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Guided waves in a monoclinic layered half-space and a monoclinic
layer between monoclinic solids

o Yosuke YOSHIZAWA

Anil C. Wijeyewickrema

1. Introduction

The propagation of elastic waves along the interfaces in a
layered half-space and a layer between solids is considered.
These media consists of monoclinic material with the symmetry

plane at x; =0 and x, =0, all interfaces are rigidly bonded.

The dispersion equation relating the wave speed to the wave
number is obtained. Numerical examples are presented to
illustrate the dispersion curves, and displacement and stress
curves.

2.  Waves in the monoclinic materials with the symmetry
plane at x; =0

When a monoclinic material with the symmetry plane at

x; =0 is subjected to a two-dimensional deformation, the in-

plane displacements and the anti-plane displacement are

uncoupled. So, for deformations where
u;, =u;(x;,x,,t), i =1, 2, 3, the equations of motion are
piiy = C]]“],H +C66u1,22 +2C|6“|,12 +Cgty
+Coty 0, +(C, +C66)u2,]2’ (2.1
piiy = Cigty gy + Cgtty 55 +(Cy +Coluty g,
+ Cgliy ) + Coplty 5 +2C56u5 5, (2.2)
piiy = C55”3,11 + C44”3,22 +2C,5uy - (2.3)
A plane wave propagating in the x; direction is given by
U (xl’ xl) — Ale-bkxz eik(x] -ct)’
uy(x,%,) = Aze'bkxzeik(x' <) 24
uy(x;,x,) =0.
for in-plane problem, and
u, (x,%) =0,
u, (x;,%,) =0, (2.5)

uy (X, %,) = A3e'bhz e
for anti-plane problem, where i=\/3 , c =w/k is the phase
velocity, @ is the circular frequency, & is the wave number 4; is

the displacement amplitudes, and b is the decay factor that is
obtained from the equations of motion.

3. Layered half-space problem
Consider a monoclinic layer of thickness / perfectly bonded
to a different monoclinic half-space (Fig. 1).
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Fig. 1. Geometry of a monoclinic layered half-space.
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Displacements and stresses in a layer are obtained from eqn
(2.4) and Hooke’s law, and are given as

" 111 1 [ Ey)4,
u |_|h V| B4, 3.D
Oy Dy Dy Dys o Dy || Es(x)4;
Oy [P Dy Dy Dy || Ey(x)4,
for in-plane problem, and
[%}:[ 11 :|[A3]El(x2)i| 32)
Oy Dy Dy || 43 Ey(x,)
for anti-plane problem, where
Dy, = K{(iCy =b,Co) +(iCyy =5, )V}
Dy, = k{(iC\g =b,Cee) +(iCqq =b,Cr IV} » (3.3)
Dy, = k{iCys -b,C.}
. 2 2
v :&:_ Cy, +2b,iCyg -b,Cyq - pc . (3.4)
! 4, Cig +b,i(Cyy +Cq) +b:C26
For decaying waves in the half-space Re(b)<0. Then
displacements and stresses in half-space are
u, l* 1* 1* l* E (x,)4,
U, — Vl V2 V3 V4 0 (3.5)
0y Dy Dy Dy Dy || Es(x)) A
10y ] [P Dy Dy Dy 0
for in-plane problem, and
e 1* 1* :l[AMEI (% )} (3.6)
Oy | Dy Dy 0

for anti-plane problem.

At the interface, each material is rigidly bonded, and the
displacements and stresses are continuous. While the

surface x, = / is traction-free. From these boundary conditions,

the dispersion relations are given as

D\\E\(h) D\,E,(h) DyEs(h) Dy,E (h) 0 0
D, E\(h) DyEy(h) DyEs(h) DyEu(h) 0 0
1 1 1 1 -1 -1

" 8 Vs Va4 _Vl* _Vz* )
Dy, Dy, Dy3 Dy, _Dl*l _D1*3
D, Dy, Dy Dy, _D; _D;

3.7

for in-plane problem, and
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for anti-plane problem, where & = ch /C,y is the non-

dimensional phase speed

4. Layer between solids problem

Consider a monoclinic layer of thickness 24 sandwiched
between two different types of monoclinic solids.  Both
interfaces are rigidly bonded (Fig.2).

X1

Fig. 2. Geometry of a monoclinic layer between monoclinic
solids.

For the in-plane problem, displacements and stresses in the
layer are same as for the layered half-space problem. Now, for
convenience rewrite the formal solution (3.1) in the compact
form as

¥, ()= XoEy (x, )A(z) : 4.1

In this problem, the propagator matrix approach is used. This
matrix relates the upper face of layer to the lower face of layer.
Specializing eqn (4.1) to the upper and lower face of layer, leads
respectively to

Yoy (h) = X, E, (W) A4,

Y, (=h) = X, E, (-h) A, (4.2)
From eqn (4.2), the relationship
¥, (=h) = B,¥, (), (4.3)
is obtained where
_ -1
P, =X,E,(2n)X,. (4.4
From the boundary conditions at the interface
Y(l)(h) = Y(z)(h)ﬂ
4.5)

Y(z) (_h) = Y(a) (_h)

From eqns (4.3) and (4.5) the dispersion relation for in-plane
problem is given as

V4 V4
' "Bl=o, (4.6)
Zy Zy
where
_ -1
Z= X(])P(Z)Xm . 4.7
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The anti-plane problem is solved using the same method used
for the layered half-space. The dispersion relation is obtained as

E' B0 -E'() 0
DYEC()  DYETR) -DVEMG) 0|
G I A B R CON
DYET(H) DYE(R) 0 -DUE(h)

(4.8)

5. Numerical results
Material parameter given in Table 1 are used to illustrate t
dispersion curves, and displacement and stress curves.

Table. 1. Values of the elastic constants and density.

he

Material | Cyy Cy Ci | Cis | Cx | Ces Cus Css Css P
aegirite- | 216 | 156 | 66 19 25 | 46.5 | 49.2 | 40.0 4 3420
augite

augite 218 | 182 | 72 25 20 | 51.1 | 55.8 | 69.7 4 3320
diallage 211 | 154 | 37 12 15 62.2 | 52.3 | 63.9 -9 3300

Cy (10°Mpa), p (kg m™)

Dispersion curves are illustrated from the eqns (3.8) and (4.8) as
@

(G

£ g

0 5 10 15 20 3 +
kh kh

Fig. 3. Dispersion curves for (a) layered-half space and (b)
layer between solids.
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Fig. 4. (a) Displacement and (b) stress amplitudes for
layered half-space. (kh=20)

g

(b) 20

570

U,/u,(x,=0)

—=]

g é
0,,/0,,(x;
A
=]

Half-space Haif-space Half-space Layer

K 0
x2/A xz/)\

Fig. 5. (a) Displacement and (b) stress amplitudes for layer

between solids. (kh=20)
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