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THE DERIVATION OF INFLUENCE EQUATIONS
OF STATICALLY INDETERMINATE
STRUCTURES.

By Tadafumi Mikuriya, Assoc. Member,

The object of this paper is to present the derivation of Imfluence Xquetions snd their
Anplications to the solution of statieally indeterminate bending stresses in struetures,

The Influence Equations embody the bending, shear and thrust relations existing among
the members of a structure when distorted by any canse, entircly separate from the forees pro-
Aircing the distortion, They condain only a series of known tmms in qu(.“ithl‘L and enable ts:.kmg
Fuall nceount of axial deformations of members.

The application of the prineiple is universal and practical for n.ll staticolly indeterminate
structures,

: INTRODUCTION.

FXerctofore the solution of statiéally indeterminate bending stresses hing genémlljr
beer accomplished by applying the principle of  Least Work” or * Castigliano ”
primciple. More recently the prmclple of slope de[lectlou has heen’ developed.  The
lattes is recognized to be much more simple than the former, particularly for com.
plicated structures. This method was introduced by Manderla in 1878 and was
soimewhat developed by Mohr in 1892, In 1915 Merrs. W. M. Wilson and G. A,
Maxrey carried its development muel further and others® have employed it for
cerbain classes of problems. In 1925 the writer, however, attacking this problem
fromm = different angle developed a general method of Influence Equations.
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tho dertvation of the Tnfluence IRqutions; the sesond  prret deals with the nppliea.

tlon of theso equations to practical problems.

INFLUENCE EQUATIONS

The influence egquations eonsist of live Funcdaronendal eletsends ax faliow

(3} Defleckion moment conations.
{2) Anguler rolotions nmong interseobing moembuors,

(3) Summuiions of horizontal and vevtiead displecements of joints helbween snpgoits,

(4) Sommation of moments about o joint.
{5} Sununation of moments abutd o seebion pisdal,

(1) Deflestion Moment Equations,

Congider o momber which i3 not acled upon by nny interveniigs lowds,

This

muy readily be derived by the well known methed, thus s bn Figo 4 Lt M and A

be the moments applied ab the endy of w bewne AR Tl B ool By Tae the caned ghears

neeessary io prodoce equilibein willy 3, aud M.

Lot my and amy be the deflection angles al e mels weasied frorg e slraight

line axis AB; that is, the valnes of (Ey which for sl wagehes vy b considered

({7
ag equal to the angles themselves,
1 Lﬂ

Tho sireight line axis AB is the Hnal nxiv of U hisun after deformmtion, This

finul position of the heam i the dutum axis to
cateblish. the Defleetion. Moment Wquations which
wro shnplificd by taking tho datum line in this
manmer.  Morcover, the dabim Ihie v e tiken
in any inelination,

The bending monent M ab any reclion g iw
vgual to the algebraie sum of the moweds of ndl
the forees on either side of he seetion about ¢,

Asstine that the divections of Yy and 85 aee vnkow i, sl eonsisler the monment

of Vi ay posilive, for prrposes of anulysis,
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line axis AD, mul mul_ A, are both shown in a counter-clockwise direction, it
follows from (1) and (2) that positive moments should be considerad ng clockwise in
order o be consistent with the usual convention for the measuremont of angles:
this assumplion, thereforo, will ho mwdle for all moments thmutrlmut the following
anaelysis,

Comsider the deflection mioment  equations

- . . a
for a benn similar to the foregoing method Dt M, 1P

2AR

with anc intervening Iond: A poe
B L3 y L] 2
By w sidler procedure we may write for

the left hued side of ‘ R 4

I
EFY e bk T Fig. 2.

=
W

On the right had side of J2:

@y =M V]L"'I’(T—-M)

BT

Integrating and golving the above we obludi

Miez - gI Yy +ma)— (l~rt) .(.‘l)

" o .
]l’ LT T PN 1 3

My=— 2; (RETPRIIPRE
In o similue mannor the deflection noment equutions ean be written for all londings,
After the oxamination of the defleetion moment equations for any londing the
fivet tering of the right hand side of the equations, e = 2-5” (@ +amg) el -'2-‘;"'( (2nytam)
alweys renuiin the sumo and the seeond poriions of the equations are variable ne-
cording to the nature of the lowdiig.
Gienerally they muy bo written
AMm —={8mybu) =~ A coiiiiiien. (5)

'

le;m--(lhn,;-l*m.)'l-.'lﬁ B Ba e bt e B oAb i A d A i LT Y uco.'|-|l-(0)

)

where ".1::.‘31‘.."1' R

3 et '

i,:'(i—w)’ aiul ﬂm-ﬂ'j (I~} |
Generanlly o and 8 are the seeond portions which will hoe ealled * Constants ™ of the
Deflection Moment Teunations.

The values of o wul A of the combined loadings are the sun of individual
constants due o various loadings,

ee=pearbeenb oiestole. B Ba By Bedole,
The individual velues of the constants for the varinus londingg are given in many
publicutions.

In eonjunetion with this subjeet tho following books were wsed for the re-
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forence.

(1) Manderln: Die Berechnung der Sekundwrspannungen, woelehe i einfuehen Paeliwerko nfolye
starrer Knotonverbindongen entstelen.  Allgemeine Isuzeitung, 1880,

{2} Winkler: Dio Sekundampannungen in isenkonstraktionen, Deutselw Dattzeitnng, 1581

(1) Landshorg: DBeiteag zur Theorio der Fachworke (Geaphiselie Bremdttolung dep Bekundampan.
nungen infolgo fester Knotenverbindingeen der Gurebstabe)  Zeitseleift. s Arebitektenamg
Ingonimw-Voreing zu Tnnuover, 1886,

(8 Mitller-Breslau:  %me Theorie der Biegmngsspuunimipgen in Fuaeliverk tiagen, Zoeltsehedtt o
Architekten-und Ingenieur-Voreing zn 1lannover, 1H88,

(M Ritter: Anwendungen dor geaphisehen Statik. 1, Das Fuelowerk,  Ziieivh, s,

(6) Engessor: Die Zusnizkealte und Nebonspennongen efserner Fachwedkbiicken, 1, Tiin AT P
krafto, Berlin, 1802 1T, Dio Nebenspanuwungen.  $evling IR%L

(7) BMolw: Dis Boveelinung der Faehwerke wit stereen Kuetenverbimlingen. Der Civil Tngenieny,
1892,

(8) Grimm: Secondary Stressed in Bridgo Petigson, 1HK,

() Kunz: Secondnry Stressvs, Ingincoring Nows, 1911,

(10) W. M. Wilson and GhAL Meney s Wind Stiessen in Uie Steed Fromis of O tildirees, Ilinola
Bullotin No, 80, 1015,

{11) Othérs,

Defleotion Moment Equations for One Hinged End,

Irom general equations (5) mud D)
A= — (B0 )~ e . . mT
A ‘ 8
AMy= e By - A8 m, . M,
In this case it is obvious that v, vy
Mi=0 therelore U= —{Smytug)+Ap8 £

r.u;;‘ n “:Eﬁ ’ My 3.

Mg -~
Substituting ms indo A4 equotion

L\ﬂn-—-(;m.)—-l?(ﬂ
' B

whero taal 2 e
-

(2) Angular Relations among Interseoting Mombors,

For the Angulur Relations mmong wmenmbiers, lel OA, OB, (1, QD and Q8 in
the accompuying skoteh,; Fig, &, represent the origine] wed OAY, O, OC, O ad
O the finud directions of the steaiglt line nxes of inbeeseeting members. Lot OA,,
0B, O, OD, wel O, represont the buysends ab O of e olistic onrves of (heso
moembers after hending, Angles gy, 1y, g, P Pt i uty vrg, gt g, nre respee.
tively the deflection angles of Hw axes mol the benelingg el diellection ungles of the-
manbers with referonco o these axes s dofloelenl, Aw shewn in i tigure, these
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angles are positive or negative nceording to the convention that angles measured
counter clackwise from the steaight line axig in its final position aro positive, The
angular signs and the dabun axes are consistent with the statement made when
digeussing Dollection Momont Equations,

The condilions of angular rolalions are suel that the angles hetween the tangent
lines of membery iutgfuncting ab o joint '
having perfeet rigidity vemain the smno
before wnd  after bonding of membors. -
Therelors the angles bolween the original
_ direetion of the moembors and the ngent
line of the manboers st the joinb after
bending are all cqual, ie. AQA = BOB, =
C0C, = DOD, = 18013,

We may write, aceording to geometri-
enl relabions :

=l P =l = g Py =N — P = — Oy

Sines from corvention, .

muloEd (= m() =) ml ),

gul=) wul-F) b)) (k) el ),
wheneo

Doty = GPLER Ay - (D Ry g o3 gy = g - Py 1 (B)
This is w goneral relation which may
always bo weitten for all intersecling menbers,

(8) Summation of Displacements of Joints between Supports,

For v condition in which the points of support remein in tho sane location, wo
may write Y4IT=0 and 34V =0 where 4JI und 4V arve respectively the horizontal
and tho vertical movements of ono end of any membor with referenco to the other
e, Thus in sketeh, Figh 80 wo may practienlly write the following taking proper
account of the sipgn of ¢, @z ote. and remomboring that oy, @, cte. are always very
small :

Bd =@y bpan= gu= =00 0 v P ¢ 1))
fl.l](l xd]’“‘ﬂl.’ﬁ‘f‘rﬂaﬂfg'{'q‘.ﬂ's"‘q".’l';:ﬂ RN EA R e e R R R AR e ..(10)
In (9), il we sturt at the Ieft support, the terms are pogitive when the inclina

tion of n member is up toward the right and negative when it iy down toward tho
right.  In (10), all tering avo positive toward the right and negative towerd the Jeft.
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These two conditions will bo apparent upm crefud vonsiderntion.

I wo assume a known wmowit of end displaceient due (o WOy cunsn el as
nxtal shortoning or lengthening, movemenis of supports ote., tun YA and Y47
have known values, Lo, S4I = dy and Yo Vi .

Similar velations, e, YaIl=0 and Yd Fe0 wore expresded It in ditferent ways*

(4) Sunmimation of Moments about a Joint,

The summation of moments in wll mebers it wseebing wd any poind iy zero,
or olse s some known walno in ense of n known naaent applicl te the joint,
This muy result from an cccentrie connection ov olhpr HELSE,

(6) Summation of Moments about o Beotion passed.

TFrom the condition of vqmllhrmm the smudion of enents, oxternal and
internal forces, about n gection nst b avre,

STEPS IN DERIVING INFLUENCE EQUATIONS,

The Influeuco Bquations for any sbrueloro Will I devivid step by step secording
to the above five fundamontul conditions :

1. Tstablish deflection moment euindions,

2. Transform and redneo the terms of * 5 ” hy wngrnlur relution, then oliminate,
tho terms of 4 *,

3, Lstablish the rolation of (]in]lL(‘l‘l!ll‘Hl“. of merdners wnd combing with the
secorul atop and eliminate the lvrmq of cp unurvly frong tlee sinubtnieons wlunuuns.

* Bloich: 1)10 Imr(':'llulmg amtim'h unlwqtlmnm-r ']‘rumwrk mwh tl(‘l" \I(‘L]il wles ol \’mmmmnntﬂu'
ratzen, 1HUG,

Thomas:  Caloul dos consbruetions continues n olemo ta draiis, 1rs,
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4. Eliminde and simplify the unknown terms of “ 3 in the above simul-
taneous equation by applying ¥ =0 at each joint,

Wea huve then u series of simultaneous equations without terms of “m” and
“o 7 and these are called “ Relutional Moment Equations” which express the rela-
tiony of the moments wb joints in terms of dimensions and the elastic lil'olaﬁll'ti(‘q of
the members, and for any given frame, are ahsolute Iy identieal regardless of londing
go fur us the tering contnining internal moments are concerned.

They will differ only in the constant terms, o and 8 which contain the loading
relutions.  The cocllicients of these terms will also o the same for all loadings,
being funetions of the dimensions und elastie propertics alone,

Tt is thny possiblo by thoe whove method {0 derive “ Relational Moment 18 depua-
tions” for wny given form of structure, regardless of lowding, and luwing theso
equations, their use, in conjunction with relations obtained from AM=0 ny given
below, will result in w set of “ Dufluence Eqpuntions ™ for the struetnre in question.

B, Puss sections at eacly joiut of members and establish series of moment Lo
tong applying XM:-0 on the left hand side of ench seetion pssed,

The Relutional Moment Equations with the series of moment cquations esia-
blished by tho fifth slopy 2Ma=0 b seetions, are called " Influence Bquations ”
which express (he variation of moment, shenr, and throst of the structure,

The ahove procedure will he illasiented with exunples,

o

Membor Ratio:

This is the Ratio hetween {he length of the mmnhcr mnd the product of e

moment of inertin el the modulus of olasticity % =.1 in tho Defleetion. Moment

-)1,1[

Feuations. 11 the material of the steueture is the sumo then the 28 term can ho
1

climivated from the Tnfluence 1 (uationy, which makes the member ratio A=

This ratio will ho expressed in letters A4, B, ¢ md

ete; from now on. : —b My Ia M
APPLICATION OF THE PRINCIPLE. KO
As a simplest caso assume a hent of msymmetvienl ¥ L] ¢ » 1, y
shapo with supports fixed ot different clovations ng p 2
shown in Fig 6, Assume that any desived lond is | | 2
epplied on each momber, The dircetions of the voace- r_alM
tiona vary according to the loading therefors they lhnve H'\ Vj Mol
1
been omittod, - %

Firat; Defleotion Moment Equations; Flg: 8. v
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ot

oAM= —(8mymy) = deean
AMy=—(2mgt 1) kA Bab
NMy= — (201, et )= Heena
B = —(8m, 4+ mg) -+ BB
O (S by )= Cocea
CMa= —{2mo--my) 4 (Bt
Heoond ; Angular Relations :
MRy My ek, mymag Pk g, g sty
Subslituting these valueg into the first equadions,
AMye 3 n,) - deew
A My =t ) A By
By - Sy —2p -l Bep b ang) - Fleese
P = = (2my 4 migmtpy g 4 1 B
CMy = —(Enty—=Lepy + Bepg) = Coeen
) CMy= = Q= - Bepg) ok e,
Transforming above equations.

BN | Mz | M | Me | M5 | M7 WF% | P3| | Bag |88 By o | X et | Bt |Faxjray
/A . I |2 A

4 A 2y |/ i)

3 B 2|72 8

4] B 2114 “8

5 c 2| |-2|3 e

G ¢ | |-|3 -C

Lliminating “m” from cquations (0, (2), (3, (8, 5) nnel tl'i).

Tleal-a| | i I 24

814 |-2n|2B| -8B 3| VA 20128 8

9 8 |-28| zc |-¢ -3|3 8 leglec | ¢
10 ¢ |~zc -3 c e

-

Third ; Bummation of Displacoments

" ‘ AN /
it x /

Bliminating “o ™ from cquations (7), (8), (&), (10) comtbhining (11) und (12),

BlA-A 18 |-8] ¢ |- AlA|B8&8jc | ¢
/4109, [ 275, BBY |98y [Reg-co gy A | 285985 P85 Pt ey, peg-tol @
Blanl-3p| B 18 |-9¢ | g¢ 97 |24 | B |8 | -3¢ |-2¢ ¥
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Fourth ; Mements about Joints :
Mok Ma=0  Mi4-fy=0
Substituting these relations into equations (18), (14) and (15).

Bl || Hex | Bo|zax|say

b s

Al8|81 © c

M M | e | M nl RS
6| A |-(7+8) |(8Btc) | -C
~(88+3¢)y, | -scy,

ﬁaj‘s}l

VA, [(ertas)y, | 4 o, +26Y 5 o e ed-c ool 3
B34 |(3pt8) | (8#3c) | 3¢ 54|90\ |8] -3¢ |-ac |-£

Fifth ; Momonts about Seotions :

Let M, bo tho moment about the right-liand end of the member wnder congi-
deration due to all the external forces and external moments appliedd to the member
hebweon ibs ends, _ |

From the condition of equilibrivin of momeuts :

/9 =/ /| -1/
2 =/ / x4 vild
2 7/ / gl |/

Bgantions (168), (I7) und (18) are “ RELATIONAL MOMIENT EQUATIONS »,
Yuadions (16), (17), (18) and (19), (20) (21) aro “ INPLUENCE BQUATIONS » because,
for the easo jush considered, with these six equations the Influence Line of any point

considlered muy he obtainad by changing the known quantities,

Merit of Influence Equations .

For practical uao theso equations are more flexible than any others whieh have
come to the writer’s notiee,  Their apparent complexity may bo veadily reduced by
the following considerations: [ wo have any londing on the left hand column alone
thon lerrs of oty B, o andd By in Influence Kquations disappenr.

Tt we hiave any lowding onn the heum alone then terms o, Bun O And B

disnpipoenr,
In other words these Iifluenco Beuationy ean bo nsed for any loading by simply

changing the known quantities according o cach case bub coefficionts of unknown
(uantitics remnin always the sume for any loading, _

The value of ench nnknown ean ho oblained by a process of elimination but
for practicnl nse Fguadions (16), (17), (18), (19), (20) and (21) are the most convvenient

forms, _ : . { o
From the character of equations (19, (20) and (21) it iy geen thab the final
cooflicenty of M, A, and T} will be the sum of jc:m‘sﬁ’mim1‘t—s of M, My and M.
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After substituting numerienl velues, nnd combiniig codions
(16) and (19) (20) (21)
(17) anl ,  ,,
(18) andl ,, 5, .
We get three {inel equations eonfaining only the vnknowne A, 71, and v,
whose values may thus be golved for,
The values of other unknowns will readily Tollow by substitation 10 (19), (20)
and {21),

0

-* Examples:

The tollowing exainples show the values of Ay obtnined by the foregainge melliod
nogleeting the axinl deformation wnd disphwenment. of points of snupport in arder o
compuare with resulis obtained by the Loast Work Theory in whiehe these fpitntilics
were neglected.

-

—{ 2 t Mmm_g_wh’ I AR HIA IR A A
_— ! I AR AT TN RN

trdesa rh sy adas

Fig. 7.

() i)

My -1 (!mu] ) ! {1 O, { ]
i CEUnethlg e, vhl, p

M,
e

Fig. 9.

Ty
(&o14] () - i H :
These values of A, ehock aginst the results wliel otlers Juve olduinet by the
Leust Work Theory., :

It 1 1ot advisable to establish, cqrakionn for ditfferent cuss up shown above
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beeanso sueh equations are enmbersome in thejr practical application. The Influence
Tgnations have great lexibility in their nse which will e illustrated by numerical

examples ag follow ; , (i
. b M 223000" Mo '
If the struetnre is of the sume materiel then o " ¢
the term of “ 24" diseppeary, : i
T this exumplo gy, A= therefore the §
1a . . {Bo"
Influenee  Maquwtions will be  much simplified, L4100+ 7
Subgtitnting theso valuey into equations (16), (17), '
(18), (19), (20) and (21) and proceed: as follows : a ﬁf’ ’,”g;‘..
Pig, 10,

A ALALAWATAN ?'7# Mg | Nat| s Bag | Hoc | B oo | Ko Beg

Lot |88 yamramr Ny AN Y

2l ./ 2251208~/ o/ 2 |5 Vs |z dup

3|43 |138].35] .2 K} 3 05 [=05 =3 |3

2 /17 | -/ |/

5 =/ L 4 /

6l /1/ Y / ‘ ‘ ‘

7 I |_|.2050).0050|0050 20080 | 0013 | 0038}, 0038, 0013 | = a05))

8|/} 262212692\, 26727908 | 2558 0065 |- 635 1058 | 2692

7 L 12003 ,0036).003/ =003/ |=003/ | 2005 | 2005 | 003/ |.003]

Table 1.

Eqgaudiony (7), (8) and (9) are Influence Values for reactions 71, A6, 7.

Ther following illustrate he use of Influenco values of reactions (7), (8) and (9).
Lot the stroctare shown in Fige 40 have conditions of lowding similie to that shown
in Figy 7y 8 wul

Just wy in the ense of the londing in Fige 7y there wre nb lowds on memboers bo

)

uned el Aerelore o M ota wl B aro zero,
Al Mooy, Moam3= 100, o= | 100°
From equudion (8)

i

12 _
In the enso of the londing in Flg: 8 we have no intervening load thereforo ow,

My 40209 == 0.200 Mia4-02602 1 100707808 -0~ 1007403558 1710030, M= - 2251 /"8,

By conr By oo il Bea o goro,  Ma=May, Ma=100(2+1)

From equation (8)
M FOSG13 Mup = 02004 Mo+ 0.2602 Mpa=0,  My= —2002( 1)
In the ense of the loading in Flg 9y having a=50" then aw, fu ea and Ba ure
: o
2000, MmO, Moz My, o= 430. P, from ,169__ P

From equationi ()
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405602 Mus —0.2602 M-+ 0.0602 Mog— Q05 et O3 fratty, Myme p BTN 11

The values for If; aed 17 are obtuined i the soe mommer, Peone (hese theeg
illugtrations we can seo the flexibility of the Tulhuence Eegruions,

The Tnfluenee vadues of renctions when o lond of nnity woves from o Lo g

engily obtnined. Theso Influence Fquations enn e readily wsed for any londing,

. Continuous Beam,

Applieation of Influence Jgquations for o continuons L s very seful fop
practical purposes.

M, Mr My M Ms MMy Ma
a A § B c 2 0 &

R

Flg, 11,

Deflection Moment Equations :
' Mi=0

W
AM ez o ( " m;) kodre
Hfyea w (Smy ol mg) Fees
B m =y -l angy - B
CMym e By g} Creva
C Mg~ (Zimg ol ) O
. a1
JHAL o e (2“ m,) e [lpas
Afywal)
Trom Avgular Relations:
M Ny MMy, Mgy, (ied)

Then eslablish the Tnfluenee Fquations by the sune procadure as i tie previous

case,
Fl\ Me | M | M VS | Hpe | B se| Acut| Few deta_]
[|2(A+8)| B g4 | @8 | -4
2| B |z2@ta)| ¢ -8 |28 |~2c | ~c
J

¢ |zccrn)

)
Tabla, 2,

The Influenco Bquations for any nuniher of spans enne b weitten by inspeetion,

Structure with Thres Adjacent Spans,

The derivetion of Influence Bematious for this strue

ture iy clone by the sane
procedure ;

Listablisle Moment Bquations and Angular Relations and elindnate m,
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b My B My © Ay D MeM F M #

, Ms M My
y .if, e Xg " s -
1A % ¢ 4 £ e
al™ ‘ A A\ Mn
y[m S ol |
v | He M ™
Big 12,

Then eliminato “¢” from equations by combining with the horizontal and the
vertical displacement conditions, 2410=0 and Z47=0 which are taken between two
points of supports such as a-d d-f and f-h, respeetively. ‘

In ense eertuin values of displicement of supports or axial elongation or shorten-
ing are being congidered, X41=0 uud 24V=0 become Ddlde=0 and 34 1VHdy=0, _

After the elimination of *9” and “@" a set of Influence Equulions will he
established, ‘

In practical ceses the Joad is applied on the bewm ouly, therefore, the terms of
moment about cuch geetion on colwinn, and Consteuts, o and B of eolumns disappear
fraxn the Influenco Equations, thereforo, the equations will be much simplified as
gshown on Table 8,

M| Me| Mol Mu| Hi | Vi | He | Ve | Hs |Va| Halva | 5% "_‘;h HM jf., ﬁ%’g,g}%
/| 34 |-9ck: A, FOR Y ’
2| esi60C | |34 | ~8x, \acye -8 8}a
3 leone) ~20 el By |-Cie 8 al8
7 3¢ |-3ERy X _|eoe ER ,
5 6C | GE | 0z |3tz -0 |35 v 210
@) 2D 1) -ZE 209, d W?ﬂﬂ-rz o< S A A 2.0
7 3£ |asry Eyy | oRY ,
8 6L | 66 -Fas ~Fra| IEYe VEGES W FIF FiF
8| 27 | 2r lewut -26 \2ry renibi] 2R rer B Fasl-65 FIF _FlF
AN RN AW AL s R e e R AT e a {
4 / /. / ! B AT O O
2 A / -/ / -
Table &,
Where I 3‘ 11'2“';;:"’ ‘T‘*"’if:" S

Iy and V4 are external hovizontal and vertical lond respectively. M., M eote. ars
momenls aliout eacli seetion on the heams.
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Numerical Example,

Ou the structure ng shown in Fig 483 o load of unity iravels from /, to 4. Tho
influence  values of
reactions at supports 2

@ wel o will e ob- 70 : ko Nt

tained from the T

S
®

fluenee Ingquations,

T this case, 4,

.B, OJI)] Jg, I and ¢ L a | d My “{_ M _,7@_ M#
o onstants. e H
are 1, and Constants, H, IV: H, ,.‘5 v 1y, 1,
e and A, on colunns
Plg. 13,

ure Zero,
Substituting these numerion) valnes inteo Bguntions on Table 8wyl sulving we
hove the results as shown on Table & and Curves, (Fig, 1%, :

Curved Boams,

The prineiple whicly hug beey fntrodueed iy readily nppliesbbe vl only to frunes
of slraiglt line members but also applicable o urches, other evrvied buong and
closed rings,  The Relational Mome, Ieuntions in iy suele prohbon s nhvays
similar wd moy be writkon vasily by inspeetion,

I, Milor-Breslw has mndo o study of Uiy proben i his baok * Dio Gra.
phisehe Stutilke Jdev Baukonstruktionen, Buwl 1T, 11 Al LOOS, " Tl e nltneks it
e a difforont way, expressiug the deflestion nigele e dn enas af e,

A carve may be considered ag a sepies of aleaight line elements, Thereforo in
the problem to follow the arel is divided into everal seebiony o wecordnnes with
Uy usunl practice,

A the most general easo the wriler took wrelies which e of unsymnetrieal
shape and which huve supporls on ditferent clevittions,

Fixed Arch,

In order Lo inske the golation engy all louds were nswieesd o L npplieel at each
ol point, thas eliminating the terms, e Ay inthe Detleation Mamont, Iguations,

Now divido the aech into 7 sogments sl derive the Tnflnenen Eyuntions, '

Refering to Fg 48 11, I, P and ¥, we the horizental anel vortien! reactions
ab supporis o and A respectively,

w add g are tho horizontal und vertieal projections of el soginment,
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Table 4,
Intluence Values of Reaction at Bupports,

6 1D Dz | @g C |10, | @: | ®;] ¢ | @ | @2 | @s
7, tEB7 |+ 379 v 205 -7 |- 66|+ 7 - 8|+ 66|+/08
M ~263 |~342|-250 22/ l+ 263 |+1 74 -7/ |+ /3|t 70
Hi - F2=-/00 |~ 57 + 27+ 2001+ F ~ [l= A31- 19
Hz + pol+ PE|+ 78 ~ 7= 77 |~ 47 + /9 |+ F|- s
Vilt/000 |+ 758 |+ #62|+/85 - 5|~ 571 724 + 8|+ /8 + /9
Ve + 267 |F 602 |+884 |1 10004562 \r 8659 1+ 225 - 78 |- 83 |- 47

b c & -7
M, =
M
H,
H,
v
Y

Flg, 14,




1034  The Derivalion of Inflnence T.'}qlml-irm'ﬂ_mf‘)rf ﬁt,qf;ilaallls' 'hu]ntpnuimr.h-. Sl:r_lml‘urvn. w 10
X, xa E SN+ SN P22 SN2 - T 2. S
- %
by o0l %
D 3
d D & Ys 2 90
' (f’ '(15 6 33 £ Arl'.l (1
72 Wi
) 4, AN
e X & %
% wy” B AN
q‘ r
‘ﬂ b 4, G "7“
W 4 . £
2 , 41 H
v, | 2
H, 2z
Y V4

Plg, 15,

From the Dellection Moment Jlgunlions,

AMy e~y bun)
ANy —(Singbm)
DA =~ (b ny)
D= (g b uy)
CMym = Snigel-m,}
ClMa=s e Yang 1 1y}
DAL= — (%, 4 m,)
Trrom the angulue relutions,

THMy e

BNy v
FMygea -
T
JT

w(Bnrg 1 1)
R{ITME T |
AT S VTN |

[HTE B

TR ST

(LM =gy b any,)

G g e (Mg 4 nnyy)

Wy =y iy = iy Yoy logpy
L P TR CITE RIS I
Myt Pl gy ey e b 4y
Mg Es g == Py-k (g L

Sul:%ltulmg these anguler relations inte the alsve moment cquations and
eliminuting the “m " then climinating * ¢’

then got l{t-lntmuul Momeoent IScualions,

(.Etiiluhlmng with Ra =1 mel 5ai=0 we

Zd I iyl oy b oyt gy - Poln Padla = frette vty Tts il My
2 Ve ey Pyt gyl gk ety b ipery b gyt o e dis
Whoro wi2!fe end wt Xty are tho horizontal il vertienl (istortinns of Ll ureh g o fhe
tnpurnture elimnge,
dind dr are tho offects due o th arol whnrtoning.
450 end 48 aro tho efffeets duo Lo the relative movement, of Her sepports due to varlous
o, sl s onrthouako khoek, Baperfect anetation wark, ot
A,l‘tnr oblaining the Relutional Moment |2 Spuadions, wldele ape nwore simplified

by applying Zar=0 at ench pannel point, combing with statiel mornent eguutions
amd estublish the Iniltence Bguations of the arely s slusvn on Table 8
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el My | AT Ma | Mg | 7y Mo | M | M| 4 v ;ek"zﬁ' 52? ﬁ’fﬁ’;"e; 3 cﬂg Z:‘ 2\ 4

Hoa | (8} (arc)| (e+d)| (brE)| (ErF)| (Fre)| &

2 (A9, | AP\ BICh| COI0E | DOMR| FBF, Fo 68 68 FE|+ Ay | £45%

3 | 6, |18:1885 | BOy1c 65 |00 Dy | DO ECH\EGH B0 | FB266| G8s i

a4/ ! ) ME S )

5 -/ / Jz| 22 ik

6 -/ / 3| a3 -t/

7 -/ / BEAEN -1

8 ) -/ i “Js|X5 ik

7 ~. / -Ja|s i¥i

/0 -l |t |y Wil
Talble 5,

A= b2y, #2380, @ <3y, B =324t BmIE 12y Pp=3E 1Y,
Po=a5]ytesy H=330y-Ys By= 3508285 B=9300-% $,=337y-24 ¥;"32f1-%
By = Ix8y-24,
. 2
G=% Op=2% GynaXty, GuIX12%, GpmII 1T G IETH Xy G35 10, GrI I,
- - [
07“32';2’*—1} &“32}4.'2‘1"22; &”32;{2"7‘2'5 0}‘4“32}52’*-?1% &y —32,‘7’2"1"2’7 @;—5}.‘, T ELy

() 1Y a 35t
Generally 9‘,“,,,_,)“32{,”%1% G =32, GEESy  Bppg,~F2, X1y G2, X,

Numerical Example of Fixed Arch,

The writer ook the sane monerical example which was adopted amd analyzed
1 1 ¥
by Prof. (W, TTwlson shown on pages 80 to 119 i Lis book (Deilections and
b g !
Statiendly Tneleterininnde Slrogses),
The writer divided the avely indo 10 sections with equal horizontal distences
instend of 20 wections wid applied o lond of wnity at eneh pannel point on the meht
11 3 1 g
X LN .,
048" | patom ) foror | soiot| sero T sotoT| foto”

E Mo
p rflﬂe e B

e x ar
w0 | okl

3L
Yale 484

C W’d

”

o W

nyg =773

N
&
&

4 |=12.85

. =/00°0"
vy ' ‘ Pig. 16.
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M| Mz | Mad Ma | Ma | Mo |Miz\ Ve \Mis M et |V, (i oF fMg"Z“"’j”j_
[ |=A |Ar8 |Bic|Cto | DIE| 2E \DrE|C+D B |A#Bl A .
A A AR ] s AT A ATALY 74 |tay
3|48 AB7|B0s (COa| DOy | EC)p|EG D8y |CEs| BBy 48

1\t803 |4€65|1087 | tr g tEE, 108, te Bis|1BEmt B Pl
4+ / gz
5 -/ / Yol x
[ -/ / 35 x
7 i FAES
81 | 7 ' INYES
2 =]/ -S| x| x
0 “f| / /154 x|
i : =/ |/ 2 EA X2 |2
2 < 7 ~dpl x|x|x|x
/3 =t | 1 |3h|x x xlx|xlx
Table 6.

half of the arch.

All figures for the data are taken from Prof, IIudsons booke The computation
and the Influence values of each part are given on Table 8,

Before the nmnerieal substitution establish the Influonce Equations for the
symmetrical arch with 10 segments which can be done by inspection. '

Vs 7 /\;Zgie;}/ ¢ 4’ .DeIV/'a'e Eg (3} A_*/_R:.
| _rezy | 4226 |A| 3665|8 =285 | =04z |8=/|g=8l4 Pl
2| 267 | 2820 |B | 44849225709 =78.97|0216,~0| 67 15
8| /1y | 4873 |C | 6./28 |$5=1528 =168 |6s=4|4>/ a7 |67
4 1035 | 1236 |D| 8.574|%, =540/ |#,=8526|675 6,5 g ;206726
5| r00¢ | 1007 |E | 7 965| t=0658 | #p-86.12|657 | 050,22 |07

Table "7.

_ Substituting the nwmerical values of Table 7 into equations of Table 8 we have

Table 8. REquations (14) (15), (16) and (17) are the Influence values of Vertical and
Horizontal reactions, and End and Center Moments, all of which check a.cramst I'rof,
- Hudson's results, as shown with curves in Fig, 17. I

Two Hinged Arch,.

The solution of the Two Hinged Arch ig the same as that of the fixed arch °
excpet that Mi=Mi=0, “m,” is not equal to “ ¢, and * my” is not equal to “ ;"
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| Vi | Me | Ma| Ma|Ms| Mot Moz | Mot | M| Mo Moo e |V ;‘jf’ et -C;'ﬂd';félr;f:yafb/zg f;,;,
{|-3ges\aa20 6/ | a0 SE34VE P3| B2t 50 | /2 | B.44713 685
2 |f7a8| sor6l6 501 /o7R\534 | 176 534 097 | 550 1| 3006 g 1am] AT
31665 | 7 E7\65.30 /328 | 20tV Pany)| 3285 |02 2 2530|2432 /043
4l+i | 7 1285} /0
5 -/ / . | 773} fo
6 -]/ 48810
7 -/ /| | 2wy
8 -/ / v
? -/ / =870 /0
0 ~f i/ Lzl e} - 0170
i -/ / 484 /2 AV Rv
12 . -~/ Wz Vi VAW RN AR
i =/} ! |85 0 AR AN RN AN
Talving RbovE £E3 We havs. ) i .
4 ’ ! S0/ 337)./¢2).078|.0F2
15 | . b 3 P36 04 B | FHl < 876\~ &0E 231 |- o7
1] / t 543 TGO\ B FE| - 58 | 36T W 52 165
17 / - T 41lt.251| 446\~ 7202 240 1.8904 360
Table 8.
0 /2’3456789'/08'1_2‘3'455789;0
\ 7 i /""\\ //'-\
.9 - ‘
g ,/ \“‘f/on‘fmfﬂ : \ | £rid Moment ] A
’ \R eacyion|(H). 4 / \ |7 \
-7 N 3 / | } \
. {r \ / \
-5 B : 0 =T )\ LA T}
» ANENEA N 7
3 Mer#ical />\ ‘ \ -2’ \\ 7 J
.3 ‘ = -3 .
i geacriot N\ | | [ lcadzerl PN/ /
‘ \ \ ) Mfe#(l'@‘i \ 1/
y N U I . 5 V4
. ‘ \ -G
0 ] , .

Fig. 17.

And the values of 7, smci ’: are st&tically determinate therefore at support only one
quantity is sta,tlcally 111(1ete1m1nate that is horizoutal reaction II If “ I " is found
then rest of unknowns are St-'LthRl]y determinate. |
Thercfore the most 1mportant thing in tlu-a problem is how to find the Influence
values of “ I17.
“UIn the numerical examplé the effects of tempersture,- arch shortening and
movement of supports will not be taken into consideration beeause the process. of
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X e a3 e | Xs B X7
%
A
e
C M&d 7 35 . AZ& %
Yz Y4 FONA
[ ¢
6 M : % AR
gg' ‘92 NG
[rd
gk %
y( | Hg
-..}é..(, d 4 1 ?
& Ve
. £

Pig. 18,

solution for these is the same ag for a fixed arch.
From the Deflection Moment Equations,
C AL =0 DMy= —(2mq +my)}
ANz — (—g- mg) By== —( 2+ migs)
BiMy=-@mytm)  ElMiy= ~(2metm,)
BMy=—(2myFmyy Pl = ~(Zmya + )
CMg=—~(9mg+mg)  Fifj;= —{ 213+ myy)
Cy= —(Bmg+ms) Gyg= ~ (%mm)
DA = —(2m, +1mg) My=0 _ N ‘ : '
Frem the angular relations |
My =40~ P+ py m,:m,,—ép-+q:n m,=ma-—:p;i+g:', .
T mg=in, - Pt @y mu=nne= Pt Py | M= 02— Pyt 1p,
Substatutmg these values into ahove moment equations and by the sarme manner
ag in o fixed arch climinate * » " and ".9” from the cquations and get ‘ Relational
Mnmont Equationsg and Iuﬂuence unatlons v .

’ ‘ . e‘ ] 2 ; Warl)
| Mz | Mo | Ms-| Mg Mo | Mz |H, VI'E—E% f;oﬂc aéffeﬂ:f
/| A9518% | Bte CPs | o108, | 08,24, | 247 d FaFod,
2 fi kS
3] -~/ / Fzlxz 2
\ 4] - d / | ¥3laxs 3| 3
5 . -/ / ; Yol | Xy |2y
G -/ / x| 5| Xp | L5\
7 -/ vl o2 R E2 B e Lo|Xs
Table 9, - o

The values of “ ¢ *

are the same as that of a fixed arch ‘exeeph ¢>'13==23:l’y or
‘(#JHJ-I:‘?JEHJ—:]?]- )
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. Rings,

This principle is also applicable to the solutmn of rings which are circular,
oval or any unsymmetrical shape.
To illustrate the principle an ungymmetrieal ring under any loading, as shown

in Fig: 19 and Fig 20 will be employed and the general eguations for rings and
closed frames will be established, :

‘2'/ Iz X3, e s s
Mie
7 ¢ & i .
P BN Y5
w2
A F H@L
Mhe
a —
. P g
L ¥
) M L
ManJ H Jsl
I Mig
i M 3]
ot Xy | o J Ty | Xs i
Fig, 20

Divide the ring into 12 segments and as in other cages’ estabhsh Defiectmn
Moment L‘qurhtmns and Angular Relations and eliminate *m " ’

Then eliminate “ @™ fromi the equn,tlons by combining with the homzontal and
IM/ ffgjﬂj»f |0 1418 Ml Mﬂﬁh[fﬂb AN AT 5'.217 BIBIRLIIEN |8 |5 ﬁrl@ Ba th a5 | s Ol_g[ﬂé IA7187, Q%ﬁﬁgj&lﬁkg]ﬁulﬂujﬂ!&;l
T e P Y o L e e " A i[85 e ¢ [0l =1z [ |- [s]s ]2 7 |2 [l [l 2
g\ Ez%‘;:zfﬁmoﬁ%;,:t%?%ﬂ CHE . | [t v 'f)j"j’&%"%*ﬁﬁ
H TAFTALTAPEATR (R ACry i, " 1.1 [ -
a0 i | I i

- : 2|4 |a: IRNEINN '

5 ]z J.-’i' T ‘

e 7] 1 [ulz L THATE
! i 7]/ [ )4

la 4|/ 4 wild .

bl -]/ Wzl il

It wd I i il

| 4] Al | s .

0 +|/ st (4]

Hil v el ,

Wt 1] EAZ I

Valites of & and 8. are Phe Some as i .)4’(.*4-'/5.‘.5'0/0:‘/‘5/5‘ Eﬁ,w =zx {"-’{5" 55 w3 (h-').ﬁf
Table 10, ‘ am =23 "’"”x Eon=E"x
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vertical displacement conditions, ZA7=0 and Eav=0,

2dIr=0

P P2 Prifa— Patfa— Pois = Pelfa™ Pally= Puin= Polls 1 Gaoltio ) Pmny, - P

Z4V=0

Pyt Parech Para b Pyt gy - PraTa™ Py = Paly = Py~ GPuTin - Py = a0

After the climination of “m* and “oo uoset of Influcnee Fapuntions, which

are the general Influeuce Touations for ringgs, will e establishied s shown in Tably
10,

The Tufluenee Bquations for any ring e easily e writlen Ly tuspeetion,

Egg-shaped Ring,

For the applieation of the inciple take an
egg-shaped ring of uniform thickness wl dimeqy.
tions - ag shown in Fige 20 which iy suhjected {o
wniform and concentrated londs, The golution of
the problem will be dong by following the nsaul
procedure,

Divido the viug into several seetiong ;

6 seetions between g-g,

5 sections botween g.¢ nnl

2 socliony helween e-d,
Establish the Influence equations  for this
structure from tho general equations by Duspeetion
and substitnte the numerien] values into the gt

tions and solve, Fig, al.

+ Then we have
Al (016000 » P40, [ 98 *ir)
5= 0,0298 11 0.00470 rae -
Va= 040007 14+ 0.95300 re
Mo {50870 » P4 0.81005 rhw)
A= (OLOMA P 0.80501 )
In easo wo have concentrmtod londes 2 oy then we Tuye
e Al QLBKD L Myen ma OB0470 5 2
Hie=0.00088 p Masa = (30 Ly
"= 040067 1
I case wo havo uniform Ionds only then we linye
M= 012 +% AL os S0 0
Tla=008470 r Mysa (80801 4
V= 008360 1
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The above values check with the statement made by Dr. Hibi (Reinforced con-
crete Vol. IIT) regarding approximate values for these quantities obtained by
experiments.

The applications of this principle were illustrated with few examples but the
applications for the solution of statically indeterminate structires are unlimitted ; i.e,

bridges, building frames and any other framed structures with curved or straighd
line members,




