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1. Introduction 
The field of traffic planning has witnessed a significant impact due to the advancements in information and 

communication technology. To cope with a road network where some of the link data is unavailable, the traffic states 

estimation is formulated as a full information maximum likelihood estimation (FIMLE) problem with UE constraints in 

this study. An efficient algorithm for solving the FIMLE problem based on the sensitivity analysis for UE is also presented. 

2. Methods 

2.1. Full information maximum likelihood estimation (FIMLE) 

We assume that an hourly generated traffic demand 𝑄 follows a lognormal distribution, 𝑄~𝐿𝑁(𝜇, 𝜎2) where 𝜇 and  

𝜎2 are parameters of the distribution. The traffic states of all road network can be estimated by maximizing the likelihood 

function of the multivariate normal distribution as 

max   𝐿(𝜇, 𝜎2|𝒅̂𝑔∀𝑔 ∈ {1, … , 𝐺}) = ∏

exp (−
1
2 (𝒅̂𝑔 − 𝝁𝑔(𝜇))

𝑇

𝚺𝑔
−1(𝜎2) (𝒅̂𝑔 − 𝝁𝑔(𝜇)))

2𝜋
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2 |𝚺𝑔(𝜎2)|
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s.t. 

∑ ∑  𝑐𝑖𝑗(𝑓𝑖𝑗 − 𝑓𝑖𝑗
∗)

𝑗∈𝐽𝑖

≥ 0
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∑ ∑  

𝑗∈𝐽𝑖𝑖∈𝐼

𝑓𝑖𝑗 = 𝑞𝑖 (3) 

𝑓𝑖𝑗 ≥ 0 ∀𝑖 ∈ 𝐼, ∀𝑗 ∈ 𝐽𝑖 (4) 
Equations (2)-(4) are the user equilibrium constraints, where 𝚺𝒈(𝜎2) = 𝑴𝑔𝚺𝑇𝑎

′(𝜎2)𝑴𝑔
𝑇   , 𝝁𝑔(𝜇) = 𝑴𝑔𝝁𝑇𝑎

′ (𝜇)  and 

𝒅̂𝑔 = 𝑴𝑔𝒅̂𝑔
𝑇  ∀𝑔 ∈ {1, … , 𝐺}. 𝑛(𝑔) is the number of observed traffic data in 𝑔𝑡ℎ day. Note that 𝐌𝑔 is a matrix used for 

extracting the corresponding parts of 𝚺𝑇𝑎
′ (𝜎2), 𝝁𝑇𝑎

′(𝜇) or 𝒅̂𝑔
𝑇 to the observed traffic states. 

2.2. Sensitivity analysis 

It is complex to solve the likelihood function with equilibrium constraints directly and which requires a large amount of 

computation time. However, the method of sensitivity analysis converts the equilibrium constraints to linear constraints, 

which makes the objective function finding the optimal solution easier.   

The perturbation parameter for OD demands will be denoted by 𝜺 . The mean vector of OD demands considering 

perturbation parameter 𝒒(𝜺) is represented by 𝐪(𝜺) = 𝒒 + 𝜺. The path flow calculated at 𝐪(𝜺) can be approximated by 

𝒇̃(𝒒(𝜺)) = 𝒇∗(𝒒) + 𝛁𝜺𝒇 ⋅ 𝜺, where 𝒇∗ is vector of path flows at user equilibrium, 𝛁𝜺𝒇 is calculated by the method of 

sensitivity analysis. Thus, 𝒇̃(𝒒(𝜺))  is the vector of path flows calculated at 𝒒(𝜺) . The link flows can be defined as 

𝒗(𝜺) = 𝒇̃(𝒒(𝜺)) ⋅ ∆, The ratio of link flows to mean OD demands in is calculated as 𝑝̂𝑎(𝜺) = 𝑣𝑎(𝜺)/𝑞(𝜺). 
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The maximum likelihood estimation problem can be written as follows. 

max 𝐿(𝜇, 𝜎2, 𝜺|𝒅̂𝑔∀𝑔 ∈ {1, … , 𝐺}) = ∏
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3. Numerical Calculations  

The road network in Asahikawa, Japan, is used for the numerical calculation. The network has 340 directed links, 
135 nodes, and 182 OD pairs. 

        

Figure 1. Demand for each OD pair for the Asahikawa network.         Figure 2. Estimated average link flow. 
Figure 1 shows the estimated mean demand for each OD pair (there are a total of 182 OD pairs). The total OD demand 

estimated is  3.2406 × 104[pcu/hour]. The estimated OD demands for OD pairs 44-14, 44-6, 104-6, and 84-14 are 
significantly larger than those for other OD pairs, given that the centroid node of 84 is located near a primary school 
and the centroid nodes of 44, 104 and 14 are located near residential areas. In the vicinity of centroid node 6, there is 
the expressway from the outskirts to the center of Asahikawa City. 

Figure 2 shows the estimated average link flow for the Asahikawa network. In this study, a road section in the network 

is comprised of opposing two directed links, and since the flows of opposing two directed links are essentially the same. 
The link flow shown in Figure 4 is the average of mean link flows for the two opposing directed links. The average 
link flow in the central part is around 600-1,200 [pcu/hour], and the links in red have flows between 2,400-3,000 
[pcu/hour]. The reason for this is that the links are located near the centroid nodes. 
4. Conclusions  

This study developed a method to estimate the traffic states by the FIMLE problem with UE constraints. In addition, a 

solution algorithm for the FIMLE problem based on the sensitivity analysis for UE is also presented. 

Since the market penetration rate of the ETC2.0 system is not high, therefore the fully observed data cannot be obtained. 

The proposed method in this study can address such incomplete traffic data. 

Numerical calculations are carried out in the real Asahikawa network using real observed link delays. Especially, the 

method proposed in this study estimated relatively reasonable link delays in the Asahikawa network, and the issue of traffic 

condition estimation for multiple time periods in a large network will be addressed in the future study. 
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