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A circular rigid punch with one end sliding and the other end with a sharp corner on a cracked half
plane acted by concentrated force

Jun Qian and Norio Hascbe
Nagoya Institute of Technology

1. Introduction A circular rigid punch with sharp corners in complete contact with a cracked half plane has been studied
before[1], and the fundamental solution of the problem in [1] has also been derived recentlyf2]. The present paper deals with
the problem of circular rigid punch with one end in smooth contact and the other end with a sharp corner on a cracked half
plane acted by concentrated force at an arbitrary point on the boundary or in the body of the half plane. The length of the
contact region is changed with the position of the concentrated force and other conditions, and is decided by the property that
the stresses at the smooth end of the contact region must be finite. After the length of the contact region is decided, the stress
intensity factors of the crack and the resultant moment on the contact region can be calculated with different positions of the
concentrated force.

2. The presentation of the problem  As shown in Fig.1, the punch is supposed to be vertical on a half plane with a vertical
edge crack. To keep the punch not to incline, the position of the load on the punch is usually eccentric from the origin of the
x-y coordinates to equilibrium the moment produced by the stresses on the contact region about the origin. The right end of the
punch is with a certain distance of a /2 from the origin, while the left end of the punch is undetermined. Besides the load P
on the punch. there also exists a pair of concentrated forces at point z, in the half plane. To solve the problem in an analytical

way, the cracked half plane is mapped into a unit circle by the following rational mapping function[1]:
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where E,, E,. g, are known coefficients. and F, is decided by the distance from the edge crack to the punch.
The loading and displacement conditions can be described as
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p.=p, = 0 on L= L‘ +Lz (2a)
P =np, . f pyds=P on M (2b)
V =x"/2R on M (2¢)
Q0. ¥) = (q, +iq,)8(z,2y) on the surface or in the body of the half plane 2d)

where [, = ABCD'D. L, = EA, M = DE inFig.1, p is the Coulomb's frictional coefficient on M ; p, and p, represent the
components of traction in x and y directions on the surface of the half plane; Q(x,y) represents the concentrated forces on the
boundary or in the body of the half planc; §(z,z,) = 1 when z =z, and 0 when z »z,. V is the displacement of the punch, and

R is the radius of curvature.

3. The method of analysis  The complex stress functions of the problem are divided into two parts:
HO) = 6,0+ 4,5 (3a)
Y =, (©) + 9, (O (3b)

where ¢,(C) and v, (C) are the complex stress functions of the half plane with the edge crack acted by the concentrated
forces3]. ¢,(T) and ,(T) are the holomorphic parts of (%) and ().
The general solution of $,(T) can be expressed as [1,2]

00 = 1,0 + I+ 1,0 + 5.7 © + 00n® O
where H.(©).11,(T) » Q@) and J(T) are the same expressions as those in the previous paper[1], and F,(¢) is related to
the concentrated forces in the half plane. which is expressed as

1@ =15 (G =K F (K7 = )F, +4G, +4G, + 276, | ®)
where F,F,,G,G, andG,canbe found in [2]. g = ~(q, + iq,)/ (1 +x), k=3-4v forplane strainand (3-v)/(1+v) for

plane stress state. and v is the Poisson’s ratio of the half plane.

4. The length of the contact region  The stress components on the boundary of the half plane can be expressed as
U fil-imp  (1-afi-B) (o) mf(c)  (-m)s(o) (o)=x(0)] ©
, + + + +glo)|x’(o)-x"(o
v'(0) 2 ¥(Ifl-o)fo-a)o-B) (c-a)o-B) o-a o-B
wheree(o), f(o) and g(o) are related to the concentrated forces in the half plane, which are known functions.
The following condition can then be formed from ( 6) to satisfy the finite stress condition at the smooth end:

0, +1T,4 =
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B can be obtained from (7), and then the length of the contact region can be decided. Fig.2 shows o' with differentd ,

where d denotes the distance from the crack to the concentrated force on the surface of the half plane. It is shown that o'
decreases and tends to a stable value with the increase of d.

5. The stress intensity factors of the crack The stress intensity factors of the crack are defined as
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where §=-n/2 and gy=-1.
The non-dimensional stress intensity factors of the crack are defined as

Fig.3 shows F, and F; with different 4. F, increases with the increase of ¢, and F, is on the contrary. Both F,
and Fy; tend to stable values with the increase of d'.

6. The resultant moment The resultant moment about the origin of the x-y coordinates is calculated by

y —{1\ydo °—(1
R, = —Re[fu)(O)d),’(*') — +f(u(~) ¢[(0)d0] (10)
) agla® 4 \o
The non-dimensional resultant moment is defined and the location of the load P is obtained as
R
M =2, Pe=R 11
> e=R, (1)

Fig.4 shows Af, withdifferent ¢. Af, decreases with the increase of d from positive to negative value and tends to
a stable value . The positive value of Af, corresponds to an anti-clockwisc moment with the load P on the left side of y-axis.
In the above calculation, the concentrated forces are typically taken as q, /P =~1and g, =0 acted on the surface of

the half plane, k=2, p=05, b/a=05, ¢/a=0 andGa® / PR =1 were selected.
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Fig.3 The stress intensity factors of the crack Fig.4 The resultant moment on the contact region
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