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THEGORY OF INFLUENCE EQUATIONS.

By Tadatumi Mikuriya, Asséc. Member.

Synopsis.

In 1982 the writer presented in a very brief way the Theory of Influence Equations in this
journal under the title of “The Derivation of Influence Equations of Statically Indeterminate
Structures.” Since thai presentation of the prineiple was rather too general to insure a complete
understanding of it and its practical value in application to curved structures. In the following
pages the wrifer wishes o present the matter more in detail in order to clear any doubt about
this theory and fo illustrate with specific examples the degree of accuracy with which the prinei-
ple can be applied.

INTRODUCTION,

Before going .into the discussion the writer wants to express his appreciation for
the sincere and inspiring discussion and comments made by Mr. Makizi Shono.

The main emphasis of the Influence Equation Theory lies in the close harmony
between it and its practical application in the solution to statically indeterminate
structures within a reasonable limit. The usefulness of the Influence Equation
Theory depends upon its flexibility in practical use, its high degree of accuracy, and
the ease with which it can be applied to the solution of practical problems.

Asg an illustration of the accuracy of the principle the writer took the same
fixed arch which was built at the Experimental Station at the University of Illinois
and on which a series of tests were made recently by Prof. W. M. Wilson who kindly
contributed the experimental data to the writer.

Here the writer would like to express his deep appreciation for the Prof. Wilson’s
cooperation.

For the other illustration the writer took the ring which was also built at the
Experimental Station at the University of Illinois and upon which a series of tests
were made in 1908 by Prof. Talbot. The experimental results are given in bulletin
No. 22 published by the same institution in 1908. _ _

The writer has solved the problem of these structures with his Influence Equa-
tion Theory and made tables and diagrams which check with results obtained by
experimental and theoretical methods. These tables and diagrams show the accuracy
of the theory and prove conclusively that there is no danger in the application of
this principle to practical problems.
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DATA.

In the test a concentrated load, 2000 lbs., was apphed at pomt 10, 12, 14 and
16 of a reinforced concreto fixed arch whose propertles are given in Fig 1 and
Table 1. Modulus of elasticity of steel and concrete are as follows:

Steel  E;=29000000 Ibs. per sq. in.

Concrete E,= 3300000 lbs. per sq. in.
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. APPLICATION OF THEORY,

Before going into the compuiation let it be understood that the arch was divided
mto 18- equal parts as shown in Fig 1, '

As was explained and 1lluqtmted in the writer’s previous article pubhshed in

the journal September 1932 that _ Table 1
it 3 - ' e )
fust of all it is necessary to esta x| ¥ / £ | 4 loa |57 £
blish Influence Equation by "in- |[/[/8"[ 20873|27562) 11477 Y | 183478 | Azosoes
2| -t | ress2 | 22/85 | 0346 & [/H7587 | 8006386
spection as L*hown in Table 2. TFor |3 /2,770 22070 9.040 N TR T
. e 10,006 | 20.693) 8740 8 S| 27397 [proerzis
g ations . it is ) :
establishing the equ 5 0 | 7066 pere| Bazz |\ | § | 78776 |Eroererz
" necessary to rvéfer to Table 8 and [&| » [ 5900 [mpsz | 7767 | ~|§ {67604 |rroz7776
. . . 7| | 2s06 |msez | 2158 e 8 50708 |G ~os6400
8 in the September 1932 jourmal. [gT = [ zzzsl/z/%z [s.576 é“* Y 37856 (/= 075508
7|~ | 0.802| ;8.008 | 4000 ¥ &1 805.75 | 1008728

In Table 2 we have 21 un-
‘knowns and 21 conditional equations. It looks like a quite laborious piece of work

to solve 21 simultaneous-equations.  However this number can be reduced to 8

squations for 8 unknowns at the left end, M, I, and Vi

Replace the coefficients of momerts by X, ¥ and Z térms as shown in Table 3
then proceed the operation of elimination as shown in -equations (22) to (39) for X'
and the same for ¥ and Z. Then sum up equation (22) to (39) and subtract equation
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(1) for X and repeat for ¥ and Z fhen we have 3 equations ag shown in Table 4.
Equations (40), (41) and (42) are the Influence Equations for the left and umn-
knowns My, i and V.. These 3 equations can be written by inspection for any

Table 2
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P R e A T LA A ol 8ol ioh o L A o Dbt il e ol VA L2 A %
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5 -+ | ¢ A E4 xlxir|z
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zi{+ 1] 7 o5 1
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number of seﬂmentq m't.de

In thls numerlc‘ﬂ example, first of all, we have to obtain the 1J;1d1v1dua1 value
of qb,ﬂ X, Y and Z. The values of ¢ and ¢ will be determmed by general equations
given in Septernber 1932 journal. ' ‘ ‘ -

Sun—n=8Z = Vyztyn . ' ¢"?1:321(”;I)?J'+2J?3
9(“?3—1)_321("—1)’r+1ﬂ 01-,,,_321(13"1)1;—[—

_ After finding the values of ¢ and B determme the mdlwduful va}ues of X, ¥ and
'Z refermo- to Table 2 and 3. ‘ .
All values of q‘S, , X Y and Z are. crwen in Table 5 and 6 for this numemcal

_ eyunple : ‘ _
= Table 5 - o . . .Table &
- . . 2 |.0/50458 |, 3/d34| 727385 i
! A1y s zo673|8 = X |G, 287 b |-03/43) | f7/81 | 88/840 ;
i~ z {24, = gl.746 o = 278, = 287 ¢ |.039803 | 3.89626/ | 4685/3
i 3 (3549, 2 7877/ |oy = ¢z |8,= 2% 4 |.032p32 |5 897637 | 780642
- ¢ |outes. = pa9238, 2 5z |8z 227 e |.ofs087 |f2632/8| /93,727
5 |337y+Ys7 s23.84518 = 7% |Bay= 3HL F l.osqsd8 | ofs028 | 2./25368
| 6 |ag2qray,= /36,615 {8 = 1% |4, = 35X 9066078 |rpsp8idz | 237872 |1
Ve 7 |352949. = 452257 V4 = pox |8, = 37T 4 |-08/P88 |reofosso | 2.895576
| 8 |az3uray,= /57587 (& = 1% |Gy =382 i|./o#328 |25.03/65/ | 3. /7/683¢
! ¢ |asty+ss = 87569 18, = 13zi9,=dek F .12 7476 |28.452452| 3./ 7/852
o [sztvreyen so5235 |8, = e |80 = 40X k| roe328 |25.0324% | 2.5767 74
i |3gsyrd, = zogzes 18, = #x |4, = 432 £ os 988 | /7.00880] 1 730736
17 [328ye29.= 205 10/ |8, = 177 |55, = P2X m | D56/ 78 | /REFETFZ| L r9T7FE
/3| 35851y, = 225707 |Ey = 192 |83 = | osFERR | 1090028 | BZ452E
- |4 3ztyrayy s 2g. 203 |G = 20| B = 47X o l.ofEofF}] | g.263484 | 555 70/
¢ ) /8 |35]9HY, = 235744} 8s = 22X |G53= X A #lioaresz | 5599437, 357486
/6 |351 v 28,2 238,787 |8, = 23 |5 = S0 17| 027803 | 5536267 | .2/08%F
/7 |338348, =22/, 356 | &, = 25X |G = 52X 2 ozr3) | L9/88Y | 095534
/8 |3x0yredy 242 /78 |8y = X |8, 53T S| omg0a5 | 34034 -0/5045 C

~ For purposes of mmphﬁcatwn we can divide equatlons (40), (41) a,nd (42) by-q,_18"
before or after the substitution of numerical values into those equatlons.

' Now we substitute the numerical values into equations (40), (41) and (42) theu
We h'ave 3 equations as shown in (1), (2) and (3) in Table T Solving these 3 equatlo-ns.
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we have influence values of:dlfy; Hi and 7. "

CumEBle 7. T L L T L T

7, H, Y ﬁ;ﬁj‘f}; /zaaaa' A /,:e/ﬂf' — E /é-
/\|.o592082 | 3862007 | F5F1F3Z | - . - | /302287 | 652355 |.763657 0652,
Z\H 585955 |525.9289 | 1975 P2/8]  ~/ SB307059|72 /3868 | 20.58473 | 2526875
3| A55F622 |fos s#59 |3rd saezy - 5805978 \20.77885 | /3.0223 |3 r96d/0
# / g2223 |zagmes |zaorsrs | 1566672 532275 )
5 / —o/fo78 \0282¢0 779/33 |~a3522/ | 24232/ '
¢ / ) o#45¢/ |az3557 |as0708 202723

In this expenmental example a load 2 000 Lbs. was applied at point™10,12, 14
and 16 therefore the influence values of thoee My, H, and Vi will be. multiplied by
2 000 1bs. Let it be understood that the equations in the tables are only the left
hand side of equations and that the right hand side is equal to zero which is omitted,
ie. in equa.tlon (4) ’I‘a,ble 7 when the load is at point 10,

M23.07448X2000=0 T, +0.40541 %2 0000
M, =47 9497% V= —811%
H,—1.0282 40 x 2000=0

H,=+2056%

GONV.EMIONAL SIGNS.

In the auther’s previous article his statement concerning conventxomal signs may
have been misunderstood therefore it will be reiterated here in a different way.

' The clockwise moment will be assumed as positive and it’ w111 be also assumed

that all lever arms of moments measured from the force toward the Light, or up-

ward, are positive. It follows therefore that forces acling upward or toward the_ left

should be. considered as positive, in order to be consistent with the assumed direction

for positive moments. ‘

" And it is always necessary to note what portion of the member is being con-
sidered and that portion under consideration must always be.specified and indicated
by subseripts, M,, M., M, etc. ‘ .

Now My, H; and: V; are the moment and forces at the left end of the rnernber
therefore when we consider the reactions at the left sprmcrmu the signs: wﬂl be
reversed because of ZM =0, ZH=0, T =

ML=—M—+47949”!* IIL——I{,——'2056# Vi=—T,=+811# .
in other words M, is clockwise, H, is acting toward the right and V; is actmv
upward,

' ARCH SHORTENING,

In this experiment the effect subject to temperature change was disregarded
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because there was practically no change.in temperature Table 8
. 8" Whe Load ar F
‘before and after load was applied. Therefore only arch | sectorf 55 1 s | v Wz
. . sa : ¢ | rzo3f B8Z| 4/0|2/3
ghortening will be considered. _ 7 830 7asa| 797 o2r
In equations (40), (41) and (42) we have the term g 1240\ s850) 12.33]| 3./6
’ . . . s | 1256|1200 | /2.58| 276G
6E45/x which will answer the question of arch short- /8 | r395| /52| sr #6020
. 7otal | 88.72| 720 | #£58/ 2366
ening. er f | 1760 ] 25| 2/7 #73
SL 6F4yr 6E SL 65L
dg=2f  8Fdx  6E HL _ 65D Table 9
= - v AF - Az 6nf able
L . L0 _@Ft LPoier
Where E=Modulus of elasticity. 2] 7Z 72 TG
S = Stress. #7949 | dgo38 | 31373 | mosgs
} . M\ rstors} 1755 | r#zo 7/7 1 472
«A=0Cross gection avea of arch rib voras 147 70F 47454'“ G227 777 5 &
under consideration. 2056 1558 £70 b1z
=8 /Llf, A Shor, 2& 2/ sz 7
+ = Bpal. 7ota/ | 2ogz #| 4577 ¥| #8 £ 7 | 273
2 =Horizontal distance of each v, | s * 27 ¥ | g R s
segment. Table 10
n =Number of segments, in T T ar TRy Ty
this case 18 100 % /& '_{ /Z Iz /G Arety foodad]
F =Average unit stress. Experit | #9595 7| 52233 35205 "\ 054507 | ppo7ve
p FlasticToeo.| s/0z22 | sz400 | 33278 /fe2zz | /96 Pre
‘The average unit stress will be |\ piffm | da af | =57 =55 ' | =o7
. . Inf £2.7%e| 48704 #7458 | 2zz290 | /7758 SEEG IO
tabulated as follows considering Dt %] o -5z —4.2. /o -2.c
five different sections. ey | goss | s5677| 5757 | 25/ 7 | 475/ 7
) ElasticThea| 2087 /578 g52 2/ L7844
Arch Shortening effect, ,t: Diff i % | 27 ag 2.9 ~#a —az
_ _ . InfEgThe.| 2082 /575 FEF 273 2878
M= —0.9244 3 % 6nf=—--0.9244 3 x 6x18 Drdf i B r Py Py 7.2 o
xf=—99.75f Experiy | gosr F | #£2 % /84 % 5% R7E
| H,=0014078 x énf=15%f | Efostrhe| 893 A5O 750 N 787
V. lostimns | 23 2a 2.3 —zo /.02
Vi=0 Inf Ep | 877 477 2758 77 /555
Diff i % /2 &/ /6.2 EEX) 5.3
Experig | 15830 —gre7"| -#/#5°F — g5t -z060577
FINAL RESULTS. pp |EastieTre ] 43078 | ~7400 | -~#15¢ —FAE | g5
) | o me| —e 0.7 o/ 6.7 -z2
After finding M, H; and Tnf Ea7se| /6978 | —y1/82 | -5260 | —/3/2 | ~33Ze
. LN it Y 8./ /5.0 270 280 8.3
Vi the mor-fflent at any point Experiy | 13903 | ~3080 |-6r05 | ~zr2e | 2552
may be obtaind by passing a |ap |Bhbstrerkel s3:147 | ~25/8 | ~Soss ~2o7/ t FEZFS
. . crov) DifF i Yo =57 —/B5 /7% ~2& G52
section and taking the moment Dnf-lpshe| sze0d | -2/72 | —#g3¢ | —zzzz | 3360
: i = —220 -250 L0 ZHEO
of the left hand side o s Z
, id £ the Sweriy | wspoe V—2/57 | 28955 | 7245 | 189902
section. N | Lstiepe| 8278 | oo | 3esze | g972 | zr530
Vo AW A A o g5 ~F,3 /7.0
MotV pv—Hpy—M=0 Inf £ The) /4774 | #9508 | 33320 | 578 | 27670
A, is the moment due to an Ly % | 20 2000 | s#o /47 0.2
X experit | 2/352 | - 20388 |-#r082 | -75608 |-p458%
external force acting on the left |, |ctstee] 23556 | -77730 | 47477 | —#7350 =777 24
. . pla| Diffinzg| s ~/2./ 2.8 AE -1, 7
hand side of the section. Inf ETbe] goga; |-/672/ | —44/52 |- Ffo/d |-53gsz
pf/f/o%_- ~Z.0 — /82 — 00 =5, ~SE D

v
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CONCLUSION,

If we examine Table 40 we will
find, in some cases, that the diffe-
rence’ in 'percentage is quite large.
However, from the practical point
of view this ig not our main con-
cern but we are interested in what
the difference iz in the influence
values as a whole, which is shown
in diagrams Diagram 1 and 2. From

Span, ‘ .
2 2 I 2 - v /2 E /6 /8
5ﬂo;£ - /_::
gos00 M. -—-d.,/f \
!‘ "‘ \"l
s ! !
'J,i \\‘A/ Maple L‘sz; - \
o i) Fal | 13
AN A RN
o0 AR //.f \ y i
AR YN i kY

W
these diagrams it can be judged § ° %
= JHEBEE 8 T b LAY Yoo,
whether this Influence Equation ¢ ‘ ,}k 7
Theory:is applicable to the solution ! / & Iz
of practical problem or not. Al il
i j
SECOND ILLUSTRATION. i i sy Eplermen
RING, e ,‘.7 i By s PHedry
The usefulness of the Influsnce oo ;’?/ S Il i i el
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from the 111115t1at1on m connectlon with the analysis of a cificuldr ring. ~'The results
of the eualyels w111 be_compared with expemmentel results, - Cmewm oz P
. Find the. value of the momeut horizontal a,nd vertlcal - '| ¥ -
reactions at point a if - concentreted loads P are apphed on ‘ ' A
a crreular ring hawnv umform threknees, as shown An o _ o
i Divide the ring. into 12 equal segments theu all the ’ -
member ratio ‘become' the same let us say unity or 1. .
. Establish. Influence Equations for this structure by
1nspeet.10n refermcr to the general equations of rmw pro-‘_!"r_ e Tl
blems which were given’ in Table 10 in September 193"_

_]ourna}
In this’ case the member ratlo is the same therefore the Inﬂuence ]iquatlone

'W111 be. much snnphﬁed and since loads P were epphed at the ]01nte ‘theréfore ‘the
conste.nt terms, o -and @, disappear from. equations then we have 3 Relational

Flg 2 -

'Moment Eqm{uons as shown in Table 11. U
' C Table 11 PRI

2
e

S e AT | W | M | M | Mo | M | Mz | Mg | Mg | Mg | K720 | V22
-2 1 2z F 2z Z 2 | 2 z 2 |2 2
i R A A A A e A e Al AL AL A e Sﬁz?"t"'%a" ’
3|4 -a;., 8783 |64185 | 8187 | 84185 B O 182 %63\ B s |Gt Oer 8509 |0rd 02/ |Bed Fza

The values of @ end 6' are as shown in Table 12.
Substltutmv these veluee mto Relational Moment Equations (2) and (8) and divi-
ding equation (1) by 2 and establrshmg Influence Equations we have Table 13.

Solving these equa.tlons we Table 12
obtain, :
. # 2
My=--p5bntiuta)P P =Pz =Y, G, =8u=x
H,=0 . P ==, =24, Bz = 8za= 2%,
1 : P =-Pis = 3Y4+Yy Ga = 82: = 3%, 1%
V1=§P ) P =P = 3442y, Be =Bz = 37,+2%,
' Ps == Gy =341 1Yy |O5 =Oa0 = 3(242,) # X5

Next divide the ring into 16 equal [g =-¢ =3¢, #7248, = 5,5 = 37z r2z) ¢ 725

gegments and find H;, 77 and M, by Pr == Py =3(878)128;| Br = .4 = I, F X TN,
-‘ C | Pe 2P =34 1 | 8y = 87 = (At )4 225

the same procedure then we have, Py =~ oy =59,728, |Or=n =32t 0t2ts)i 2
=0, Vi=sp Do = - Pop = 39,4, Oro =85 = 37, #4:#22 }42 %
2 . P = Pi3 = 24, By =By = (LA 2A2T ),
N S= oy =  Bp = O = 3(XF2LF
", ———(7r1+5a:3+3a:g+w.)13 foz” Por =, G 2O 2 3 IRGI220) 422,

Comparing these two casés it will be- noticed - thet there is 31m11e11ty in the construe-
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Table 13

AL A A A AR A A A AL A LAY RS
-/ s/ / / 4 /s / Vd / / / /

GF 159, [plata) | P24, GEr58, oy 25| o8 5L
o EAt, +3'3 ‘ -!“C?":Y; 1:5.5 B il R s *,Jsz f"?r’s +s |

#

5

AR A A A T T THEL

©| 2% P, férf{' Kk f,,:j' 7*’/2:: #r22s ;:“;22:? e il

7 -/ / Kz |-Xz o
8 -/ / I || o
7 e 4 3 |3 | As
/o -/ / Yz | ~Rp | X2
" i / /R I
/2 - / AEIRES
/3 -/ / Hr | X2 [~
/2 -/ / ~Fa | X |3
/5 -7 7 ds YV Xa | o
I -/ / e | X2 | @
alrr | 7 CEARE

tion of equations and so the eguations may be written in the following general
equations.

.1
H;=0, T"1=-2-P

i 2 (G (3o 3)]

Where n is the number of segments. For example, let us divide the ring inte
36 equal segments then

M =— %(17.1:1 + 152+ 100+ 21y + Gy + Ty + 5.0, + 3y + 24)

=7 Vers y

l=2rs1‘n-:’g—‘ Table 14

Substituting the values in Table 14 into above equation s
7 | .0/5/97
we have, Z |-od62r~
p 3 [.073667
M= ——x8.57r=—0.1825P¢ 4 |0F772r
36 5 |.Jza257~
As the reaction at « AL/ f
7 | A7
Ma=—M;=0.1825Pr & |. /68377
. . - S 7ICEL

The moment at point b where load P is applied, Fig. 3 71z

Mp=03175Pr
From the experiments
Ma=0.182Pr, A= 0.318Pr
We can readily see from the illustrations given that this theory is not dangerous
to use for practical applications.




