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EFFECT OF RATE OF LOADING ON THE MODULUS
OF DEFORMATION OF MATERIALS EXHIBITING
VISCOELASTIC BEHAVIORS.

Synopsis.

Physical interpretation is given based on the
linear viscoelastic theory to the wellknown fact
that the modulus of deformation of some ma-
terials is greater for the rapid application of
load than for slow loading. The principle for
this understanding leads to the determination
of the viscoelastic constants in accordance with
the time of loading employed in the test.

The constants thus determined are used to
describe the creep or relaxation curve as a me-
ans of representing these physical characteri-
stics. Constitutive equations between stress and
strain at any specific time of loading are develo-
ped that can be applied to analyse the test
result obtained at a constant rate of stressing
or at a constant rate of straining. Since the rapid
transient test can be performed at considerahly
small time of loading, it may be justified to
replace the high frequency vibration test by the
transient testing method. The principle of
choosing simplified model is suggested to make
it easy to use it in the stress analysis problems.
A comprehensive amount of the transient test
data for concrete and soil having been reported
in many papers was brought together to analy-
se them by the use of the proposed method.
The results of the analysis are presented in

the form of creep curve.

Introduction.

In the past research works studying the stre-
sg-strain characteristics, it has been pointed out
that the stress-strain curve for some materials
obtained in the rapid application of load exhibits
different feature from the one for the same
materials obtained in the slow increment of
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load application. Stress-strain curve in the slow
loading shows in general a deviation from line-
arity, the deformation tending to increase ma-
rkedly prior to ultdimate failure, as the load is
increased. Contrary to this tendency, the stress-
strain relation remains linear in the rapid loa-
ding up to such high level of load intensity
where yielding would take place if the load is
applied slowly.

The greater the rate of loading, the steeper
the curve in the stress-strain diagram. This
phenomenon shows the fact that the mechanical
properties of the material depend appreciably
upon the time of loading or the rate of loading.
Not only the stress-strain relation but also the
strength of the material is generally influenced
by the time of loading., Generally speaking, the
material resists greater for the rapid application
of load than for slow application of load.
These two effects, that is, the effect on the
strength and that on the stress-strain character-
istics, are cus tomarily called “time effect, rate
effect or speed effect.”

Actually, a great majority of tests have been
worked out by application, on test specimens,
of linearly increasing load or restraint to cbtain
knowledge as to the response characteristics of
materials to dynamical application of lead. Ho-
wever, no reasonahle means of analytical ireat-
ment have been proposed to give better under-
standing for the rate effect which were given
experimental evidence generally.

The cause io which the appearance of the
rate effect can be ascribed is thought to be the
presence of anelastic properties of materials.
Among those theories which can illustrate the
anelastic behaviors of materials, the one based
on the viscoelastic point of view can be consi-
dered most promising and successful for our
purpose, Thus, the viscoelastic theory developed
extensively so far was adoped to illustrate the
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rate effects that appear in the transient testing.
Our effort to relate the transient test result
with the conventional viscoelastic theory results
inevitably in evaluation of the viscoelastic con-
stants of the materials. It can therefore be said
conversely that the transient test result as inter-
preted from viscoelasticity is useful for deter-
mining viscoelastic constants around the time
of loading at which test is made. The transient
testing principle seems to open a new way for
eveluating viscoelastic constants.

In determining the viscoelastic constants, the
ways of attack undertaken in the past can be
classified into two major groups according to
testing principles. They are; (a) the measure-
ment of the transient phenomena caused by the
sudden application of a constant load or a con-
stant deformation, (b) the measurement of the
steady-state behavior under alternating load or
deformation. The creep test and the relaxation
test fall in the category of the former methods.
The latter includes the methods called vibration
test. Which method should be used for specifi-
cation of viscoelastic properties of a material is
a problem to be determined in accordance with
the time of loading around which the existing
structural material may be exerted by external
Ioad. In principle, creep or relaxation method
is suitable for obtaining viscoelastic properties
for times of loading or straining of more than
a few seconds. The steady-state vibration me-
thod involves measurements with higher frequ-
encies, corresponding to times of loading or
straining smaller than a few seconds. The first
method is suitable for the study of the processes
with long times of loading or straining, whereas
the sccond one for those with short times of
loading, The two methods therefore complete
themselves mutually. With the combined use
of these two methods, complete information of
the properties of a material can be obtained for
wide range of time of loading covering every
possible cases encountered in the engineering
circumstances. From a survey of many of papers
published so far, it is seen that the treatment
has heen restricted principally to these two me-
thods of specification.

In addition to these methods, the use of the

transient testing principle is certainly a powerful

means to map out a picture of the viscoelastic
behavior which is available for relatively short
times of loading or straining.

In what follows, an attempt will be made to
relate the transient test result with the nature
of viscoelaitic materials. As a result, the trans-
ient testing principle is justified that leads to
development of a useful testing method which
is applicable at the short time of loading. Esta-
blishment of the formulas throwing an physical
insight into the phenomena of rate effect is not
only meaningful in itself, but also contributes
to the development of a new principle which
enables the material properties at the short time

of loading to be assessed quite easily.
I. GENERAL FORMULAS.

There have been proposed several ways of
approach for formulation of linear viscoelastic
law, although they are equivalent to each other
in its background. Among them, the most use-
ful approach is the one which dupricates mate-
rial properties by a model consisting of some
suitable combination of springs and dashpots.”
Other mathematical challenges were offered in
rather elegant form for the phenomenological
behaviors of materials® * ¢ Interrelation
between these two approaches was also establi-
shed through the concept of retardation or
relaxation spectra. In the consideration which
follows, deduction of necessary formulas will
be made with recource to the model simulation
method. As usual, every type of deformation
will be formulated in terms of shear deforma-
tion, but analogous relations exist for bulk
compression, simple tension, etc.

(1) Generalized Voigt model.

A Voigt element consists of a spring and a
dashpot connected in parallel. This element ex-
presses the simplest form of retarded elastic
behavior, The strain associated with this ele~

ment follows the differential eguation,

G::‘U'('_Fﬂlg‘j ............................ (1)

where, ¢ is relevant stress component, ¢ strait
component, and x is spring constant, ' constant
of dashpot,

Tig. 1 shows the generalized Voigt model
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Fig. 1 Generalized Voigt Model.

consisting of a large number of Voigt elements
all connected in series. The total strain ¢ is
made up of the contribution from each element.
Denoting the strain in i—th element by ¢;, the
whole system should obey a set of z—differential

equations,
, d €
O
e (2)
”
=2 ¢; J

(G=—-n—(n—-1),-1,2,3,.n)

If the viscoelastic properties of a material are
specified by this generalized Voigt model, it is
quite easy to compute the extension response
to any simple stress sequence, that is, the res-
ponse of each Voigt element can be calculated
separately and the individual contribution to
the strain is added together.

A constant force imposed upon at time zero
and left unchanged thereafter causes a typical
strain response generally called “creep func-
tion”. Integration of egs. (2) under the zero
initial condition yields™;

»o1 —tc,
g:[g S (-¢ /n)] Greenennnnnns (3)

i=-n M
’

where t;~ Zi. i retardation time of the i-th
M

Voigt element. The ratio ¢/s is generally called
“creep function” with discrete spectrum or sim-

ply “creep function”. r; means the time taken

' of the final value

to reach a proportion 1—¢~
of 1/u,.

Next, consideration will be made for the
generalized Voigl model which is subject to a
sinusoidally oscillating force. Let the model be
subject to an alternating force a(w)e’™ of radi-
an frequency w. After sufficient time has elapsed
for the effect of the initial condition to be neg-
lected, the strain will also be of radian freque-
ney of w. If this strain response is designated
by e(m)e’, it follows that;

" 1
e(w) = l:if"ﬂ T enT ]a (@)e - (4)

The ratio €/o is known as “complex compliance”.

Next, let us consider the behavior of the
generalized Voigt body to which a linearly inc-
reasing load of the form o=¢, is applied. Inte-
gration of egs. (2) with the zero initial condi-
tion gives;

e=[ L {1—% (e} j|a

D= - M}

where o=g,.

The ratio ¢/c may be called “transient creep
function with discrete spectrum”. If the series
of n—Voigt elements is replaced by a continuous
destribution of spring constant 1/u(z) covering
a whole range of 7, eq.(5) becomes,

[sbeta-emed

The ratio in eq.(6) may be called “transient
creep function with continuous spectrum”. The
stress-strain relation of the form of eq.(5) plays
a key role in interterpreting the result of tran-
sient test in connextion with the viscoelastic
low.

(2) Generalized Maxwell model.

The combination of a spring and a dashpot
connected in series is known as Maxwell ele-
ment. In Fig. 2 is shown the generalized Max-
well model consisting of a large number of
Maxwell elements all linked in parallel. In this
model, the strains associated with all elements
are equal, but the total stress is divided among
the elements. The stress componént on the /~th
Maxwell element is related to the common st-
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Fig. 2 Generalized Maxwell Model.

rain by the differential equation,
de 1 da;  o; 1

dtﬁ.'/i dt Vi’

i= -9

a= 3 o; J
(l=—n,—(n-—1),---1,2,3,-n)

where v; denotes the spring constant, and »;" is
the constant of spring. While the Voigt speci-
cation allows a simple predition of the strain
as a function of time for a known stress, the
maxwell model is designed to allow an equally
simple prediction of the stress as a function of
time when a known strain sequence is imposed
upon  the material.

The induced stiress for a given strain can be
computed for individual Maxwell element sepa-
rately and the result added together. The rela-
xation of stress at constant strain is a particu-
larly simple case. Integrating the egs. (7) with
the initial condition e=0 at time 7 =0, we obtain®,

-

o [ s yie—-f/-',-J(, ..................... (8)

f== 0

{v; denotes relaxation time of i~th

where 7;=y,
element. The expression in the blacket of eq.
(8) is called “relaxation function with discrete
spectrum” or more briefly “relaxation function.”

Next, consideration will be made for the
generalized Maxwell model exerted by a sinu-
soidally oscillating strain. When an alternating
strain e(»)e’™” of radian frequency  is imposed
upon the generalized Maxwell body, the resul-

ting steady-state force will be also of a function
of radian frequency w. Inserting the force of
the form o(w)e
(@) e’™, a stress-strain relation that is valid for

7 in eqs.(7), together with e

vibration problems can be derived as follows.

(@) = Lg( yl\ - mlyi, )};(@

The ratio o/¢ in the above relation is known

as complex modulus.

Next, let us consider the stress-strain relation
which is applicable to the generalized Mazwell
body subjected to a linearly increasing strain
e,f. If eqs.(7) are integrated under the condi-
tion of zero strain at time z=0, the resulting
stress component is expressed by,

oz[ T v,-{l’;(l-e—f/"i)}:l e - (10)

i=-n z

where e=¢,t.

Here the definition of “transient creep function
with discrete spectrum” may be given to the
ratio ¢/c in eq.(10). If the number of single
Maxwell element involved is increased infinitely
and the spring constant is expressed by a con-
tinuous distribution function v(z), eq.(10) can
be reduced to,

(o

Thus, we obtained a new function which may

o~

-(1 fe*‘/’)}d r]e. an

be termed “transient relaxation function with
continuous spectrum”, The stress-strain law as
given by eq.(10) will be shown to play the key
role in treating the transient test data which
are obtained by the application of constant rate
of deformation.

We have deduced the stress-strain relations
which are applicable to the various types of
loading or straining. flere it has to be noticed
that in the case of stress controlling test, the
genervalized Voigt model is well suited to spe-
cify material properties, whereas in the case
of deformation controlling test, favorable use
is made of the generalized Mazwell model.
Either method contains an equivalent physical
meanings and the transformation {rom the one
specification to the other can be attained in
principle, It seems to be interesting to overlook
three types of stress-strain relations for the
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generalized Voigt and Maxwell models to see
their mutual relationships. The stress-strain re-
lations in a viscoelastic material are expressed;
for stress application,

e=[ MZ —l-— (lfe*’/’i)}a

i= —-n fhi
...... constant Stress...........,.........(12ﬁ]_>
" 1 T;
E:[ 2 — {lf—’-(lwe_t/’i)}:la ------
i=-n M t
constant rate of stress----- (12-2)
# 1 1 .1 wr; }J
E—[if-n{ui 1+’ I ;1o ’
...... ﬂlternating SErEsS, rrrrrererarens (1243)

and for strain application,

" -
a:[ 5 u,-e"/"i_[f---constant strain--- (13-1)

i= -n
" T
O’=|: P u,-{v‘— (l-e"/fi)}]e
e —n I3
------ constant rate of strain--------- (13-2)
" w'r;? . wT; N
= iiu Yy w'r;® AEAd ].»E-cuzr_? ¢
----e- alternating strain -eeeeeeeseeees 13-

II. METHOD OF OBTAINING CREEP
CURVE FROM THE RESULTS OF
TRANSIENT TESTS.

In the preceding section, new formulas of
stress-strain relation which can be used succe-
ssfully in the transient loading coundition were
proposed. Such kinds of materials that are su-
bject to change, depending upon the time of
loading, in the shape of stress-strain diagram
can be represented analytically by the use of
these formulas to specify their mechanical pro-
perties. Experimental work of transient testing
is usually performed by imposing proportionally
increasing load or strain on the lest specimen
and recording the resulting strain or stress,
respectively. Conventional creep test can be made
by reading the strain produced in the specimen
under sustained load. Although the situation in
the static tests iz different {from the one in the
transient test, there must exist an unique phy-
sical interconnection between the results of test
obtained from two methods on the same speci-
men.

The stress-strain relations of the forms (12-
1) and (12-2), or(13-1) and (13-2) expressed

in terms of the same viscoelastic constants for
two types of loading can be considered to give
the physical interrelation hetween these two
types of loading condition. The same statement
can be made also for the interrelations between
constant loading, transient loading, and alternate
loading -conditions. We will however exclude
herein the consideration for alternate loading
condition, because it has been discussed exhau-
stively elsewhere,

Different types of stress-strain relation expre-
ssed in terms of the same viscoelastic constants
suggest that it is possible to obtain these phy-
sical constants from either relation. The tran-
sient test results may he transformed into the
static test results formally and vice versa. Since
it seems convenient to represent material pro-
perties in the form of creep or relaxation curve,
it poses problems of considerable interest to
demonstrate the results of transient test in the
form of creep or relaxation curve. The creep
or relaxation curve constructed for short times
of loading by the use of transient test results
must be the extension, to the range of short
times of loading, of the creep curve obtained
in the static test.

Two creep or relaxation curves, one from
static test and the other from transient test,
may be joined together around the time of
loading at which static and transient tests are
distinguished.

In the discussion which follows, a detailed
description of the method of depicting creep or
relaxation curve from the results of transient
test will be given. First, consideration will be
restricted to the ccnstruction of a creep curve.

In the model representation of generalized
Voigt type, all the fractions of strain responses
are distributed over whole range of time scale
with corresponding retardation time ranging
from zero to infinity. Therefore, when attention
is drawn to a certain small interval of time in
question, there must exist predominant contri-
butive fractions of strain response which plays
primary role in characterizing the sharpe of
creep curve at that time of loading. If the time
of loading under consideration s shifted, the
succeeding predominant part of retardation spe-
ctra comes to play a essential role. Thus, if a
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result of transient test at a time of loading is
given, its analysis determines the predominant
Voigt element around that fime of loading. In
the same way, if another result of transient
test on the same material at a different time
of loading is given, the most contributive Voigt
element at the corresponding time of loading is
obtained and the creep curve is depicted around
that time of loading. Thus, the domain of the
creep curve can be extended to include the
information of the creep curve in the larger
range of time of loading than the one detemi-
ned by a single transient test. In this way, if
the results of a series of transjent tests are
given, the creep curve with more accuracy can
be drawn over the wider range of time of loa-
ding of practical importance. This procedure
will be explained in detail henceforth. Let us
consider the generalized Voigt model depicted
in Fig. 1. In this model, let the r; be arranged
such that,
Ty T ey S <Tl<fz<?s<l

and [N a4
S B ey e <#1<AZ<MJ
gyl g My
The stress-strain relation available for the line-
arly increasing load application is given by eq.
{12-2).

I{, for example, four sets of transient test
data performed at the times of loading 2,,¢,,2,
and £, are given, the relaxation times r,,7,,7,
and 7, can be taken to correspond to the values
£,,t,,%, and ¢,.

Hence, the values #/r_;{(i=1,2,---1) can be consi-
dered to be infinite and #/r; (i=5,6,---n) to

be infinitely small. Since
Al

lim{l-— i;—’* (1— e"’/’i)} =1 (tfr_;—>00)|
and f (15)
lim {1, l;— (1 —e"/’i)} =0, (¢/r;—0)

|
J

eq.(12-2) can be reduced to the simpler form,

(e )
g | T
Mo Mty Moy

_|__1_ {1L %L(l_g—t/:l)} 4o

Ay

w+_ﬂ}:_{1_£; (1,6—!/u>}},_ ...... (16)

The first term in eq.(16) can be replaced by
the expression o/, briefly. Those portions of
the generalized Voigt model which have the ret-
ardation times smaller time of loading in gues-
fion can be thought to deform quickly hefore
the actual time of loading ¢, elapses. Therefore,
the elastic constant equal to x, comes to be ob-

served in reality.
Substituting,
1 1 1 1
e Tt RPN M ad
ey Moty foamy o

in eq.(16) it follows that;
[ L Ll )

o y
.._‘v...l_{l_.-r_ﬂ (1_e-t/u>}:lu_ ...... (18
Ly i

The above equation is the one which is needed
to represent the stress-strain curves obtained in
the transient test. It is indeed possible to dete-
rmine the viscoelastic constants in eq.(18) by
fitting, in diagram, the relation(18) to the four
stress-strain curves obtained from the transient
test at four different times of loading.

Let it be supposed that the four stress-strain
curves obtained at the times of loading #,,7,.2,
and £, are given as shownin Fig. 3, When the

¢
(1}
(2)
I+t
Tty
t=1ty
/ /
/ /
//
/ . /
, -
o
1T,
0 €

Fig. 3 Stress-strain curves obtained at four different
times of Joading.
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time range around £, is of major concern, the
values of ¢z, £,/7, and z /7, are nearly equal
to zero in eq.(18). The fractions of strains such
as €,,¢, and g, may be dropped off therefore
from eq.(18) as is understood from egs.(15).
The resulting formula is then,

1 1 7,0y,

= <m + v-—>g AL (1 _g-V/r:ﬂw)
Ky 2y Ay

where a=g¢,,¢ is used to eliminate time factor £.

A characteristic curve of this equation is
shown in Fig. 4 with solid line. The correspo-
nding model is also indicated together with the
curve, It can be said that, so long as the time
of loading under consideration ranges around
7,, the generalized Voigt model can be degene-
rated to the simplified form as shown in Fig. 4.
Simplification of the complicated model is no-
thing but the proper choice of that Voigt ele-
ment which contributes most sensitively to the
formation of a stres-strain curve.

Comparison of the given curve(l) m Fig. 3
with that in Fig. 4 indicates that there is a
close similarity in the shape of these two cur-
ves, except the portion where yielding seems to
take place at the high level of stress intensity.
Therefore, if attention is centered on the stage
where no collapse takes place, the representa-
tion of the curve(l) by means of eq.(19) 1s
successfully made by determining the viscoelastic
constants appearing in eq.(19). It is seen in
Fig. 4 that, as the applied load increased, the

stress-strain curve approaches an asymptotic

. . .. T0 1
line which cuts o-axis at the point --&/——-i-
My 1 M
1 .
— and has a slope whose tangent is equal to
My

1 .
1 / j‘-l— » Therefore, let the asymptotic line
Mo oy

be drawn in Fig. 3 such that as long part of
the straight line as possible may contact the
stress-strain curve(1). This asymptotic line is
drawn in Fig. 3 with dotted line. Reading of
the slope of the straight line{l) and its inter-
secting point with s-axis yields the values,
1 an 'tlam/'/._z_!m-
py+1/n, p,+1a,
From these, it is possible to determine the value
t,/u, for the given rate of loading a,,.

Next, let us draw our attention to the stress-
strain curve(2) in Fig. 3. Since this curve is
obtained at the time of loading 7,, and the
ratio Z,/r, plays an important role to form the
stress-strain curve, the third term in eq.(18)
can no longer be neglected and the Voigt ele-
ment having retardation time ¢, have to be
taken into account, In this case z,/r, is very
large and the second term in eq.(18) is reduced
to a/u,. Hence, eq.(18) becomes,

1 1 1 T :
E=(m+ +7>0__ 2092 (l_eﬁﬂgrzdug).
o Hy e Az

The characteristic curve of this equation is
shown in Fig. 5 with solid line, The curve(2)
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Fig. 4 Stress-strain curve at the time of Joading ¢
around 7.
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in Fig. 3 can be fitted to the one in Fig. 5.
Reading of the slope of the straight line(2)
and the point of its intersection with o-axis
gives,
1 ) T, 042/ ts
Ly —1{u + 1/, L+, + 1w,

With reference to the values in (20) obtained
above, it is possible to determine the value r,
and g, for the given value of loading rate ¢,,.

The analysis of the stress-strain relation aro-
und the time of loading z, is the nexi step to
be followed. The contributive term including
the effect of 7, in eq.(18) have to be retained
for consideration at this stage. From the simil-
ar reasoning mentioned above, the stress-strain

equation is from eq.(18)
< 1 1 1 1 ) T,0,,
e=(— b e

Determination of the viscoelastic constants can
be made as previously by assuming that the
curve(3) in Fig. 3 is represented by the above
equation. Reading of the slope of the asymptotic
line and the point of its intersection with c-axis
yields,
1
L, Lo, L w, + 1,
T,/ 1
Vg, -+ Lig, + 1 p,+ 1, "
With reference to the values in(22), x, and 7,
can he evaluated from(24). Finally, in the same

and

way as above, we can determine the wvalues g,
and 7, hy fitting the curve(4) to the character-
istic curve i Fig. (7). Similar step may be foll-
owed successively in the case where there are
given more stress-strain curves at longer times
of loading. In this way, it is possible to evalu-
ate the viscoelastic comnstants successively. In
interpretating the result, it is to be noted that
the individual value u,,#, and #,’ remain unde-
terminated and the combined modulus 1 /% +
0
1

]

- 15 only to be determined. This fact causes

~

1

however no trouble in the stage of using these
constants. A typical shape of the creep curve
that is a strain response under sustained con-
stant load is depicted in Fig. 8 by taking abscissa

as time in logarithmic scale and ordinate as the
magnitude of strain, The procedure of depicting
this creep curve by the use of the data obta-
ined above is as follows.
.
-Tiv*‘i‘rx‘i“/li v‘f%'!'l-l‘m ! o
:

Tty
Btaty

S
5 * A

-1 7
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time fn secend
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Fig. 8 A diagram illustrating the method of
constructing a creep curve from the
result of transient tests.

Firstly, the values,
1 1 1 1 1
+

—t— T,
Moo My M M My
1 1 1
——+—+— 4+ —— and
My Hy oy s
1 1 1 1 1
e e

T T TR
are to be plotted in the ordinate to determine
each strain of which each Voigt element takes
its share.

After plotting the values of retardation time
corresponding to each element, it is easy to
draw creep curves in the individual Voigt ele-
ment, as shown with dotted line in Fig. 8 The
overall feature of the creep curve ranging
from the order of v, to that of 7, is able to be
drawn by superposing all the strains resulting
from each spectrum. The superposition can be
done on the diagram. The resulting feature of
the creep curve is shown with solid line in
Fig. 8. In the right portion of Fig. 8, the corr-
esponding Voigt elements are indicated,

In the example mentioned ahove, the results
of transient test at four various times of loa-
ding were used to specify the visco-elastic pro-
perties. If use is made of a variety of transient
tests at a number of times of loading, the
more accuracy may be acquired in the shape
of the creep curve. On the contrary, the result
of fewer transient tests will give cruder appro-
ximation to the real shape of the creep curve.

‘We have described the creep curve by super-
posing all strains produced in the specific set
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of Voigt element selected from the generalized
Voigt model. The choice of the specific set is
to be made depending upon the time of loading
employed in the transient test. If another set
of time of loading is used in the transient test
for the same material, a different set of visco-
elastic constants would result to describe the
same creep curve. Therefore it can be said that
the way of selection of each contributive Voigt
element can not give to rise to any difference in
the shape of the resulting creep curve. Whate-
ver Voigt element we may use, the resulting
creep curve is to be the same, if the number
of Voigt element used is assigned to deduce
the result within the limit of definite accuracy.

III. METHOD OF OBTAINING RELAXA-
TION CURVE FROM THE RESULTS
0¥ TRANSIENT TESTS.

In the foregoing paragraphs, a principle to
analyse the results of transient test performed
at constant rate of loading was illustrated. The
cssential aspect of this method of analysis con-
sists in the use of the generalized Voigt model
corresponding to such type of loading as is app-
lied at constant speed. Most of the conventional
high speed test employs the loading apparatus
by which constant speed of load can be produ-
ced. There are however some apparatus which
can control the rate of deformation. In order
to achieve similar analysis in the case of strain-
rate control, it is indeed expedient to use the
generalized Maxwell madel.  In this case, the
viscoelastic constants determined from the tra-
nsient test result are used to construct relaxa-
tion curve.

In the generalized Maxwell model, the impo-
sed strain is common to all element and the
stress is distributed to individual element in
accordance with the corresponding relaxation
time, The reduction in stress at a specific time
of straining is therefore mostly attributed to a
few contributive Maxwell elements predominant
around that time of loading. Thus, if a rate of
straining is given in a transient test, the feature
of stress relaxation can be made known mainly
by the behavior of the predominant element
which reveals itsell mostly around the given

time of straining. Other elements far from that
time of loading have no remarkable influence
upon the stress reduction at this stage. If the
given time of straining is shifted beyond the
range of the time of straining employed previ-
ously, a succeeding Maxwell element with com-
parable relaxation time comes to reveal its
influence upon the feature of stress relaxation.
If similar step is followed several times, the
characteristics of relaxation process over wide
range of time of straining would be visualized.
Let us consider the generalized Maxwell sys-
tem as shown in Fig. 2. In this system, let the
relaxation time ¢; and spring constant v; bhe
arranged so that,
I T AT
S \
VeV gm0y oy ‘/
e m J
When a linearly increasing strain e=e¢,¢ is
applied to this model, the equation relating
strain with the induced stress is given by eq.

- (25)

(13-2). We will consider to analyse as an exa-
mple the result of transient tests carried out at
four different time of straining ¢, £,, ¢, and ,.
If the relaxation time ¢, z,, 7, and ¢, are spe-
cified so that they correspond to the times of
straining ¢, ¢,, £, and ¢, respectively, the non-
dimensional values #/-_;, (i=1,2,-n) become
infinite and #/¢; (i=5,6,---n) infinitely small.
Since,

N

i

lim p (1= #iy =20 (fr_j—>00)
|

b (28)
(t./rz-—*O)j

lim TT (1—etim) =1
eq. (13-2) is simplified as follows,

T T .
o= [h = (L emn) ety (L e

A P -E‘yn](.‘q s aaneniannia e (B

By putting,
Yol =y,
it followes that,

6= I:L'O +v, Wﬁ (1—-emt) +

- Va“:f“ (1—emtim) } € ererrraereereeans (28)

The equation derived above can be considered
to be the stress-strain relation in the case wh-
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ere the strain is applied at four different rate.
Let us suppose that a set of four stress-strain
curve is given as shown in Fig. 9, which are

[

7

Voo

D<t:<t:<ty

Fig. § Stress-strain curves obtained at four different
times of straining.

obtained at times of straining #,, #,, #, and #,.
We will consider the curve (4) firstly. Since
the time of straining #, employed in obtaining
the curve (4) is comparable with relaxation
time ¢,, the quantities ¢,/r,, ¢,/r, and #,/r, can
be supposed to be large. Therefore the terms in
eq. (28) involving 7,, 7, and 7, may be dropped
off as apprantly seen from (26).
Then we have,
o=ye+e, w7, (1— T/ e eneaas 29

where e=¢,, ¢ is used to eliminate time para-
meter £. The curve characterizing this relation
is shown in Fig. 10. By drawing an asymptotic
line and reading the slope and the point of
intersection with o¢-axis, the following values
are determined for the given rate of straining
€

DTy ANA Pyereeerreeesnee s et (30)

If the curve (3) in Fig. 9 is considered that
was obtained at the time of straining f£,, the
quantities #,/z, and Z,/r, are supposed to be
large, whereas the quantity £,/z, is rather small,
compared with #,/r,. Hence the equation (28)

takes the form,

o="(v,+ v, )e+v,6,7,(L—e aez), -oeenn D

The characteristic curve of eq. (31) is pre-
sented in Fig. 11. By fitting the curve (3) in
Fig. 9 to the curve in Fig. 11, the following
quantities can be evaluated for the known value
of €,

37y ANA VA y,e veeeeeee e (32)

When the time of straining is increased up
to ¢, in the next transient test, the value ¢,/z,
is rather large in comparison with £,/z,. Acco-
rdingly, the stress-strain equation is given with
good approximation by the formula,

o= (y,+v,+v,)e+v,e,r,(1—e /) ... (33)

The characteristic plot of this curve may
have the shape as presented in Fig. 12. By

-y
tan= (%)

€

Fig. 10 Stress-strain curve around the time of
straining 7,.

Fig. 11 Stress-strain curve around the time of
straining Tg.

9 ' g
Fig. 12 Stress-strain curve around the time of
straining .

Fig. 13 Stress-strain curve around the time of
straining 7y
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fitting the factual curve (2) to the theoretical
curve in Fig. 12, it is easy to obtain the quan-
tities,

v,r, AN py by, e (34)
Lastly, the stress-strain curve obtained at the
fastest time of straining #, is fitted to the curve
in Fig. 13 which is characterized by,

7= (W, v,y b €S 6T, (L —e i),
From the above equation, the following val-
ues are evaluated,
vty ANy T vy vy by, e (36)
With the use of a set of values in (30),
(32), (345 and (36), it is possible to determine
the values v, v,, v, v, and 7, 7, 7,, the values
v, and 7, being left undetermined. To determine
v, and r, an additional result of transient test
with the time of straining shorter than ¢, is
required. Once all constants are thus evaluated,
it is quite easy to construct a relaxation curve
with the use of these visco-elastic constants.
Diagram shown in Fig, 14 is helpful to under-
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Fig. 14 A diagram illustrating the method of
constructing a creep curve from the
result of transient tests.

stand the method of constructing a relaxation
curve. The procedure to be followed is firstly
to plot the quantities v, v,+v, Vo=—¥,1 v, and
vo+ vy by, -y, on the o-axis. By this procedure,
individual quantitiy of stress to be relaxed by
the corresponding Maxwell element is determi-
ned.

The next step is to assign the points of 7,
7, and 7, on the logarithmic scale in the absci-
ssa. Dy drawing a set of relaxation curves
which correspond to each Maxwell element and
by superposing these relaxation curves, the co-
mplete configuration of relaxation curve can be
obtained which covers the whole range of time
of straining under consideration. In Fig. 14,

relaxation curves corresponding to each Maxwell
element are depicted with dotted lines and the
superposed curve with solid line.

Finally, it should be noted that the same
relaxation curve can be obtained by different
sets of transient tests. In fact, if another set
of transient test is performed at different times
of straining {rom the previous test, each Max-
well element constructed from the latter may
be of different shape. Nevertheless, the superpo-
sition of all siress components for which each
Maxwell element is responsible will produce
the same configuration of the relaxation curve
as is found in the previous set of tests. In obtain-
ing the relaxation curve in the specified range
of time interval, it is clearly understood that
the more closely the time of straining is spaced
in the time scale, the more accuracy is expected
in the resulting relaxation curve.

IV. SIMPLE MCDELS USABLE IN THE
PRACTICAL PROBLEMS.

It is much cumbersome {or practical utility
to take into account a number of elements in
the generalized Voigt or Maxwell model. The
choice of as small number of element as possi-
ble should be made for easier analytical treat-
ment within the limit of required accuracy.
Generally, the best choice is the one that satis-
fies the requirement that the selected model
enables explicit solutions for the given problem
to be found and further that it best fits the
viscoelastic properties of actual material in the
time interval under consideration. It is generally
true that this choice is a simple model consisting
of at most three elements. If the duration of
applied load or strain in a considered problem
is limited within the time interval <2<z,
the contribution from the models distributed
outside this time range can be made so small
as to Dbe negligible. Then the stress analysis
resulting from the simple model is made equal
to that for the same problem for any other
viscoelastic material that has equal constants in
the time range z,<_z<_t,. The fact that the vis-
coelastic constants may be different outside the
considered interval is of no significance.

In describing a creep or relaxation curve over
the broad range of period the number of frac-
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tional elements to be superposed and their locat-
ion, in the time scale of the retardation or re-
laxation time, could be arbitrary and are to be
determined depending upon the required accu-
racy of the result. Such procedure followed in
making up creep or relaxation curve suggests
conversely the possibility of dividing the entire
response into arbitrary number of components
with arbitrary retardation or relaxation time.
This division should be made according to the
range of time appropriate to the practical appli-
cation. It is impossible in discussing model fitting
to lay down general rules valid in all cases. It is
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Fig. 15-1 Typical creep curve from which simple
models are taken out.

b Three element
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Fig. 15-2 Typical relaxation curve from which
simple models are taken out.
only possible nevertheless to state guiding prin-
ciples and the approximate ways in which sim-
ple models are made up. In what follows, the
practical methods to derive some of simple mo-

dels will be illustrated,

(1) Method of choosing simple models
from a given creep curve,

The most preferable approximation can be
made by the use of a threc clement model as
shown in Fig. 16 or more rougly by a Maxwell
model. In some range of time where the creep
curve has particular simple shape, approxima-
tion is possible by the use of single spring.

In general, the plot on semi-logarithmic graph

'
L Maxwell model fiotsg
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Fig. 16 Diagram illustrating the method of choosing

simple models from creep curve.
is adopted as shown in Fig. 15 to express the
creep properties so that a wide range of time
may be covered in a limited space of paper.
Hence in using this curve it is convenient to
reproduce on the natural time plot that portion
of the creep curve whose range of time is of
current concern.

o Three element model.

We consider to make up a threc clement
model from the creep curve given on Fig. 156
around the time of loading ranging from 1.0
sec. to 10sec. This range i1s denoted by A in
Fig. 15-1. A tentative method is illustrated as
follows. The strain reached at 0.1sec. (one-
tenth of the smallest time under consideration),
may be taken as the instantaneous strain com-
ponent to determine the value of 1/x,. The
largest strain attained within the limited time
mterval 1.0<¢<10sec. may be taken as the
ultimate strain to evaluate the value 1/u,+1/4,.
Once the initial unretarded spring constant and
the final combined spring constant are determi-
ned and the curve on the semi-logarithmic plot
is reproduced in the natural time scale plot, it
is easy to evaluate the retardation time within
the range of time concerned. In this fashion,
it is generally possible to represent the behavior
of a material with good accuracy by the use of
the three element model within the specified
range of time,

s Maxwell model.

The rougher approximation can be attained
by the use of single Maxwell model. If the
formul for strain response in the three element
model is expanded in ascending series of ¢/,
it follows that,
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This expansion is correctly applicable only
when #/z<1. Hence it should be noticed that
the use of Maxwell element as an approxima-
tion to three element model has to be restricted
to the time range where the time of loading is
less than r, that is, z<{r. The same viscoelastic
constants as determined in making up a three
element model can stand for those in Maxwell

model.

o Spring model.

More use of a single spring may be permitted
in that portion of the given creep curve where
change in strain response is so small as to
enable the creep curve to be regarded as flat
straight line.

Let us consider the same creep curve as con-
sidered above. In that curve, the domain deno-
ted by B may be replaced by a straight line as
drawn with dotted line. The ray in the line
indicates the route along which strain is assu-
med to go on. The elastic constant « is deter-
mined straightforwards by reading the ordinate
of the curve.

o Voigt model.

Approximation by means of single Voigt
model may be allowed in such case in which
the instantaneous component of strain response
is particularly small compared with subsequent
viscoelastic flow.

The zone in the creep curve which is simu-
lated by Voigt model is indicated by C in Fig.
15-1. Since occurance of such zone seems rare
in the time scale encountered in practice, its
use may be limitted.

- Dashpot model.

When the rate of flow is predominant, com-
pared with the instantaneous quantity of strain,
it may be permitted to simulate the creep curve
In Fig. 15-1, the domain
designated by C typifies the strain response to

by a single dashpot.

be represented by a dashpot.
The viscous constant x can be evaluated by
reading the slope of the creep curve that is

depicted on the natural time plot.

(2) Method of choosing simple models
from the given relaxation curve.

The method of choosing simple models from
the given relaxation curve is much similar to
the one followed in the case of creep curve.

The procedure is illustrated in Fig. 17. For
example, we consider to take out a three ele-
ment model valid for the time interval ranging
from 0.0l sec. to 0.1 sec. from the given relax-
ation curve shown in Fig. 15-2. If the plot on
the logarithmic time scale is transformed on the
one in the arithmetic time scale so that the
transformed plot may cover the relaxation cu-
rve within the time range 0.01<2<0.1 sec. the
relaxation curve shown in Fig. 17 is obtained.

»
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Fig. 17 Diagram illustrating the method of choosing
simple models from a given relaxation curve.

As before the starting point of relaxation may
be taken as the time 107°sec. (one-tenth of the
shortest time of straining under consideration).
The stress at the time 107'sec. may be taken
as the one at infinite time.

The corresponding relaxation time r, is easily
determined from the reproduced relaxation
curve.

The use of Maxwell model can be made
instead of three element model. Expanding the
formula for three element model in ascending

power series of #/r,, we obtain,

t
o= (v, +v, e7tm) e'::.[(uo v ——+ }
Vl

Since the expansion is applicable only for
t/r,<1, it can be said that the use of Maxwell
model is limited to such case where the time
of straining is shorter than <.

Approximation by a single spring may be
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allowed in such case in which the relaxation
curve is flat straight line in the time range

under consideration.

V. EXAMPLES OF CREEP CURVES OF
SOME ENGINEERING MATERIALS.

In the preceeding discussion, the principle of
understanding transient stress-strain relation was
illustrated based upon the linear viscoelastic
theory in parallel with the method of its appli-
cation. In fact, there have been conducted a
great majority of transient tests on steel, con-
crete, soil, asphalt and so on, by many inve-
stigators. It was thought to be of great interest
to consider these results in the light of the
principle proposed above and to reproduce them
in the form of creep curve or relaxation curve.
Here the consideration will be confined to the
test results on concrete and soils. The conside-
ration for other engineering materials may be
made in the similar manner.

1) Concrete.

One of the earliest investigation as to the
rate effect on concrete was worked out by Ab-
rams®. The succeeding comprehensive investi-
gations on the dynamical properties of plane
concrete were carried out by Evans”, Jones and
Richart®, and Watstein®.

These investigators studied the dynamical
properties of concrete as distinguished from the
ones in the static condition.

The results of these tests all indicated the
increases in the compressive strength and elastic
constants with increase in the speed of loading
or straining.

Quite resently, an extensive amount of tran-
sient tests was conducted by T. Hatano'”, and
Takeda and Tachikawa'® which aim at obtai-
ning some information as to the effect of tes-
ting speed on the mechanical properties of
concrete. The results are most suitably applied
to the method stated above.

The procedure as exposed above was followed
to evaluate the viscoelastic constants and the
creep curves were drawn by the use of these
constants. The creep curves obtained in this
way are shown in Fig. 18 to 20.

f—1 |-z

compliznce (X 10-) (en” /kg!
PN

\

154 163 10 104 1o 63 13 13 I¢E
~time i secord

Fig. 18 Creep curve of concreete (Group 1)
w/c=0.37~0.40.
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Fig. 19 Creep curve of concrete (Group I)
wic=0.50~0.55.
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Fig. 20 Creep curve of concrete (Group D
w/c=0.65~0.70.

The test results from Hatano are designated
by the notations H-1, H-2, --- and those from
Takeda and Tachikawa by the notations T-1,
T-2, ---.

sources can be classified into two groups in

The results of tests from these two

accordance with the water-cement ratio emplo-
yed in the tests. In the group I, test speci-

mens of relatively low water-cement ratio of
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0.37 to 0.4 are included. Fig. 18 shows the
creep curves pertaining to group I. The speci-
mens of intermediate water-cement ratio ranging
from 0.5 to 0.55 fall within the group II.
The creep curve pertaining to the group I
are presented in Fig. 19. The specimen H-5 of
the group Il is made of mortar mixture lacking
aggregate of large grain size. The group T
composed of the specimens of relatively high
value of water-cement content ranging from
0.65 to 0.7, In the Iigs. 18 to 20, it is to be
noticed that the ordinate represents the compli-
ance, The reciprocal of compliance is equivalent
to the nature of Young’s modulus. A survey
of these creep curve indicates that the value
of compliance increases with increase in the
water-cement ratio. This is consistent with the
well-known fact that the modulus of elasticity

increases with increasing water-cement ratio.
(2) Soil.

A considerable amount of investigations wor-
ked out by Casagrande and Shannon'®' seems
to be the first on record of this kind of investiga-
tion, including a variety of soils from plastic clay
to sand. Valuable physical interpretation was
given by Seed and Lundgren to the behavior
of sands during the rapid loading.

A comprehensive study on the effect of time
of loading was also made by Whitman'?''® on
many kinds of soils ranging from very soft clay
to coarse sand. Quite recently, F. Kawakami'®
presented the results of transient tests on the
compacted soils obtained at the successive stages
of time of loading. From the survey of these
investigations, it is felt that the accurate infor-
mation concerning the mechanical properties of
soils is considerably difficult to be made known
in its detail and much remains to be done at
the present phase of investigation.

Nevertheless, rough consistent conclusions
deducable from the knowledge of the past stu-
dies indicate an increase in the deformation
modulus as well as the compressive strength
in the transient test over those in the slow
test. Although many involved {factors such as
pore pressure, void ratio and so on lead to the
difficultly to specify straightforwards the visco-
elastic properties of soils, it is planned herein

to reproduce some of the tests data presented
by some authors by means of the method
proposed above.

The results for sandy soils are to be excluded
from the current discussion, since it seems
unreasonable to represent the mechanical pro-
perties of granular medium by means of the
viscoelastic theory. Test data selected for the
present discussion are of clay from Casagrande
and Shannon and of clay from Kawakami.

The stress-strain curves obtained at various
times of loading were analysed by using the
proposed method and the viscoelastic properties
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Fig. 21 Creep curve of clayey
soils (IFrom Kawalkami)
clay 1 w=20%, s=72% loam @ w=20%, s=73%
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Fig. 22 Creep curve of claycy soils
(From Casagrande and Shannon)
Remolded Kaolin clay : w=40~50%5
Combridge clay FHP-6: wo=30~51%
Combridge clay HP-2 : w=33~39%

determined from this analysis are demonstrated
in Fig. 21 through Fig. 22 in the form of creep
curve, The creep curve in Fig. 21 refers to the
results from Kawakami, and those in Fig. 22
refers to the data from Casagrande and Shannon.
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The original data are those which were obtai-
ned by uni-axial compression test, hence the
reciprocal of compliance being equivalent to

Young’s modulus. Since the water contents

employed in Casagrande-Shanno’s tests are so-
mewhat greater than those in Kawakami's tests,
the compliances obtained are greater for the
former than for the latter. The increasing
tendency of the compliances with titne as shown
in these figures agrees well with the fact that
the secant modulus of soils Inereases with ine-

reasing rate of loading.

NOTATION

k3 D reiovant straln component.

¢, :rate of strain.

rate of strain.

7 :unit of imaginary number. (.=
£ time.

o 1 relevant stress component.

5, :rate of stress.

o,; :rate of stress.

; @ spring constant related to Maxwell clement.
»;' @ dashpot constant related to Maxwell clement.
t; :relaxation time, or retardation time.

#; 1 spring constant related to Voigt clement.

;" ¢ dashpot constant related to Voigt element.
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