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1. INTRODUCTION 
Losses due to hazards are inevitable. Estimating possible losses require numerous generations of random variables and 
possible combinations. Most studies focus on the independent impacts of a specific hazard to one specific site. But, seismic 
impacts are affected by various parameters. Lifeline systems are interconnected and affected by damage from its neighbors 
thus, correlation must be considered to account for uncertainty. A simplified model to obtain the correlated Probable 
Maximum Loss (PML) of a Pipeline system subjected to a seismic event is proposed. Data for the simulation and analysis 
were obtained from a previous study. The results show the cumulative histogram of the simulated PML show a lognormal 
trend. A model was formed and compared to the simulated results. This would aid in pre-disaster planning and would 
require only a few steps and time. 
 
2. THEORY 
2.1 Probabilistic Seismic Hazard Analysis 
Earthquake hazards were obtained from a previous paper (Jarder et al, 2020). Historical seismic data of the area were the 
parameters for the analysis. Probabilistic Seismic Hazard Analysis (PSHA) was used to obtain the peak ground velocity, 
V, throughout the city (Kramer, 1996).  
2.2 Damage Rate  
Pipeline seismic damages can be estimated using the Isoyama et al (2000) method on estimating damages of pipelines per 
grid. Eq. 1 is the standard rate of damage. 

𝑅(𝑉) = 3.11 × 10ିଷ × (𝑉 − 15)ଵ.ଷ        (1) 
2.3 Correlation, ρ 
Using Normal Distribution for data generation is common and easy; but, generated multivariate normal data produces 
negative values when it is impossible for damages, thus, transforming to Poisson Distribution is needed. Yahan and Shmueli 
(2009) proposed a method to generate Multivariate Poisson Random data. Eqs. 2 and 3 shows the Cumulative Density 
Functions (CDFs) for Gaussian and Poisson, respectively. Where, u and λ are the mean for Gaussian and Poisson, 
respectively.  
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The proposed method states to generate multivariate Gaussian random variables, using the correlated matrix in Eq. 4, 
where 𝜌ଵ,ଶ  and 𝜌ଶ,ଵ  are correlation coefficients of two sets of samples whose values ranges from -1 to 1. Once the 
number generations are done, calculate the Normal CDF as shown in Eq. 5. The values for 𝜌ଵ,ଶ and 𝜌ଶ,ଵ are equal.   
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Assuming the Normal CDF is equal to the Poisson CDF, Eq. 6 shows how to obtain the Poisson Multivariate Random 
Number by obtaining the Poisson inverse CDF of Eq. 6 at the rate of λ. However, one of the limitations of using this 
method is that there is a discrepancy when the value of λ is less than 1. Thus, calibration is needed. 
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To obtain the max and min uncorrected, the calculation is the same from Eqs. 5 to 6, however values of  𝜌ଵ,ଶ and 𝜌ଶ,ଵ 
should be 1 and -1 to get the 𝜌௠௔௫ and 𝜌௠௜௡, respectively. Correction is needed, Eqs. 7, 8 and 9 show the calculations 
for the coefficients needed for Eq. 10, Corrected Poisson Correlation, 𝜌௉௢௜௦ . Where, 𝜌ே  is the Calculated Poisson 
Correlation. 
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    𝑐 = −𝑎                         (9) 
𝜌௉௢௜௦ = 𝑎 × 𝑒௕ఘಿ + 𝑐   (10) 

Once the ρ is corrected, the covariance per set can be obtained as shown in Eq. 11. Where, 𝜎௫ and 𝜎௬ are standard 
deviation of sets x and y. 

 𝑐𝑜𝑣(𝑥, 𝑦) = 𝜌௫,௬ ∙ ൫𝜎௫ ∙ 𝜎௬൯              (11) 
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2.4 Probable Maximum Loss 
According to ASTM E2026-99, the PML can be obtained at 90% confidence of non-exceedance for the Scenario Upper 
Loss (SUL) of the CDF of the distribution. Eq. 12 was used to calculate the Physical Loss of the System (Maruyama, 
2015). Where, Xij is the damaged spot in one mesh area, Zj is the total damage spots in the area; aj is the loss; j represents 
a category; i is the value of each category. 
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Loss, in this paper, is the replacement cost, for a damage spot cost by the seismic event. The mean, mj, and variance, vj, of 
the physical loss was obtained using Eq. 13 and Eq. 14, respectively. The value of mj is obtained in Eq. 13. 
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When the distribution fits the lognormal distribution, it is necessary to transform mj and vj to log mean, μmj, and log variance, 
σvj

2, respectively. Eqs. 15 and 16 show the parameters for the lognormal distribution based mj and vj. 
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Eqs. 17 and 18 are used to obtain the Gaussian SUL and Lognormal SUL, respectively.  

          𝑆𝑈𝐿ீ஺௎ = 𝑃𝑀𝐿ீ஺௎ଽ଴ = 𝑚௝ + 𝑣𝑗𝑧ଽ଴                    (17) 
          𝑆𝑈𝐿௅ைீ = 𝑃𝑀𝐿௅ைீଽ଴ = 𝑒ఓ೘ೕାఙೡೕ௭వబ     (18) 

3. RESULTS 
Data used was obtained from a previous study (Jarder, et at 2021). A total of 274 meshes were considered and each mesh 
has its own unique seismic damage rate, λ. Each mesh was simulated 100,000 to obtain the Empirical CDF. Sample data 
shows seismic level L0 (earthquake at 75 years return period). 

 
       Fig. 1a CDF of Losses at L0 Fig. 1b Losses CDF Comparison of Gaussian, Lognormal and Empirical at L0 
 
The CDF at different ρ cases is shown in Fig. 1a. It shows that PML increase as correlation increases. The Gaussian PML 
and Lognormal PML curves were compared to the simulated histograms as shown in Fig 1b. Fig1b (left), shows a sample 
comparison of the Gaussian, Lognormal and Empirical CDF at L0 with ρ=0.7, while Fig1b (right) shows the CDF at 
different ρ. It could be observed that only at No Correlation case is where all scenarios satisfy both the Gaussian and 
Lognormal PML curves, while the rest only satisfies and fit the Lognormal Curve. Including the correlation when 
estimating the Gaussian PML produces negative losses. Mathematically, negative losses do not exist.  
 
4. CONCLUSION 
The PML was obtained using the multivariate Gaussian to Poisson simulations. Including the concept of correlation when 
estimating the PML could cover the impacts of the surroundings and other uncertainties. The proposed Lognormal 
distribution model can be used to estimate the PML with minimal time, effort, steps and memory compared to the standard 
simulations for estimation. 
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