistance rule, the solution has
been reached by the Manning’s Formula and by the
formula based on the equivalent roughness Z;.
Concerning stable cross sections, there are a few
examples of studies on static equilibrium, but dynamic
equilibrium remains still unsolved as it is not so simple
because of the problem of secondary flow and others.
Furthermore, there has not yet been known any
rule on the distribution of the average diameter of
particles of the river bed materials in the cross sections.
This also makes it difficult to discuss the profiles of
There are many rivers
As the stable
cross sections in the static equilibrium theory give
the gradients of side walls, they do not have any

cross sections of river beds.
having considerablly large width.

large influence as a whole in rivers having large
width compared with the depth.
Japanese rivers are provided with sea walls, the

Since most of the

problem of static cross sections is not important and
therefore shall not be discussed in this paper.
When such equilibrium theories are put to actual
applications for rivers, there are still a lot of ques-
tions to be answered. Rivers do not always have
constant discharge. The characteristics of river bed
materials, such as rules on the changes of longitu-
dinal profiles like average particle diameter and
particle size distribution are not certain.  Also it is
extremely difficult to foreknow the future changes
of river bed materials and the production quantities
of sediment. Such complicated unknown factors are
involved in the equilibrium theories. The problem
of whether or not there exist equilibrium river beds
still have much to be discussed. =~ Whether rivers
approach equilibrium dynamically or statically is
also one of the most important problems in the
application of the theories. Here studies are attem-
pted on factors which have large influence on the
application of the theories and the values of cal-
culation of equilibrium longitudinal profiles for stu-

dying the equilibrium beds of actual rivers.

9. BASIC EQUATIONS AND CALCULA-
TION MODEL

To analyze the problem theoletically, the follow-

ing seven equations are considered: (1) The equa-
tion of motion, (2) the equation of continuity for
flow, (3) the sediment transport formula, (4) the
equation of continuity for sediment transport, (5)
the equation of critical tractive force, (6) the geo-
metrical equation, and (7) the law of resistance to
flow.

For minute discussions of river equilibrium sha-
pes, there are many other equations required.
They are (1) the equation for giving the volume
and particle size distribution of the sediment flow-
ing to the area under consideration in an equili-
brium state, (2) the equation for giving the longi-
tudinal distribution of the representative particle
diameters of river bed materials in equilibrium, (3)
the function of the channel width in equilibrium,
(4) the function for giving the stable cross section,
(5) the function of plane characteristics such as
meandering, and (6) the equations related to the
volume of water such as flow rate, hydrograph and
flow rate frequency. These are very important
functions, but at present they are either unknown
or artificially controlled, and therefore shall be
substituted by given values in the present analysis.

Consequently, as far as this paper is concerned,
the theoretical solution of the problem of river
equilibrium longitudinal profile may be done by the
simultaneous use of necessary equations taken out
according to the dynamic or static equilibrium case.

First, there are equations employing Manning’s
formula, Chezy’s formula, and equivalent roughness
All these equ-
ations are not much different from each other, and

ks as the law of resistance to flow.

any of them may be used without causing funda-
mental difference. For instance, when the average
flow velocity at each point is expressed by «, Man-

ning’s coefficient of roughness » is given by
n

And the relation between the coefficient of rough-
ness and the equivalent roughness k; is expressed
by the following semi-theoretical equation for flow
velocity distribution through u/us.:
_5;28-5—‘%""‘?’,:.—:310%10"]% ............... (2)

where

h=water depth, g=gravity acceleration, uy=+/ghl
is the friction velocity, I=energy gradient, r=
Karman’s constant. & is the function of the con-
centration of sediment, and in the case of pure
water, £=0.4. The equivalent roughness, though
not without problems, may be expressed generally

by
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where

K and m are constants, d,=the average particle
diameter of river bed materials, p;=the density of
river bed material, p=the density of water. The
values of the constants K and m, as long as the
tractive force is small and sand ripples are not yet
produced, are approximately K=0.5~4 and m=0,
but when sand is produced to the extent of causing
ripples or dunes, they® are approximately K=
10°, m=2. When the river bed is in transition
and forming antidunes, the value of ks/d,, is small,
but is quantitatively not well known. In the stage where
sand waves are produced, it is not adequate to make
%, dimensionless with the average particle diameter
of sand and gravel d,,, and therefore the expression
(3) involves some questions to be solved in the
future. In this respect the equation (3) should be
improved on.  Since the equation (2) is not con-
venient, it is sometimes substituted by the approxi-

mate equation in indicative form as follows:

_“_:E<_}f.>q .................................... (4)

U ks
where
E and g=constants. According to Manning’s equa-
tion, g=1/6, E=k2/(ny/ ¢).
as approximately constant when A/ks is within the

E may be regarded

range of 1~10%; and according to Einstein and Bar-
barossa, E=7.76; when Strikler’s formula n=
dm'%j21.2) is used, E=6.74 ; when the writer’s
formula (7==0.04 %,/%) is used, E=8.0, and the
value is always approximately 8.

In the case where the influence of the cross sec-
tion of channel is taken into account, the equation
for the motion of steady non-uniform flow, if the
axis x is set in the direction of the flow, is, in the
stationary state, as follows:

ad | @ L(Jl)

dxr  2¢ dx\ A*
where
H=water level, Q=discharge, A=sectional area,
D=the corrected coefficient of the flow velocity
distribution by the influence of cross section. The
equation (5) is based on the presumption that (1)
the flow may be regarded approximately as one di-
mensional, (2) therefore the water level and energy
gradient are constant in the cross sectional direc-
tion, and (3) the corrected coefficient @ of the flow
velocity distribution in the perpendicular direction
is constant throughout the entire sectional area.

Under these conditions, D of the equation (§)
may be calculated from

@ (B2 [ 4 \3
DMZJ-Bn(?) By -erosreissnionniieennnn, (6)

where

B=channel width, U=Q/A is the average flow velo-
city of the cross section, y=the distance from the
center of channel (See Fig. 1). In this case, there
are Manning’s equation and an equation based on
the equivalent roughness k; available for obtaining

the flow velocity distribution. The former is

B/2  p3
arf” ey
-B2 N
’_ETZW_;’E ........................... 7
[J -Bj2 N y:\
The equation (7) was given by Ida”. The latter,
with « of the equation (4) substituted into the equa-

D=«

tion (6) and employing the equation (3) with re-
gard to kg, is

B/2 5+6¢-6mq
AZJ dp?m 0y T dy
~B/2
D=a =ps T e (8)
[Johm )
-BJ2

where
As to each divi-
ded channel in the cross section, when the coeffici-

E, K, q, ps, and m are constants.

ent of roughness is known the equation (7) may be
used, while it is not known the equation (8) may

be used.
B
B/2 B/2
¥
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Fig. 1 Definition Sketch for Cross Section of
River Channel
Of the energy gradient I of the equation (5), no
other consideration than the loss of energy by fric-

tion shall be made. This may be obtained from

condition of continuity Q=J uhdy by Manning’s
equation or the equation based on the equivalent
roughness %, considering it as quasi-uniform flow.

When the variation of the channel width is large it
is necessary to adopt the condition of non-uniform
flow or to separately consider the energy loss by
sudden widening or narrowing. When the channel
width is gradually changing, I may be given by the
Manning’s equation as
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B2 5/3 -2
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and by the equations (4) and (3) as

B/2 q -2mgq -2
J AT gy Wt

I=I | —Smag | sererreeeresreenniiinnns €D

- B2
I=1, Bo/2 3129-2mgq
j o™ R 2 dy
- By/2
........................ (10)
where
1—-2mg3c0. The suffix o as used here shows the

value at the reference point. In case 1—-2mg=0,
the flow velocity # becomes unrelated to the gradient
I and the solution cannot be made.

The gradient at reference point I, is given by

Manning’s equation

2 ps =
I= QU‘ o ho ’3 :\2 ..................... an
By/2 Ny

and by the equation based on kg
S ——
VEK? {(os/e) —1}™

By/2 +2q -2mq -2
[J o l)qh dy]l-Zma
By/2

In this case, a point near uniform flow where the

variation of the river bed is small should be selec-
ted for the reference point, and the calculation
should be made by the water depth A, complying
with the volume of sediment flowing to the area
under consideration. h, will be calculated later.

In the equation (5), the condition of continuity
Q=AU is included.

Although there are various formulae for the qu-
antity of sediment transport so far announced, the
following may be generally adopted:

l: - u*c
u*d {(ﬂs/ﬂ) ~1}gdm

where

P
............... (13)

gr=gs+qp, which is the total quantity of sediment
transport per unit of width, gs and ¢p are the sus-
pended load and bed load respectively per unit of
width, #s.=the critical friction velocity correspon-
As and P=con-
Where the tractive force is sufficiently large

ding to the critical tractive force,
stants.
and us>u4,., the equation (13) becomes approxima-
tely

gr=as[{(0s/0) 1} g1 Fdp' Pus'+?F - (14)
In the equation (14), according to Brown’s formula
for giving the total of suspended load and bed load,
P=2, a,=10; and according to Sato, Kikkawa and
Ashida’s formula, P=1, a,=0.623 (40n)%%, =<
0.025 (m-sec unit), a,=0.623 and »>0.025 (if
F(zfr) =1).

In the dynamic equilibrium state, the condition
if the total
quantity of sediment transport for each section is

of continuity of sediment transport,

expressed by Qr, is

B/2
Qr= J QTdy=cOnst - vereersseiiinnicinns (15)
-B/2
Needless to say, in the static equilibrium state,
Qr=0.

As to the formula for critical tractive force, there
are many experimental ones but few theoretical
ones. There are only three of them, namely White’s,
Kurihara’s and Iwagaki’s. The most commonly
adopted Iwagaki’s formula may be generally expre-

ssed as

u*czz%‘ =ac{(ps/0) —1}gedm

where

r.=the critical tractive force, a.==the constant de-
termined by the value of uydn,/v (See Fig. 2), v=the
coefficient of dynamic viscosity.
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The equation for geometric conditions consist of
the relations between the water level, river bed
height, and river bed gradient i as follows:
H=z+h, Zmin=H"hmax
Tz
The equilibrium river bed longitudinal profile
may be obtained by simultaneous use of the above
fundamental equations. In this case, there are two
expressions, one by substituting the equations (7)
and (9) into the equation (5), the other by substi-
tuting the equations (8) and (10) into the equation
One

is by differentiating the first and second terms of

(5). Also there are two ways of solution.

the equation (5), and the other by integrating them.
In either case, the relation with the water depth
determined by the conditions of equilibrium is of
course used. While the former requires the previ-
ous substitution of the relation with water depth
before conducting the differentiation, the latter per-
mits the previous integration before substituting the
relation with the water depth for obtaining the
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equilibrium river bed. If integrated, the equation

(5) becomes as follows:

z=z°+ho—k~--91<£~~~93—>—Jx Idx
2¢ 0 %o

where

suffix o is the value where the reference point z=
x,. As the third term in the righthand member of
the equation (18) shows the case where x is set in
the direction of lower reaches from the upper rea-
ches, it is necessary to reverse the sign to plus in
the case of coordinates setting x from the lower to
upper reaches.

The remaining work necessary for obtaining the
equilibrium river bed is to determine the water
depth A from the conditions of each equilibrium.
This point shall be stated later in this paper under
proper head.

3. RIVER BED EQUILIBRIUM LONGI-
TUDINAL SECTIONS FOR CROSS
SECTIONS OF DEFORMED CHAN-
NELS

The cross sections of rivers are sometimes highly
complicated. The dynamic cross sections are still
unsolved, and shall not be discussed here. The
present study has been made on the presumption
that the law of cross sections may be given. The
equation (5) is expressing cross sections continuou-
sly. If approximated to step-shaped sections of the
discrete type, this does not lose the universality in
principle. Most of improved rivers have double
sectional channels. In that case, the calculation is
possible by dividing the sections in two or three.
Quadruple sectional channels may be treated in the
similar way.

Suppose the cross section of a river is divided
into n’ rectangular sections and n or kg in each sec-
tion is a constant and also the shear strength on the

boundary of each section may be approximately dis-

regarded. Then the following relations are possi-
ble:
B=B,+ B, eereeeeene = 2"1 Bi ceeeiiiinins a9
B B, Bs
» 7
A g ;
i 7,
7

%———- h,
Low water channel /—%W ;
“ {(High water channel
Z,

D.L.

H

Fig. 3 Definition Sketch for Cross Section of
Compound Channel

A=Bh,+Byhyteeeee = .S'IBihi ............ (20)
Qr=Qr +Qr,+ ::,-ZIQT" ............ @D

where

B; is a given quantity. As the equilibrium condi-
tions for channels having such section, the follow-
ing shall be handled:

(1) @Qr,=constant, Q7,=const.,--- Qri=const.

(2) Qr= g‘lQrizconst., (Qr; is disregarded)

(3) Low water channel and in dynamic equili-
brium, critical tractive force at high water
channel (static equilibrium)

(4) Low water channel and in dynamic equili-
brium, no change at high water channel
(stationary, given quantity)

(5) Critical tractive force at low water channel,
no change at high water channel (stationary,
given quantity).

(1) is a case where the cross sectional division of
the channel does not change longitudinally and each
divided channel is in independent dynamic equili-
brium. (2) is a case where the division of the
section does change longitudinally but the flow of
sand is continuous and the entire quantity of the
sediment transport of the cross section may be con-
sidered as constant, for instance, the case where a
double section continuously changes into a single
(3, (4) and (5) are cases of double sec-
In many rivers the beds of high

section.
tional channels.
water channels are considerablly stable. In case a
bed of a high water channel has, for example, faci-
lities built on it or plants growing on it, it is a case
mentioned in (4) or (5).

Next, the water depth % at equilibrium state is
obtained with regard to each of these cases. De-
pending upon the conditions of continuity for the
sediment transport and the conditions of the river
bed in each of the cases (1)-(5), the results will be
various. As mentioned above, two expressions are
considered for the law of resistance, so one or the
other will be used for each case. The analysis of
each case shall be made later in detail.

In order to obtain the equilibrium river bed
height 2, it is necessary first to determine the refe-
rence point. A place where the change in river
bed hardly occurs and not away from the uniform
flow should be selected for it. Next, I, and A
shall be obtained from the quantity of sediment
transport Qr at the time of equilibrium of the area

under consideration and the coefficient of roughness.
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Next, 7n;, d.; and B; shall be estimated. Next,
after the water height 4 at the time of equilibrium
for each case is obtained by the method to be sta-
ted later in detail, D and I shall be calculated by
the equations (7) and (8) respectively in case Man-
ning’s formula is used or by the equations (8) and
(10) respectively in case the equation based on the
equivalent roughness k; is used. Next, the river
bed height z is obtained by substituting these values
into the equation (18).
(1) Where Qr,=constant
In the case where, in each of the rectangular
channels divided into #’, the sediment transit is
longitudinally continuous and the movement of sedi-
ment transit between each channel can be disregar-
ded,
Qri=as{(ps/p) =1} ~2.g'?
1+2p

1+2p 1+2
XTI Z7d,;'~2+h;"2 «B;

according to the equations (14) and (15). As the
quantity of sediment transit at each divided channel

is independently constant,
ji__ . dm-i LXK1-p) B,’ )-L(i)"l
< hui >~<dm~o~i> e ( BM' e 10

from the dondition Qp;=constant as given in the

equation (22) when a;, o, and P do not change
longitudinally, where o is the value at each refe-
rence point. If the energy gradient [ is given by
the equation (9) based on Manning’s formula and
by the equation (10) based on the equivalent roug-

hness, the equation (23) becomes

hi \_( dmi \-E52( B; )-2
< }loi >~(77;;1—> e < Boi e
2

w
2; n; " h**B;
=

T
& 70" hoi**Bo
i=

and
. S\ 2= , 2
( hi >: Ai \-%5 _§z_>"r+27
hoi dmoi Boi
n' 3+29-2mq 2
S d; ™%, 2 B [Foma
i1
x n’ 3+2¢~2mgq
3 Aoy 27 By
i=1
.............................. (25)
respectively.  The number of %; is #»' and that of

the equations is also »/, so in case the »’ is not so
large, h; can be obtained by the method of trial
and error.

The double sectional channel of a river consists
of a low water channel and a high water channel,
and the latter is usually divided into two parts
though they are often nearly equal in height. The

equilibrium longitudinal profile of such a channel

may be treated approximately as n'=2. If n’ is
set as 2 in the equations (24) and (25), respectively,
B B M 5/37]—-6/7
— 2l e Wt (et 20 TN ES
hi=M, 2 * 72, ( Mx) :| 26
and
B 573 B —6/7
— =37 L 2L 2 e
he=M, I:”1<Mz> +"2:l @0
where
hm(?ﬁ)}%—? <§; )"frzéz
=1 mal 0 e
M= (9,7 o *° By, + 745 Rg2™ " Bop)? @
(o) B ) %
+2p +
M,= A donos Bu/ .. @))
: (o he* P By -+ 15,7 s Byp)?
and
_1-2mgq
h,=N, 2(1+q>[dm,<'”-"qu
34+2¢~2m 1
+dm2(m~1)432< xz )""qz—_g]‘ilﬁ - (80)
1
1-2m 3+42¢-2m
kz:Nz'erﬁ[dmgmwBl( N
2
i
+dm2(m—l)432]'ﬁi? ........................ €D
where
hox( 5”” >_2§1+*2£)
Ny= 3’232-2“ X
(dmOJ(m_l)qhol 2 BUI
<_gl )'1%7)
X = 2¢q-2mgq 2
F donos ™ R 2 02) 1-2ma
.............................. (32)
hoz(%ﬂ)‘%ﬁ)
N, = 3”:2-2mq
(dmox(m‘”qhol 2 BO]
(£
x * 3%8q-2mq 3
+dm02<m_l)qh02 2 Boz)m
.............................. (33)

Needless to say, where n’=1, the above equations

may apply also in the case of a rectangular section.

(2) Where Qrz’i'lQrirconstant (Q7; is dis-

regarded)

This is the case where, irrespective of the quan-
tity of sediment transit of each divided channel, the
quantity of sediment transit of the entire channel
is longitudinally constant and stable. Therefore,

according to the equation (14),

1+2p 2
3 duwi'?h;% B; [I¥%
=1

I
(f) =Teeeeee 30

Likewise, if the equations (9) and (10) are adopted

L 1+2p
jz’ldmoj _‘bhuj 2 Boj
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with regard to (I/I,), the equation (34) becomes,

1425 +2p
3 dwi'?h; T B; I ni'hiB;
i=1 =
1+2p -
Py Amoj "Phe;j 2 By I a0 e B, ;
=1 =1
.............................. (35)
and
2 dmil‘phiwé“ Bz
e
Py dmojl—phz 7 Bt
3+29-2mgq 1+2p
S dpmthyE By o
i=1
= 312q-2mq
2' dmoj(m_])qhoj 2 Boj
=
.............................. (36)
respectively.  These remain unsolved without kno-

wing their relation with 4;. Conversely, if the
conditions of the equation (35) or (36) is satisfied,
each water depth %; in the cross section may be
determined in any way desired, but it should be
These

may apply to cases where a single section (or rec-

determined in the light of the actuality.

tangular profile) is changed into a double section

or the reverse.

(3) Low water channel and in dynamic equi-
librium, static equilibrium at high water
channel

To the quantities of low water channel and high

water channel, L and H are attached respectively.

The water depth %7 of low water channel is expre-
ssed in the equation (23) with the attached i chan-
ged to L.
the critical tractive force the water depth Ay of the

From the equation (16) for expressing

high water channel is given by

()= () o

To obtain the energy gradient I, in case Manning’s

formula or the equivalent roughness ks is used,
Both

hr and Ay may be obtained by simultaneously emp-

either the equation (9) or (10) may be used.
loying each of the equations. In case Manning’s
formula of the equation (9) is adopted, the equa-
tions for obtaining [ are equal to the equations (26)
and (27) with the attached 1 and 2 replaced by L
and H respectively. The equation for M is equal
to the equation (28) with the attached 1 and 2
But that for
My given below has no reference to the equation

29) :
(g
oA AcoH dmoH

Gtor ™ hor®*Bor + norr™ o™ Bop)®

replaced by L and H respectively.

M=

In case the equivalent roughness of the equation
(10) is adopted, the equations for obtaining I are
equal to the equations (30) and (31) with the atta-
ched 1 and 2 replaced by L and H. The equation
for Ny is equal to the equation (32) with the atta-
ched 1 and 2 replaced by L and H respectively.

But that for Ny given below has no reference to

the equation (33) :
2
oA Qoo H

- 3+2q9-2mq
(dmoL( - )qh'oL 2 BOL

(£25)
% dmcH

AVH:’ X

(4) Low water channel and in dynamic equi-
librium, stationary at high water chan-
nel

At rivers of double sectional channels it is not

unusual that their beds have plants growing, fields
cultivated or facilities and structures built on them.
In such a case, the change of river bed at high
water level is small, so it is desirable to analyze the
height of the bed of the high water channel as
given value and fixed. When the height of the bed
of the channel is expressed by Zy, the water depth
of the high water channel hy=H-Zy. Therefore,
when the Manning’s formula or the equivalent
roughness ks is used, from the equation (24) or
(25) respectively
hLzl\{Ll:—Bi—I;hLS/SwL*gI—{* (H—-Z;ﬁ”"’]z
nr, ny s

(H = Zp>0) creeveronmemeemosinninniannn. (40)

or

34+2¢-2mq
hr=Nildu "™V~ 2 B

3+24-2mq 2
dpg I H =2 E BT
(= Zgg=o0) reveereeesmseennceneonnne (41)
where My and Nz are equal to the eqguations (28)
and (32) with the attached 1 and 2 replaced by L
and H respectively. To obtain the water depth Az
from the equation (40) or (41) (Be careful in taking
proper value, because there may be three solutions
at least), Az is first trial calculated on the presump-
tive H, and then by using the value thus obtained
H is obtained from the equation (5) or (18) res-
pectively.  This trial calculation shall be repeated
until at last the value obtained and the presumptive

H agree with each other.

(5) Low water channel and in static equili-
brium, stationary at high water channel

The state of critical tractive force at low water
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channel is expressed by tbe equation equal to the
equation (37) with the attached H replaced by L.
In case Manning’s formula or the equivalent rough-
ness ks is adopted for I, from the equation (24) or
(25) respectively

) oy
hL QoL dmoL

B [noL”‘hanBoLJrnoH“‘huHmB H]2

X\:BL}I o B L (H~Z )m
nL
(H~ZH>0) .............................. (42)
hoL( acL >
hr= 32q- ziln?L X

[dmor ™ %he ™ 2 BoL

()
dmoL

x 3+2q-2mq 2
+ dmorr ™ ‘Wk o2 Byyli-?wz
2q-2m
K[ dpr ™ ‘)"hL (m-1)q
><(H—ZH) et BH]T-_%T(;,
(H—=Zg=>0) cererveererenemminoniiinnens 43

To obtain the water depth Ay from the equation
(42) or (43) (Be careful in taking proper value,
because there may be three solutions at least), A is
trial calculated on the presumptive H, and by using
the value thus obtained H is obtained from the
equation (5) or (18).
be repeated until the value obtained and the pres-

This trial calculation shall

umptive H agree with each other.

4. DYNAMIC EQUILIBRIUM AT PARA-
BOLA CHANNELS

There are rivers whose cross sections can be re-
garded approximately as parabola and are stable.
In most of the cases, the average particle diameter
of their river bed materials are not distributed extre-
mely in the crosss sectional direction.  This paper
shall treat of a case where the water surface width
B is gradually changing and on the supposition that
the coefficient of roughness 7z, equivalent roughness
ks, and average particle diameter are constant on
the cross section. The cross section of the parabola

is given by

4 T
h:hmax<1*—3§y ) ............... (44)

In this case, the cross sectional area of the channel
Ais

B/2 2
A:ZJO hmax<1’“*B?y )dyz?;maax 45>

which may be determined only by the channel wi-
As in
the case of the rectangular profile, therefore, this

dth B and the maximum water depth Apax.

analysis is rather easy.

The corrected coefficient D for the flow velocity
distribution by the influence of the cross section is
expressed by the equation (7) or (8 when Man-
ning’s formula or the equivalent roughness kg is
used respectively. In the case of parabola chan-

nels, they are

8
2 3 O
L s I
Chmax®?BX)* 4 9 35 X
221 08G @ wrerrrrrrerrnerierrieereiaarns (46)
and
a X,
D= ___9_ )?_3 == (CONSLANE) +vrrerrrrrrersrerunnnns 4n
respective]y, where
X; -1 1 gt _1q1“(t,-+1) (0.5
0/ 1—7 4 TI'(4+1.5)
t_g ,-3+29=2mg t_5+6q~6mq[
N 2 ° 2
.............................. (48)
Especially, x1$1'145 »'—2. In the equation (46),

4 7
D=1.089 ¢, which is a value not much larger than
1. The calculated value of the equation (47) is
nearly the same. Therefore, the second term of
the equation (5) is
D@ d ( 1»>“
29 da\ A*

9D _&
49 Bhmay'
x (hmax%giwﬂ’ﬂ—a—x) (49)
As the first term is H=2min+maxs
i{?{_dzrmn dhmax
dr  dx dx

where in;, is the river bed gradient at the deepest

. dhmax
= —imin + X . (50)

place. The gradient I is expressed by the equation
(9) or (10) when Manning’s formula or the equiva-
lent roughness k; is used respectively. In the case

of parabola channels, they are

LY ~10r3/ B \-2
I=I _"_> (&) <_m> ......... 51
0( 7, Romax B, b

and
-2(m-1 3-2g+2m
I= 10< I )MIEqu)q<ﬁ&>—%f;6‘g
dmo omax
B \.z2.
TTZig eeeerenennnnercenneeninsennnnees :
(e
respectively.  Next, the condition of continuity of

sediment transport is used for determining Amax.
Based on the equation (14) and from the condition

B/2
QT:ZL gqrdy=constant
hmax >~< dm >-—__f-(+12:[7&)< B )-1__3_27’<__[_>—1
< homax dmu Bu ]0

By using the eqution (51) or (52) for I, the equation
(53) is
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Rmax ) ( dm )3(_1'/’) ( B ):.EP__( n )“”
—max ) A+2p) 7(1+2p)l —
( homax dmo Bo (23

.............................. (54)
or
i- 2pg-3
(h_mz_>=<&) e i
homax mo
B ~2mq-2p
X( >(l+2p)(l+q) ............... (55)

B,

respectively.  If differentiated by x, the equations

(64) and (55) become

Lptonen( ) () ()
dr °ma"( am ) \ 7 B,

a dd, 6 dn b dB

4y dx "Tn dz "B d=z
.............................. (56)
and
b ) (£
dz g, ) \B,
a ddy b dB7 . (57)

4, dx "B dzx
The I in the equations (51) and (52),
according to the equations (54) and (55), is

~6/7 c d
I=Ia<—§-> (j’” ) (g_) ............... (58)

respectively.

and
dm \*'( B\¥
T (N —— -
respectively, where
o 6012 o =120
7aA+2p) 7A+2 )
~220d-p) _-l+izp
vz TG ETYS)
,_1—p+q+2pg—3mqg ,,_ —2mg—2p
A+2p)A+g) A+2p) A+
,_3mg—3q+3p—-3 ,=2mq—-2q+2p—2
T A+2pd+ A+2p)(A+¢q)
.............................. (60)

Therefore, the solution is obtained by substituting
into the fundamental equation for non-uniform flow
(5) the equations (54), (56), and (58) in the case
of Manning’s formula and (55), (67), and (59) in
the case of the equivalent roughness k,. However,
the equations (49) and (50) are used in this case.
The solution in the former case is

. 5 \~8/7 dm ¢/ B d dm a
imn=t 1) (32) (3) +hmen(22)
< n )6’7( B >” a dd,, 6 dn
x(—) ()| 052+
7, B, dm dx 7n dx
b dB 9D @* 1 <dm>_2"

B Az |4 B humax\dm

(BB T e
7 B, dm dx  Tn
(dn  b+1dB

dx B dzx

and the solution in the latter case is

....................... 6D

. d,,,”'B"' dm“'B"'
’mf"=’°(d—m) (E) +’l°m"(z,;,> (féJ)

o ddy, ¥ dB7) 9D & 1
dnw dr B dx 4 ¢B® hmax
X(ﬂ)"”'(ﬁ_)'”' & dn
Dng B, dn dx
b'+1 dB
B gy | e (62)

The D in the equation (46) is used for the equa-
tion (61), and the D in the equation (47) for the
equation (62). The solutions by the equations (61)
and (62) are quite resembling those in the case of
If the 9D/4 in the

third term of the righthand member is taken for

rectangular profiles in form.

instance, it agrees with the equation for rectangular
profiles with Anax as the water depth.

When calculating the height of a river bed succe-
ssively by dividing it into minute sections, the diffe-
rences 4Z, in the height at the divided sections
4X, in the case of the equations (61) and (62) are

et () (B ot e
()G (B ) L))
Ao/ m\ 7o Jm \ By /m A Jm\ Ao
255 ).(5))
7 n Jm n, B m Bo
: 9D Qz 1 <éﬁ>-2a<n>—12/7
_'va()'—B?homaxz dono/m ”_a m
(@) )0 20
By /m A Jm\ doo T\ 7 /m

x 2 +<b+1)(%’—>m(%?~ﬂ ------ (63)

and

(&) L(3).52)
e (YA o 6

The height of the river bed Z, at
point 7 divided into »n’ is

respectively.

Z,=Zy+ gvl AZ,) reeeesveninenii, (65)
Pout

where the attached m=the mean value at the sec-
tion 4X,, and 4d,, 4, and 4B are differences res-
pectively of d,,, n, and B at both ends at intervals
of 4X,.

5. PROBLEMS CONCERNING APPLICA-
TION OF THE THEORY

The theory of equilibrium at present is a very im-
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perfect thing. As referred to in Chapter 2 above,
the coefficient of roughness at the time of equili-
brium, quantity of sediment transport supplied, the
longitudinal distribution of the average particle dia-
meter of the river bed materials, and river width
B; should be estimated by some other methods and
treated as given values. These are determined ba-
sed on the findings of age changing and by referring
to the present various values of rivers. The same
can be said of the selection of reference points. It
is hardly possible to consider the three dimensional
characters of rivers. In addition, there are consi-
derable number of artificial factors involved. Under
the present circumstance there is still much room
for discussions on the existance itself of equilibrium
river beds.

However, in studying the subject on data collec-
ted in a matter of several decades at the longest,
the presumption of the existance of equilibrium
river beds will be permitted as a practical means.
In that case, there are two kinds of conceptions,
that is, dynamic equilibrium and static equilibrium.
Then which is better suited to the actual state of
rivers ? Before this question can be answered it is
necessary to study as to how river beds change
their shapes. Generally, rivers having river bed
materials of mixed particle diameters. If such rivers
are flooded, sediment will move but when the water
subsides gravel having grain diameters larger than
those corresponding to the critical tractive force
As a

result, the longitudinal distribution of the grain

stops moving and accumulates at each point.

diameters of gravel forms the distribution of many
heaps having peaks at different positions classified
by diameter. If these do not change even in floods,
the theory of static equilibrium comes to have large
significance. However, in order to suppose such a
model it is also necessary to consider the tendency
of the river bed materials toward pulverization.

In other words, if the change is seen in the order

of very long years, either the river beds rise or the
river extention becomes longer. If sediment of
particle diameters which should stop controlled by
the critical tractive force is transported to the lower
reaches as the diameters become smaller, and the
quantity is in balance with that of the sediment of
transport supplied from the upper reaches, the river
The details of

the phenomenon of sediment to become finer and

bed is in the state of equilibrium.

finer is almost unknown, but this conception is com-
Statically,
a river bed changes to become near the dynamic

patible to that of dynamic equilibrium.

equilibrium river bed meeting the flow rate, and
produces heaps by the critical tractive force deter-
mined by the river bed shape obtained at flood
sedsons.

The change of the river bed at a river approa-
At such a

river, the present values have very important mea-

ching equilibrium is considerably slow.

nings if the estimation of the equilibrium is made
Although the

equilibrium river bed may be considered to have a

in the order of several decades.

double-structural characteristics combining static
and dynamic equilibrium as mentioned above, it is
not impossible to judge which of the two is playing
a superior part in the present values. For instance,
at areas on the upper reaches of sand-bank dam, in
the case where the distribution of particle diameters
are closely related to the change of river width, or
at a short space of area where the particle diameters
suddenly change, it is difficult to readily apply the
theory of dynamic equilibrium. On the other hand,
at the lower reaches of a river where there is no
large influence of the quantity of sediment of trans-
port from tributaries, it is easy to maintain a dyna-
mically stable condition because the influence of the
quantity of sediment supplied may be eliminated by
the adjusting action of the riverway. In this res-
pect, which theory is superior to apply for accoun-

ting the actual states is roughly classified in Table 1.

Table 1 Conditions for Raising the Applicability of Each Theory
Theory ] Place River Width Particle Dia. Hydrograph
Static Equil. 1) Upper reaches of sand-bank | 1) Large change 1) Where large 1) Water subsides
dam in river width 2) Where it changes with river quickly

2) Lower reaches of sand-bank
dam

3) Upper reaches (where sedi-
ment seldom collapses)

4) Near deltas at river-mouths

width
3) Where it suddenly changes

1) Middle and lower reaches
(small influence by tributa-
ries) anges

Dynamic Equil.

1) Where river wi-
dth scarcely ch-

1) Where water su-
bsides slowly

1)2Where the longitudinal chan-
ge of particle diameters is
small

2) Particle diameters are small

3) Particle diameters are nearly
uniform
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When each formula is applied, the flow rate and
representative particle diameters of river bed mate-
rials are predominant for static equilibrium and the
quantity of sediment supplied and the coefficient of
roughness are predominant for dynamic equilib-
rium. These items have big influence on the cal-
culated results.

fully.

As for the rivers in Japan, embankments and

They must be investigated care-

rivetments are well performed in the middle and
down reaches of the rivers, and the so-called natu-
ral rivers are remained only in small rivers or in
the upper reaches of the rivers. In such rivers
that the training works have been made, or pla-
nned, there are many cases that the shapes of cross-
sections are compound or double-compound. The
equilibrium theories of rectangular sections can also
be apllied to the compound channels when dischar-
ges are small, but when the water levels go up and
some discharges flow in high water channels, the
exact results can not be expected. Moreover in
compound channels, in general, the bed materials
and the coefficients of roughness are different bet-
ween low and high water channels, and therefore
the equilibrium theory of compound channels is
desired to be applied.

Now, the stable conditions of rivers may not be
explained by such a simple theory as static or dyna-
mic equilibrium theory, but the five kinds of stable
conditions concerning low and high water channels
are analysed in this paper.  There are many com-
plicated rivers, for example, the rivers in which
the low and the high water channels are difficult
to be distinguished, and the meandering rivers in
which the high water channels are not continuous
longitudinally.

As for the formulas of sediment transport, the
functions are not necessarily coincident between the
low and high water channels. It may be necessary
for bed load and suspended load to be considered
independently. But the problems above mentioned,
And it

had better that the simple examples of rivers are

are to be analysed for special purposes.

investigated first, based on the theories of five kinds
of conditions.

But there are still other problems about the appli-
cability of the theories to the simple rivers. The
first one is a doubt about the existence of equilib-
rium beds, and the second one is that the rules how
to give the conditions are not yet determined.
These problems are common to any other equilib-

rium theories of river beds. The estimation of the

distribution of grain size of the river bed material
in future, and the estimation of the supplied bed
material load in equilibrium state are very difficult,
and the influence of the picking of river sand and
gravel is not always negligible. But there is not
any other method than the one based on the data
in order to estimate even the
The profiles of

river beds in near future can be well estimated by

of present rivers,
equilibrium state of the rivers.

the present data of rivers, because the changes of
river beds, in general, are not so rapid, though the
local changes are not so slow.

Before the calculations of equilibrium river beds
are made, the followings must be investigated

a. As for the determination of the hight of equi-
librium river bed of a reference point, enough data
of long period must be used

b. The values of I, and k, at the reference point
act the most important roles in the investigation.
These two values should be determined by the
supplied bed matireal load and coefficient of rough-
ness (or equivalent roughness), in case of dynamic
equilibrium state, and by the mean diameter of bed
material and coefficient of roughness (or k), in
case of static equilibrium state.

The gradient at the reference point I, is given by
Manning’s equation or by the equation based on
equivalent roughness, as equation (11) or equation
(12) respectively, in which 4, is not yet unknown.

The water depth at the reference point Ay (hor,
hox) is given by friction velocity ws;= +/gho:l, and
Manning’s equation, using the condition J,=const.

i.e., hom= (Usor/tsor)? hoL, as

/79
hyp= ‘
oL UsoL BoL_i_(u*oI{)”su*oH By
noL UsoL NoH
.............................. (66)
2
h =<u*OH>
oH UspoL
J_Q 6/7
Kby = 773 QB B
(”*oL) Usor Bor | txor Bont
Useo H oL NoH
.............................. (67)
and by the equation base on %, as
Q/ EKe
hoLz X

-1 1-2 —
dmoL(m M U T BaL+dmoH(m ne

s e } i
s mq H
()" ,,

20+9)
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1--2m.
UnoH q<_'“‘ > By
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{ Qf (K-
horr= X
[ oLV Uyo I <u*nL >z(l+q> B,L
Upo H
1
(o
P

respectively, where w4,; and w4,y are given by
equation (14) or equation (16), acording to the
kind of equilibrium condition of chapter 3. In
case of condition (1), us,z and w4,z are given by,

Qr; i
R +2p
Hod [as{(ps/p)~1}‘pg_1’dm“-“1>Bni

and in case of condition (3), uy,z is given by equa-
tion (70) and w4y is given by equation (16). In
case of condition (2), (4) and (5), A,z should be
considered to be a given value. In these cases, A,
can be calculated by the following equations, for
example by try and error method, instead of equa-

tion (66) and equation (68) respectively,

76— V?”oLQ“nDL By how™ 71
hor Bipttsor,  omr Bor hor'”? D
Cve QIEK-9{(p,/0) —1}" g™
oL T Aot VIB L U1 T
B (dmoH>(m-—1)q(BOH)hOH(s—zmq+zq) /2

T—2mq)/2
dmoL BoL hoL( D

where wy,r is given by equation (70) in case of
condition (4), and by equation (16) in case of con-
dition (5). In case of condition (2), w4,z must be
determined for the total bed load Qr=Qrr+Qry
to be adjusted correctly, by repeat calculations.

c. The distributions of the grain size of river
bed materials must be obtained both in low and
high water channels. Bed materials must be taken
from the beds which are considered to be the beds
when the dominant discharge was flowing.

d. The coefficient of roughness (or k) is so im-
portant that it must be determined based on the
enough data both in low and high water channels.

e. As for the supplied bed material load, it is
considered to be better to adopt the mean value of
calculated values at many points of regular intervals
along the river including the upper part of the sec-
tion under consideration. But if there is a stable
section, the bed material load of the section can be
adopted.

The sediment functions are not perfectly reliable,
so that the investigations by measurements of bed
load and suspended load are desired.

f. The problem as to the dominant discharge is

very difficult. Calculation should be done assuming
some kinds of discharges which had better to be
investiged as to the return periods, the charactors
of flood waves, the catchment areas, and the charac-
tors of bed materials of the rivers.

g. The supplied bed material load is restrained
by a weir or a dam. This is an another boundary
condition instead of supplied bed material load.

h. The problems are found very complicated
when there are a large range of the change of wa-
ter level at the end of the section under considera-
tion, such as the estuaries or the rivers that flow
into big rivers. Tt is also necessary to pay attention
to estuary sand bars and salt wedges.

6. CONCLUSION

With regard to the deformed sectional channels
and parbola channels, equations for giving equili-
They
presuppose that (1) the flow may be regarded app-

brium longitudinal profiles are obtained.

roximately as one dimensional, (2) therefore, the
water level and energy gradient are constant in the
and (3)

coefficient for the distribution of flow velocity in

cross sectional direction, the corrected
the parpendicular direction is constant throughout
the entire section.

The formulae for equilibrium longitudinal pro-
files are obtained for both cases where Manning’s
formula is used and where the formula based on
It will be
well to adopt the former when Manning’s coefficient

the equivalent roughness %, is used.

of roughness is known and the latter when it is not
known.

As to the equilibrium shape of deformed sectional
channels, study has been made on a total of 5 con-
ditions including those of continuity of the quantity
of sediment of transport and those of river beds.
Namely, (1) the quantity of the sediment of trans-
port at each divided channel is constant, (2) the
quantity of the sediment of transport at each divi-
ded channel is not considered but that for the
entire section is constant, (3) dynamic equilibrium
at low water channel, static equilibrium at high
water channels, (4) dynamic equilibrium at low
water channels, stable at high water channels, and
(5) static equilibrium at low water channels, stable
at high water channels.

The above equilibrium river bed theory lacks im-
portant functions such as the quantity of the sedi-
ment of supplied, distribution of particle size, and
longitudinal change of the distribution of particle
size in equilibrium state, and therefore have many
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defects in their application. Some study is made

about the applica ility of the theory.
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Appendix—Notation

The following symbols have been adopted for use
in this paper

A : Cross-sectional area

a,a’ : defined by Eq. (60)

a. : Constant

as : Constant

B : Surface width of channel

4B : =(B)zx=z,+dz,~(B)z=x,

: Defined by Eq. (60)

¢, ¢' : Defined by Eq. (60)

D : Constant defined by Eq. (6)

: Defined by Eq. (60)

d, : Mean diameter of bed materials

! =(dmyr=2,+42,— (@) x=2,

: Constant

: Acceleration of gravity

: Water surface elevation measured from an

arbitrary datum

: Depth

: Maximum depth

: Slope of the energy gradient

i : Slope of the bed gradient

imin : Slope of the bed gradient of minimum eleva-

tion

K : Constant

ks : Equivalent roughness

M, :Defined by Eq. (28)

M, : Defined by Eq. (29)

My : Given by the equation equal to the equation
(28) with the attached 1 and 2 replaced by L
and H respectively.

My : Defined by Eq. (38)

m  : Constant

N, : Defined by Eq. (32)

N, :Defined by Eq. (33)

Ny :Given by the equation equal to the equation
(32) with the attached 1 and 2 replaced by
L and H respectively.

Ny : Defined by Eq. (39)

n  : Manning resistance coefficient

n' : Number
dn : =mzr=x,+dx,—(Wxr=x,
: Constant

b4
@  : Discharge
Qr : Total sediment transport
q : Constant
gr=¢s+gp : Total sediment transport per unit width
gs : Suspended load per unit width
gp : Bed load per unit width
t; : Defined by Eq. (48)
: Mean velocity
u @ Local verocity
uyx : Local friction velocity
usxe : Local critical friction velocity
X; : Defined by Eq. (48)
x  : Coordinate along the channel
: Distance at x=7
4z, : Distance between sections

vy :Distance from the center line of the cross-
section

Z : Bed elevation measured from an arbitrary
datum

Zmin ¢ Minimum bed elevation

4Z, : =(Lyx=x,+dz,~(ZL)x=2x,

@ : Constant in velocity distribution relationship

7 : Distance

£ : Kédrman’s constant

v : Kinematic viscosity

o : Density of water

ps : Density of bed materials

7. : Critical shear force

Attached 0 : Shows the value at the reference point

Attached L, H : Show the values of low water chan-
nel and high water channel respectively

Attached m : Shows the average of the distance bet-
ween 2 sections

Attached 7, j: Show the values of divided channels

(Received July 20, 1966)
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