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An application of Equivalent Frequency Transfer Function (EFTF) was applied in this study. This

EFTF has originally been used among control engineers to analyze non-linear elements; for example

threshold and saturation elements. Previous study by the authors had successfully derived the EFTF

between rainfall input and discharge for real catchment area based on kinematic wave model. This study

developed application of EFTF by using diffusion wave model with zero gradient of depth downstream

boundary condition. Gain, time lag characteristics and vector locus are proposed in order to investigate

efficiency and effectiveness of EFTF. It is also able to extend this technique to multi element basin.
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1. INTRODUCTION

The relationship between rainfall and runoff has
been a significant theme of hydrological research for
several years. The calculation of effective rainfall
and derivation of the unit hydrograph are the main
objectives of such studies. Many models have been
proposed for modeling overland flow on a plane
subject to a lateral inflow or rainfall. Typical models
are the St.Venant model and its related models, for
example, kinematic, diffusion and gravity wave
which are obtained from the St.Venant equations. In
1970s Fujita M.""? had pointed out the helpfulness

of the frequency transfer function to analyze runoff
phenomena. Hereafter, Saga® had proposed an
application of the frequency transfer function to
storage function runoff model including time delay
element for linearity system. Fujita M. and Tanaka
G ¥ showed an application of the equivalent
frequency response method (EFRM) to non-linear
runoff models such as storage function model and -
kinematic wave model. But they did not lead the
equivalent frequency transfer function. Luai H. and
Fujita M.? proposed a general method for
transfer

calculating the equivalent

function (EFTF) between

frequency

rainfall input and
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discharge using distributed runoff model over slope
of the basin. Extension of EFTF was carried out by
Wanphen S. and Fujita M.”. They successfully
applied EFTF to St.Venant equation and kinematic

wave model with obtained data from the observation.

This study proposed application of EFTF to
diffusion wave model with zero depth gradient lower
boundary condition. The obtained EFTF is a lumped
function of distributed parameter runoff models over
frequency domain. Gain, time lag characteristics and
vector locus can be obtained by EFTF. Furthermore
we have developed the application of EFTF to
diffusion wave model from a slope to a general

basin.

2. SINGLE SLOPE ANALYSIS

Beginning from the simplest one, single slope
analysis was considered first. Its continuity equation

and momentum equation are expressed as following.

%+a—q=r(t) ; Os=sxs<l (1)
ox

ot
q=ch3/21fi—% 2)

Where 4 : water depth r : effective rainfall
q : discharge per unit width
[ : slope length t: time
i - slope gradient x : distance along slope
¢ : Chezy roughness
To determine the solution, the initial and upper
boundary conditions are required.
49(0.x)=0 , q(t,0)=0 €)
In order to obtain the equivalent frequency transfer

function, we assume that ;

rt) =r +Ae’* 4
h(t,x) = h(x) + B(x)e’™ )
q(t.%) = q(x) + C(x)e (6)

J : imaginary unit  :frequency

B(x)and C(x) are complex functions.

In this study, we employ zero-depth-gradient as
lower boundary condition. This condition defined as

%
ax

-0 ™)

x=l
From eq. (5) and (7),we obtain

dh aB]

dx

-0 ®)

x=]

b4

x=!
Consider at steady-state condition, therefore

h(0)=0 , g(0)=0 )
From eq. (1),(4),(5) and (6),we obtain

- 732 f dh
g(x)=rx=ch i — (1())
ii% +jowB =4 (11

Substitution eq.(5) into eq.(2) leads to eq. (12).
q-= c(z+B(x)ej“")3/2‘/i —%"%em (12)
— " ) 273 ]
= Chm\/i Sk 2By BB ey (13)
dx 2h 2(rx)2 dx

We neglect high-order term and use approximation
method. Then eq. (14) is derived.

_ 2
g=rxll+ _3£~Lﬁ_i5l o/ (14)
2h 2rx)? dx
We can derive eq.(15) from eq.(6) and (14).
N
Clx)=rd =225 15
) rx{ 2h 2(rx)? dx] (15)
From eq.(11),we obtained
2
Bat-L)) B 140 (16)
Jjw dx dx jo dx
Combination of eq.(15) and (16) finally yield
d*cC dc
dxf‘) +841 dix) +852C(x) = g4 (17)
2
C(0)=0 and 4 0 (18)
dx x=I
And eq.(7) and (16) give,
~3(rx)? _omx
8s1 =~ 6254 » 852 = C2;3 Jw (19)
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Eq.(17) is a boundary value problem with these

conditions below.

- . 273 T2
dh _e h —_grx) -0 (20)
dx =0 e
_ 5 2/3
h(t)-(-?) (21)
Ic

Definition of the EFTF between rainfall r(t) and
discharge q(,!) is expressed by

) O
Z(jw) o (22)
The gain and time lag characteristics are
LZ(J
6) =|z(ja) s Ty@) -2 (23)

We need numerical calculation in order to check the
accuracy of theoretical method by assuming the
following rainfall.

r(t) = r + Asin(et) (24)
Where A means the constant amplitude. Figure 1
shows the schematic relationship between a
sinusoidal input and its output. The gain function is

calculated numerically as

G(w) = -5—- (25)

The time lag function, T,(w) is calculated by the
time interval between both sinusoidal peaks as

shown in Figure 1.

()

Fig.1 Schematic relationship between sinusoidal input and its

output.

Solid lines in Figure 2 (A), (B) and (C) show the
vector locus, gain and time lag characteristics of
slope of basin from theoretical solutions. The circles
show numerical results while the dash line show the

one obtained from kinematic wave model.
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Fig.2 (A),(B) and (C) Vector locus, gain and Time lag of

w(hr)

diffusion wave model.

The results obtained from application of EFTF are

comparable to the one from numerical calculation.
The concerned condition are ! =1000m,8 =5 ,

r =Imm/hr and a =0.1mm/hr
3.UNIT BASIN ANALYSIS

Unit basin consists of 2 single slopes and 1 channel

as illustrated in Figure 3.

Isr Ist
—> X X ]
Right Left le
Stope Slope

< <tpm——— (hanne|

Fig.3 Top view of unit basin

In unit basin, we adopt kinematic wave for both
sides for slopes. Because it is reasonable between

kinematic wave and diffusion wave model as shown
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in Figure 2.
Continuity and momentum equations are

da  dq.

;-” dy = qsr(t’lsr)"'qsl(t’lsl) (26)
ca3/2 1 da
- — 2
L=\ Wy @7

where a,y and W are cross-sectional area of channel,
distance along channel and width of rectangular
channel respectively. Subscript ¢ represent channel
of unit basin. Initial and upper boundary conditions
are

49(0.y) =0 , q(t0)=0 (28)
Similar to slope analysis, we assume that
a(t,y) =a(y)+ B, 4.(t,y) = 2.(»)+C. e/ (29)
The right and left slopes assumptions are the same as
the ones expressed in slope analysis. Also, the zero

depth gradient lower boundary condition is utilized.

"’4 - i(a_“) -0 (30)
ay y=l w ay y=le
From eq. (6),(29) and (30),we derived
da 3B
— =0 , |— =0 31
( 4 )y=lc ( dy )y=lc
Subsequently eq.(32) and (33) are obtained,
— - c;3/2 1da
- - ;- 42 2
qc(y) rlsr"'lsl)y \/ITV_ l wdy (3 )
LD, jop=c a)sCatty  (33)
y

Definition of ¢, is

g =——(a+ ey f; _1fda dB) ju
W oldy dy

—=3/2 -
_ca . 1da 3B }-m)

= i———(1+==e
\/W w dy 2a

 Pa dB
2W2(r(lsr +Isl)y)2 dy

_ 273 ]
7, ww[u[ﬁ c’a i ]ef”‘] (34)

24 Wy +1g)y)Y &

Imaginary part of eq.(29) and (34) are separated as

- 3B Z2a 4B
C.(y) =r(l, +1)y| == - - 35
(y) r + 1)}{ 2 2W2(r(lsr + ls[)y)z dy } ( )

From eq.(33),it is denoted that

2
B =._1_ C, +Cy _4c.() s Q, __I_ECC—(y) (36)
jo dy dy  jo dy?
Substitution eq.(35) into eq.(36) provides
d*c d
Cz(y) *+8a Ce) +8:2C:.(¥)=84(Cy, +Cyp)
dy dy
= gallgZg(jw)+ lgZg(jo)d (37)
2
C.(0)=0 and CACE)) (38)
x=l,
W2r(l,, +1
g—ﬁ‘—l)i (39)
ca
-
g2 = - r(lsr +lsl)y ja) (40)

-3
c2a

Eq.(37) is a boundary value problem which satisfies
eq.(41) and (42).

da| ic2;3W—(;(ls:3+ 1y P -0 (4)
dy yslc C2a
~ — \I/3
at) (—W—‘—’iﬁ—] 42)
Ic
The EFTF of unit basin, Z_(jw) ,is defined by
o Gl
SRR *)
4.GENERAL BASIN ANALYSIS

This section focuses on general basin as shown in
Figure 4. It is possible to employ the results from

this kind of basin to further complex one.

Isi3

A3 Y Unit Basin (3)
y

Fig.4 General basin

Continuity equation and momentum equation are

?_A_EX + aqc3

ot ay (44)

= qsr3(t’lsr3) + qsl3(t7l:l3)
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cas”? |, 13k

qdc3 = \/W ! W ay

A, represents a cross sectional area of the third

(45)

channel. Upper boundary condition is

2e3(t0) = g (t1c1) + 42 0. L) (46)
Lower boundary condition is denoted as
S _ 14l (47)
ay y=lc$ W ay

y =lc3
Unit basin 1 and 2 have the same definition as we

explained in unit basin analysis. The assumptions of
Azand g are

4(t,y) = 43() + BO)e'” (48)
4e3(0,Y) = 43() + Cs()e ™™ (49)
From eq.(47) and (48),we obtained
M Lo, B (50)
% y=l, ¥ y=l;
The following equations are derived
2:3(0) = 41 (lc1) +420c2) (51)
Ce3(0) = Cyley) + Ceallea) (52)
d‘ —_ —_—
=, )+ a0 (53)
ly
20 jup - Cy ) +Cully)  (54)
ly )

From eq.(51) and (52),solution of eq.(53) and (54)

are

4e3 () = 13 + 1)y + 14 + Ay)

cAs 1 943
oA 134 55
2 — (55)
cdsi(3B 3B dAs 1 dB
Cos(y) = 38 3B dAs 56
30) % [2A3 AWAs dy Wi dy] (56)

From eq.(54) and (56),we derived

d*c dc
532(y) + gwl c3(.V) + gw2cc3(y) = gwl(csr3 + Csl3)
dy dy
= 8u1ls3Zsr3(j0) + I Z g3 (jo))A (57
where  Co3(0) = A{4Z,1(jo) + AZ 5 (jw)} (58)
d*C3(»)
2La 59
2 (59)

Y=l

= 3WZ ;(Al + AZ) +;(lsr3 + 1313)}’}2

Ewl =4 (60)
ca
5 -
gy = W ¢(A1 +Az)_';-r(lsr +lsl)y}jw (61)
c a
Lower boundary conditions are
dd|  _icaw R + )1l ik o (62)
dy 273
y=l3 ca
N w2\
A3(,s) -[JZ—’) (63)
ic
In which 4, =4+ 4, + 45
The EFTF for general basin is
; C(lc3)
z =3 64
c(jw) A, (64)
Gain and Time lag characteristics are defined as
6@) = [26tw) , Tyw)~-22el2) (63)

Figure 5 (A),(B) and (C) show the vector locus, gain
and time lag function calculated from EFTF of
single slope(slim solid lines), unit basin (dashed

lines) and general basin (thick solid lines).

Relz]

T wd/nn

Fig.5 vector locus, gain and time lag function of slope,

unit basin and general basin
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The achieved EFTF of general basin can be leaded
to simpler estimation of discharge. Its vector focus
shows that we can apply second order differential

equation to describe runoff system as shown in
eq.(66)

d> d
f1—d?q‘+f2‘£+¢1=r (66)
q(0)=0 da (67)
Tdtl,
EFTF of eq.(66) is
Z (jw) = ——g——
1- fiw” + jfow (68)
foAf__Rizl I
bt RAZI+ 2] " w(RAZ1+ 212))
(69)
Therefore we suggest the possibility to use

parameters  f; and f, to estimate amount of

discharge.
DISCUSSION AND CONCLUSION

The diffusion wave, one of distributed parameter
runoff models, was analyzed by using the equivalent
frequency transfer function (EFTF). The word
“EFTF” means relationship between rainfall input
and discharge. In this study, we had derived EFTF
for the simplest model or slope. The theoretical
results agree with the one calculated from numerical
method. Therefore the model was extended.
Consequently EFTF for general basin was derived.
Gain and time lag characteristics show that they
decreased as the frequency increased. We suggest
that it is feasible to extend application of EFTF to
the practical river networks consisting of many
slopes and channels. In our further study, we will
simplify using EFTF with available data by
estimation parameters from second order differential

equation.
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