o = cra
CLEE EL =5 =
FUENIE BWEORIA

THE APPLICATION OF THE THEORY OF INF LUEN CE
EQUATIONS FOR THE ANALYSIS OF SECONDARY
STRESSES IN TRUSS BRIDGES.

By Tadafumi Mikuriya, M. 8., Assoc. Member.*
Synopsis. .
This paper presents the application of the Theory of Influence Equations, the derivation of

which was infroduced by the writer in the September 1932 journal, to the-analysis of secondary
stresses in fruss bridges.

INTRODUCTION.

The primary stresses in members of & bridge analized on the assumption that
the ends of each member are perfectly free to rotate around ";he pannel points and
gravity axes of members coincide with the center lines of the members.

Actually the members are connected with rivets at pannel points or pins. These
pins are not frictionless and offer considerable resistance to the turning of members
at the joints. The gravity axes may not coineide with the center lines of members,
and the members may not be straight. Horizontal and inclined members act as
beam to carry their own weight or intervening loads spplied on members between
joints. A temperature change may cause a difference in length of members.

Due %o all these cavses the members are subjected fo bending moments and
shears besides axial stresses. These additional stresses are known as secondary
stresses.

The analysis of secondary stresses can also be done by means of the Influence
Equation Theory.

ANALYSIS,

Take truss as shown in Fig, 1.
From the deflection moment equations:

AM = —(2m, +m5)— dovan CMy= —(2mg+ms) -+ CBea

AMy=—02matm;}+ 4B
BMy=—(2ms+m,)— Boe
BM,=—(2m,+mg)+ By
CMy = —{2m,+mg)— Coeen

DM, =—(8m; L)~ Doese
D= —(2my+my) - DBes
EMy=—{(2ms+mye) — Feees
EMo=—(2myy+my)+ Efec

* 30 Underhill 8t. Crafton Pittsburgh, Pa., U. 8. A.
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FMy = —(2myy +19)— Feeva b My F Madim H M f
Fis=—(Zmyp+mn)+Ffa
GMy= —(2mya+ 1) —Goeae
Gy =—(2mg+ M)+ GBae
HM,; = — (2, +mye}— Hovar
HMis=—@nye+my}+ HPar

P

IMyy = (214 mng) ~ Toere A g McMe G MMy, @ M Fy B
TMis= —(2mepg+myp )+ 1B Fig. 1.

dTMyo= —(Zmg Mg )~ Joery LMy = ~(2mgp+mg)—Levrn

JMyp= —(2ma -+ M) +JBry LMyy=—(2my, +m2e) + LB

KMy = —{2ma +mgs)— Koege M= —(2mas+ mes)—Moxng

KM= —{2mog+mer}+ KfBge MM,= ~(2myg+maes )+ MBay

From angular relations:

My =1y — P+ Py M1y = W1e—Pr+ Ps M =mMp—PutP;
My=mMs— P2t P1 M1 =Npe—P; + Ps ‘=t — Prat Py
My =My — P2+ Pu My SMu—Pr--Py May =M1 — Pro+ Pr2
M =ms—Pat+Ps Mg =M1— P2+ Py My =M~ Prot+Pn
My =Mis—Pat Py Mg =My~ Prt+Po Mo =Mz~ Pro-t Prs
Mg =My — Pot Ps Mg =Wa—Pr+Pu ey =M= P12+ P1a

Substituting the angular relations into moment equations and arranging the
equations into tabulated form and eliminating “m” we have,
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If we examine the arrangement of Relational Moment Equations in the Influence
Equations it will be found that the terms of moments are successively arranged in
each triangle. Therefore the Influence Equations for any truss may be written by
inspection.
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In the equations we have terms of deflection angle “¢” which in this case are
treated as known values and are determined independently.

The values of “¢’ change according to the loading on the bridge but relation
in the Influence Equations remain the same, therefore, the Influence Values of .
each moment are defermined by changing the value of “o” according to the losding.

Since we now have 26 unknowns and 26 conditional equations the problem is
capable of solution.

If in the analysis there are no intervening loads applied between joints or if
the own weight, acting as loads on the beam, of inclined and horizontal members
are disregarcied‘then the terms of Constants, o and 8, in the equations disappear.
If the own weights of the inclined and horizontal members. are taken into conside-
ration then the values of the constants will be a:B:%ZE,

‘Where w=intensity of uniform load due to own weight of member which is acting perpendicularly
to the axis of the member.
I=]ength of the member.

If symmetrical loads are applied on the bridge then the number of unknowns and
conditional equations are reduced to almost half.
~ After establishing the Influence Equations the values of “ ¢ must be determined.
The rigid triangle a-b-c, Fig. 2, 1s subject un_it stresses Sy,
Sue, S and the length of the corresponding members are [g,
Toey Loar

The change in length of each member will be

Alap=(Bga X lap)+F - v verenrviriinnn et e (¢}
Aloe={Suc XIpe) = F  +--cov v arearararrarianerssrss siraan (2)
o= (SeaXla) =T v rernetriainaicnrinrsiaantrnres s (3)

The angular change due to the change of length of mem- 2
bers will be derived by applying the law of Sines.

(be+ dlno) * (lout dloa) :: sin(A+dA): SI(BHAB) oo vrrenner cverinnnn STTIRPRREE (4)

(leat+dlea} : (lap-+ dlaw) © : SIR(B+4B) : 8in(CHAC) cvvvmvee o eivinieiiinn,, (5)

W e L | 8
Expanding above equations and substituting the linear changes, we get

FEdA ={Spc— Sap) 00t Bt {SheeSon) QOBET + v v v e rmameteseaaraesmaiieaes e aneeaeann N

F4B=(8eq~860) 608 O+ (Soa—Sap) COTA -+t vrrerrerrarrorriaeattate e iaieaneenannis (8)

FBAC=(8mp—8 q) 0ot L +(Sap—8uc) COE B ~- v s treersnsnnnserrsnarsiirsrarseeranses (»

These angular changes do not represent the values of “g@” directly, therefore
the relation between the anguler change and deflection angles “¢” must be establi-
shed.

Fig. 3 shows four typical and possible cases which may be encountered. The
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full and dofted lines in the sketch represent the

position of the axes of .members before and after

thé change of angle, respectively.

{a) TFrom the geometrical relation, A+ dd—p;—qp,
" =4, d4=¢@+®: From the convention the sign

bl H

- of “g,” is positive and “@.” is negative.
Therefore 44 =@,—:

{b) In the similar manner, we have 44+ d+4¢

+ga=d, dAd=—gpi—@, (=), @d+) Fig. 3.
) o dA=pi—ps
(€) A+dd—git+i=d, dd=gi—9p, @(+), o+) .. dd=pi—g:
(d) A+dA+gi—~gi=d, dd=—@i+os, ¢i(—), p(—) .. dd=@,—gps

111

»

Generally the relation between the angular change and the deflection angles “¢
can be expressed thus:
dA=¢ —p, SRR e R R LR LR ORI LR (10
If we examine the Influence Equations in table 4 it will be found that the
“o” part in (6) equation can be expressed in terms of the angular change 44, 4B
ate. : ,
The member ratio, _Ai SE]
multiplying “2E” throughout the equation. Then the Member Ratio become

in the Influence Equations can be simplified by

simpler thus: A:é- ete. and the coefficient for ¢, —ps become 6.E44.

This will be illustrated by the following problem.

Ilustrative Problem, Establish Influence Equations for the structure shown in
Fig, 4 neglecting the effects of the own weights of members and find the moments
of both ends of members when the structure has the following properties.

The length of members:

ln=le=Tlea=Ilge=25ft.

Tae=1Ice =lpa =380 1t. ' W D 7l
The moment of inertia of the members: ' MING 5 My N
Iop=Toa=Tn: =360 =%, Tro= Lo =601 WA 7 8 ME % 2 oy
Too=Toe=4010%, M @, s %, .
The unit stresses in the members: “[M’G C Mty G MBS
Sen=8Spe=—"T7 000 lbs. per sq. in. 22 22
Sae=8ce=7 800 B o s Fig. 4.
Spa=~T73830 s w w p
Spe==8ea=18 000 mw o m m

Positive for tension, Negative for compression.
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-(a) - By inspecti‘on,'the Influehce Equations can be written as shown in table
% - In this case the own weight of members are neglected therefore the terms of

Constants, « and 8, disappear from the equations:

Table - 2.

B A B A A A A A A AR R IR AR AR S A A A Ar -S|
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E] -5 20 | ZFl & z
. EG 8 =% —& | & &
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(b) 1In this case the structure and the unit stresses of members aTe symmetrical
about the center line of the structure therefore the Influence Equations can be simpli-

fied.

My=—2, My=—Mp, Mio=—M, My=—M, M=—M, Mpy=—3, M= -1,
Ps=~—Q1, Pg=—@P1, Pr=—10py, E=B, F=4, @=C.
Substituting these values inte equations in table 2 we have

Table 3.

) M| Mz | Ma | M| M | | 77 | il |0 | o | 0B [ a5
N/ -7 |24 [-28] 5 &
yfz -8 |28 |-2c] ¢ @
¥[22z7 A < [zc 3
o 4 28 |-8 30 G

5 z8 [~48 ©
N /
al7 717 7

cot Labe=cot Lbed=02915 eot Lbae=cot Lbca=cot Lchd=075
Enabe=(7 300—8 000)0.75+(7 300 +7 000)0.75= +10 200

Similarly,

Eabea=—151320

Encab=+4875

moment, we have

Fachd=+11 500

Eadeb=—23 000
Substituting the numerical values into equations in table 8 and solving each

Table 4.
E2) M, | Mz | Ma i Mg Ms | srs | Py a_o_Eé_c_,- 550 | 0 5as | afsa | aFs
/= 2333| £ 666 |[~/mo00| mo00 & .
4 =5000 | £p000(~/300 | FI90 &
3l-v¢65|.833 A R &
4 0.200| =5 200] &
5 f0.000 | -gpoad &
& /! . s
7 / S/ 7
&l s 8876 | 2000 |- #0000 | 0525 ]| JOEF
7z / LEPAC| Of00 |- afg0 | [/370] /350
-2 / —gase |mosg | ozes | gao n 005
“* / =2275 |no057 | \pr15 |./ 230 |~ 3708
/2 / 0438 |- #3933 | 2oop |403/3 52220
3 / -|=0876 ~zapp | 2000 |- o826 |n oo
A / 1=tiaeol-ozse|.057/ |-/a850| .0F65
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In solving the problem numerically it is quicker to substituting the numerical
values of EAabc, EAbca ete. directly instead of the coefficient 8. However, in a
truss with many more pannels any special member may have a greater stress under
different loading; in that case the unit stress differ from the other loading.

Naturally the value of EAabe, EAbca ete. changes but in case only the coeffi-
cient is used in the successive elimination of the unknowns then the process of elimi-
nation need not be repeated. The coefficients of EAabe, EAbca ete. are the same
for any symmetrical loading, therefore only the values of Elabe, EAbea etc. need
to be changed.

Multiplying the values of EAabe, EAbea ete. by the coefficients in table &, we

have ‘
36400876 > 10 200+ 0.2000 % (~—15 120)— 04000 x 4 875+ 0.0626 x 11 500+0.1064 x(—23 000)=0
My = +58 000 in-1b.
In the same manner,
M= —25 340 in~lh. A=—2630in-1b. M= —8 200 in-1b.
A= 11 770 in-1b. My=—5 800in-lb. M=+ 27 850 in-1b.
The numerical example shown above is the same as the one given by Prof. M.
S. Ketchum in his book “ The Design of Steel Mill Building”. The result of the

analysis is the same as that obtained by Prof. Ketchum using different method.




