1-14 A COMBINED UPPER AND LOWER BOUND ANALYSIS

Univ. of Tokyo, Student Member, TAN Kiang Hwee
Univ. of Tokyo, Member , Akio HASEGAVWA
Univ. of Tokyo, Member , Fumio NISHINO

1. INTRODUCTION

A method of limit analysis which combines the features of the lower and upper bound
approaches is outlined. The method is illustrated with a simple example and its
advantages over separate lower and upper bound analyses are discussed.

2. PROPOSED COMBINED UPPER AND LOWER BOUND ANALYSIS

In a lower bound analysis, the ultimate strength of a structural system is usually
expressed as a function of static variables such as stresses or stress resultants and
then maximised without violating the yield conditions so as to obtain the best lower
bound solution. On the other hand, in an upper bound approach, the ultimate strength
is expressed as a function of kinematic variables and is minimised, without violating
the compatibility conditions, to give the best upper bound solution (1,2).

In the event that the best lower bound solution coincides with the best upper bound
solution, the exact or true collapse load is said to have been obtained since the
conditions of equilibrium, yield and compatibility are simultaneously satisfied for
such a case. However, it is noted that both the upper and lower bound approaches
involve the consideration of the equilibrium state of the structure. To eliminate
such a repetition, a combined upper and lower bound analysis is proposed as below.

Consider a structure subjected to a system of external forces which are
proportional to one another at any level of loading (Fig. 1). From the equilibrium
conditions of the structure, the representative force, P, can be expressed as a
function of a set of kinematic variables k and static variables s, that is:

P = P(k,s)
where
k= {ky, k,, ... , k

s = {s;, s3, ... , sn}
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The kinematic variables are parameters (=t,2,...)
which describe the kinematically admissible P: representative
velocity field or collapse mechanism of the force
structure. On the other hand, the static -
variables are stresses or stress resultants 3
which define the statically admissible stress Fig.1 Stucture under a  System of
field of the structure. It is obvious that Forces
these variables are subjected to constraints:

Ci(k,s) >0 ., (i=1,2, ...) (2)
for the collapse mechanism to be valid and P Pis)=MiN Pk, s
for the yield conditions to be satisfied. k

By the upper bound and lower bound theorems Surface Wkﬁ"fxﬂk,S)
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of 1limit analysis, the ultimate strength or
true collapse load, P_, of the structure is
then given by the value of P which is
minimised with respect to the kinematic

variables k and maximised with respect to the s K
static variables s. For a structure with ~Z T
given geometrical and material properties and Tl g?f”amgz
load distribution, the value of P_ is ith.s) 2
uniquely determined and can be expressed as:
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min | max P(k,s) } f(s)
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where k and s are subjected to constraints at (2).
The concept of the proposed method of analysis is shown diagrammatically in Fig. 2.
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The true collapse load, corresponds to the 'saddle point’ of the surface
represented by the function P‘tk It can be seen that the combined upper and lower
bound analysis is essentially a constrained optimization problem,

3. A SIMPLE EXAMPLE

To illustrate the use of the proposed method of analysis, consider a two—span
continuous steel beam subjected to a uniformly distributed load p, as shown in
Fig. 3(a). The beam has a uniform cross—section and the only possible collapse
mechanism is as shown in Fig. 3(b) where plastic hinges are formed at D, B and E.
Denoting the bending moments at D and B by a,M; and a,M,, the free body diagrams of
members AD and DB can be shown as in Figs. 3(c) and (d). From the equilibrium
conditions, the value of p can be written as:

P = P(a1: az, X, My, Mz)
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To ensure the validity of the collapse x A
mechanism shown in Fig. 3(b) and to satisfy fa)
yield conditions, the kinematic variables, .
a;, o, and x, and the static variables, M, [*———‘]x r—j
and M,, are subjected to the following 5 2 y
constraints: A D B8 E c
e; 31 , a3 31 , 0<x< 1 (5) (b)
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where M_ is the full plastic moment of the AUIIID“D(M[ ‘ % o
beam section. By the proposed combined upper 1 0%, ]‘D Bll i
and lower bound analysis, the true collapse v (@
load, Pys is given by: © )
Pu = {MT?ﬁz} {{a,_l?é!zl,x} plas, ap, x, My, M")} Fig.3 Two-span Continuous Beam
= plas=a,=1, x=0.414¢, M,_—Mz—Mp)
= 11.66 M, iy (6)

4, DISCUSSIONS AND CONCLUSIONS

The attractiveness of the proposed method lies in the fact that the derivation of
equilibrium equations need not be repeated as in separate upper and lower bound
analyses. The method is more advantageous when the number of unknown variables
increases. It is especially nuseful when the exact mode of the collapse mechanism
(such as the position of the plastic hinge within the beam in the above example) is
not exactly known in advance., In addition, since the values of the kinematic and
static variables are determined together with the value of the true collapse load,
the method not only allows the exact collapse mode to be determined but it also
enables the various internal forces and hence their contributions to the ultimate
strength to be calculated simultaneously.

A further advantage of the combined analysis is that the order of maximization and
minimization is arbitrary. Hence, if there are multiple kinematic or static
variables, the corresponding optimization processes can be performed in a manner such
that the true collapse load can be computed easily. The maximization and
minimization processes in the combined upper and lower bound analysis may be
complicated for some cases. In such cases, it is usually true that the formulation
is also complicated even for a separate upper bound or lower bound analyses. The
problem then lies in the nature of the model used and a modification of the model may
be needed instead. On the other hand, with the advent of computer softwares, it is
believed that a combined upper and lower analysis may be more advantageous.

5. REFERENCES

1) P. G. Hodge, Jr., 'Limit Analysis of Rotationally Symmetric Plates and Shells’,
Prentice-Hall, Inc./Englewood Cliffs, N. J., 1963.

2) P, G. Hodge, Jr., 'Plastic Analysis of Structures’, McGraw-Hill Book Co., Inc.,
New York, 1959.

28



