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1. Introduction

As a result of soaring land prices and due to the scarcity of 1land,
particularly in overpopulated cities, construction of human habitation under
ground or under water has become the recent focus of research. Having a vast
open space, a dome has been thought of serving as an enclosure to such type of
future dwellings. This dome can be composed of intersecting circular arches as
the supporting structural members. As such, in this paper, being the most
fundamental part of the research, formulation of a general equation for the
redundant horizontal reaction, H, of an embedded two-hinged circular arch under
vertical loading using the classical Castigliano’s theorem is presented.

2. Idealization A

In Fig. A, consider the embedded circular T
arch represented by the parametric equations x = D
Rsing and y = Rcosd, where ¢ = angle that a f
tangent at an arbitrary point on the arch axis [ *
makes with respect to the horizontal (-e<g<e), f
and e is the corresponding angle at the support y
(-w/2<6<n/2). Likewise, from the figure, D = depth A @ . el—H
of embedment, f = rise = R(l-cose), 2(1) = / QU \
horizontal span and R = radius of curvature. h s !

.The horizontal reaction H at support B is ! . X
considered to be the fedundant force. Using the The hhalizmiEmkddaikrch
classical Castigliano’s theorem, the horizontal Figure A
deflection at B must vanish, i.e., 1g

dU U=1Uy+ U+ Uy,
3 S pz S N2 S yz
Uy = j — ds Uy = J s ds and Uy = J s ds
M, 2EI y N7 ), 2aE Vo, 26ra 0 (1)
where U = total strain energy, M = bending moment, N = axial force, V = shear
force, E = modulus of elasticity, I = moment of inertia, A = cross-sectional

area, G= shear modulus of elasticity, F= shape factor, s= arc length and ds=Rd{g.

3. Basic Derivation
Let N’, M and V' be the axial force, bending moment and shear force,
respectively, of a simply-supported beam having the same span as the arch
considered.
From (a), (b) and (c) of Figure B, the following

ﬁi equations can be obtained:
f-R(:cosrﬂ) M + H[f-R(1-cosp)] = M’
A oM
g MJ —— = -{f - R(1-cosg)]
(2)due to bending oH
v L (2)
N V=V + Hsing
V)
\ __H N =N Hooss i i
& VN N
= cosg
(b)due to axial force (c)due to shear OH

Figure B. Basic Derivation Diagram

Manipulating equations (1) and (2) and solving for H,

R R (° R (®
e M'(-f + R - Rcosg)dg + — J- N’cosgdg + — ‘[ (V’sing)dg

H= - (2] AE J g GFA J_ g
R 2 R R ¥ (3)
——— | cos®gdg + —= | (f? - 2fR + R? + 2fRcosg - 2R*cosg + R%cos?g)dg + — | sin®gdg
AE ) _g El | g GFA | _g
Simplifying the denominator and calling it K,
R R3 (£-R) R
= {(— + —)(6 + + 26R(f - R)+ 4R®*s] + — (6 -
K= (o5t 570+ s 57 20K ) sl + Gm (8- 50 (4)

where s = sine and ¢ = cose

4. Theoretical Analysis and Results

The analysis is divided into two cases. The first case, as shown in (a) of
Fig. C, considers the uniform horizontal loading qi = /Db , where J = unit
weight of the surrounding medium, b = cross-sectional width of the " arch{equals
diameter, if the cross section is a solid circle). The second case, as shown in
(a) of Fig. D considers the loading 92 = /bR(1-cosg).
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Figure C. Case 1

From figures (b), (c) and (d) above,

M = %-1-[12 - R%sin?g] , N' = qiRsin®g and V! = -qiRsingcosg (5)
Manipulating equations (3), (4) and (5) and solving for Hy,
2 1 1 qiRt 4
—q1R?*83( — - —) - ( -s3 -20s%c + B¢ ~ sc?)
N " AE  GFA'  2EI _ 3 (6)
4.2 Case 2 -
y, Y. M 63 E
- ) C o % E
1] \ \ 2
D’,/ £
A # D
[ \ 1
) E=3 \ ’ ’
; e 1 . X | M , v
(a)the idealized embedded arch {b)due to bending (c)due to axial force .(d)due to shear
Figure D. Case 2
From figures (b), (c) and (d) above,
3 3
M’ = Mo - l:R [ g - cos?g - gsing - cosg + cos ¢]
where bR3 | 5 36
Mo = if—— [ 3 cos?0 - BsinB - cosO + SE%__ (7)
also, V! o= -lez[sin¢cos¢ - &Osg - Mg] and N? = lez[sinzgj - w - M
2 2 2 2
Manipulating equations (3), (4) and (7) and solving for Hy,
1 1 2 2 3 c? 2] 3 JbR5
= - 3 (= - —)[ s - S+ S-Sy # - (e - 5)1 + S 38( 9 - 64c® -
He = —{ JOR® (- mdl g8 = se( go + 5= o) + o (c® - )] + Sl 36( 64c* -12c
.+ 24s?c - 8s%c?) + sc( 155 + 84c -26c% - 720%) - 48s]} / K (8)
Thus, by superimposing cases 1 and 2, H = H; + H, . From this result, other

reactions can be obtained using the three equations of statics.

5. Conclusions

Formulation of the general expression for the redundant horizontal reaction
at the right support of an embedded symmetrical two-hinged circular arch under
vertical loading condition wusing Castigliano’s theorem has been thoroughly
presented, serving as the most fundamental analysis. As such, further analysis
considering horizontal forces, together with the dynamic effect of water waves
or ground motions, depending upon whether the structure is to be embedded under
water or under ground, has to be taken into account for future studies. Finally,
integration of intersecting arches into the final embedded structural dome is
another point for future consideration.
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