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Spatially and temporally averaged constraints on the extraction of momentum at the sediment bound-
ary are inadequate to describe the episodic and spatially variable nature of bedload sediment transport.
A model is proposed for the instantaneous transport of bedload sediment in a turbulent boundary layer
having an arbitrary near-bed structure. The instantaneous force on individual grains is calculated
based upon a function for the reduction of velocity caused by upstream, protruding grains. Instan-
taneous forces calculated in this manner are in agreement with the highly spatially- and temporally-
varying drag forces measured of particles in sediment beds. When coupled with a simulation of the
motion of all grains comprising a three-dimensional bed, the dynamic boundary condition predicts

reasonable transport rates.
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1 Introduction

Most of the understanding of bedload sediment
transport has come from flume and, less often,
field studies in which the turbulent boundary
layer is approximately uniform and steady. In
such instances the near-bed Reynolds shear stress
can be used to predict the transport rate with
some accuracy, and complicated functions for the
relationship between shear stress and transport
for mixed-grain size beds have been developed
[1][2]. However, in natural rivers the near-bed
turbulence is often far from being uniform. Ex-
amples include, but are not limited to, flow over
dunes and ripples, flow around river structures
such as bridge piers and spur dikes, flow near
shear layers such as caused by river confluences
and lateral separation, and flow in steep moun-
tain streams with large woody debris and parti-
cles as large as the flow depth.

In these instances the instantaneous near-bed
velocities, which ultimately cause sediment grains
to move, do not necessarily scale with the bound-
ary shear stress, as they are required to in a uni-
form boundary layer. A model which directly
couples the near-bed instantaneous turbulence
with instantaneous transport is required for sed-
iment transport in non-uniform boundary layers.

Herein, a method is developed to couple instan-
taneous transport to instantaneous near-bed tur-
bulence structure which includes the spatial com-
plexity of natural sediment beds.

2 Review

Current models of bedload transport rely on the
Bagnold|[3] or Owen[4] boundary condition, which
states that moving grains will extract enough mo-
mentum from the fluid, such that the fluid stress
at the bed remains at the critical shear stress.
Ashida and Michiue[5] perhaps were the first to
successfully apply this boundary condition to ob-
tain a semi-theoretical model of bedload sedi-
ment flux. The only empirical components of this
model are the dynamic friction coefficient and the
critical shear stress. The dynamic friction coef-
ficient is the ratio of the downstream directed
stress to the normal stress of moving grains on
the bed. The stress which opposes motion in the
downstream direction is caused primarily by colli-
sion and rolling of moving particles with the bed,
while the normal stress is produced by the gravi-
tational force on the moving grains.

Since the work of Ashida and Michiue[5], con-
siderable attention has been given to the force
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and motion of representative individual grains
with the idea that a semi-theoretical method for
calculating the dynamic friction coefficient and
critical shear stress could be derived. Saltation
models were derived which integrate the equa-
tions of motion of a sediment particle through
time based on a horizontally and time-averaged
near-bed velocity. In this manner, the height,
length, and velocity of saltation trajectories are
calculated[6][7]{8]. This information combined
with a simple model of momentum loss during
collision of a saltating particle with the bed can
be used to calculate the dynamic friction coeffi-
cient per number of moving grains. Showing this
calculation explicitly, a moving particle will col-
lide with the bed V;/A times in a unit time and
will lose momentum ymus in a single collision,
where V, is the average downstream velocity of
the particle, \ is the downstream distance be-
tween saltation impacts, m is the particle mass,
and -y is the ratio of downstream velocity reduc-
tion during an impact to V. Thus, the total shear
stress reduction, 7,,, by moving particles on the
near-bed fluid is:

nymV;2
Tsr = 77: = (1)

where n is the number of particles in motion per
unit area.
The Bagnold boundary condition requires that,

Ter = Tt — Te (2)

where 7; is the total boundary shear stress and
7. 18 the critical shear stress. To check how well
this boundary condition actually works, the right
hand side of Equation 1 can be calculated using
either direct measurements or saltation models
and compared with the right hand side of Equa-
tion 2. Figure 1 shows the result of such a calcu-
lation. Fernandez Luque and van Beek [9] mea-
sured saltation statistics such as hop length, par-
ticle velocity, and momentum loss during impact
while simultaneously measuring sediment flux.
Thus, n in Equation 1 can be back-calculated
from knowledge of the sediment flux and mean
sediment velocity, and the other parameters in
Equation 1 are directly measured. Wiberg [10]
and Wiberg and Smith [6] present a model of
saltation trajectories based on integration of the
particle equations of motion. The coefficient of
restitution in their model was adjusted in order

to produce a good fit to saltation data sets [11][9].
Wiberg [10] and Wiberg and Smith [12] further
present a transport model which is shown to pro-
vide a good fit to numerous sediment transport
data sets. These concentration and saltation tra-
jectory calculations are used to produce a second
line in Figure 1. The right hand side of Equations
1 and 2 are nondimensionalized in the usual way
by dividing by (ps; — p)gD. Where ps and p is the
sediment and fluid densities, g is graivtational ac-
celeration, and D is the particle diameter. The
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Figure 1: Non dimensional shear stress reduction as a
function of nondimensional total shear stress minus nondi-
mensional critical shear stress.

shear stress reduction as measured and modelled
from saltation statistics in Figure 1 is far below
what is required by the Bagnold boundary condi-
tion at low transport stages. The nondimensional
critical shear stress for the particles in this cal-
culation are 0.05. Thus, the shear reduction by
moving grains is insufficient to reduce the near-
bed fluid stress to that of the critical stress below
a transport stage of about 3. It is important to
note that Figure 1 has a log-log scale so that at
a transport stage of 2, 7, — 7 = 0.05, the shear
reduction is 5 or 6 times what is required by the
Bagnold boundary condition. This figure invali-
dates the use of the Bagnold boundary condition
for bedload sediment transport below a transport
stage of 3 and calls into question its use above a
transport stage of 3. This result has direct im-
plications for a large number of rivers. For most
gravel bedded streamns, for example, all transport
occurs at transport stages less than 3.

Further proof of the poor performance of the
Bagnold boundary condition is provided by the
work of Nifio et al.[13][8], in which saltation
statistics and momentum exchange with the bed
were directly measured using video. These statis-
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tics were then used with the Bagnold boundary
condition to predict the bedload concentration of
bedload particles and a model of bedload flux.
The resulting model far over-predicts measure-
ments of bedload flux; the concentration of par-
ticles required by the Bagnold condition is too
large.

3 Dynamic Boundary Condi-
tion

The reason for the failure of the Bagnold condi-
tion is clear; it averages the temporal and spatial
variability of the near-bed turbulence. In actual-
ity, the most notable feature of bedload transport,
when viewed using high speed motion photogra-
phy, is that transport is highly episodic [14][15].
Movement of grains over a particular area of the
bed occurs for a period of time followed by a pe-
riod in which little or no motion occurs. Nel-
son et al. [15] have shown that periods of signifi-
cant motion correspond to instances in which the
near-bed downstream velocity is high with little
correlation to the vertical velocity. At low trans-
port stages the mean near-bed velocity is capable
of transporting little or no sediment. Almost all
transport occurs when the near-bed downstreamn
velocity is well above the mean.

High speed synchronous measurements of
forces on a sediment particle and velocity near
the particle using LDV confirm that drag on a
particle is highly correlated with instantaneous
downstream velocity [16][17]. Figure 2 is a his-
togram of force on a 1.9mmn diameter sphere in a
bed of natural gravel of approximately the same
size. This figure shows that the force exerted on a
particle in a natural sediment bed is highly vari-
able. There exist moments in time in which the
force on the particle of Figure 2 is more than 3
times the average drag force. Thus, it would be
erroneous to base initiation of motion of a particle
on a time-averaged force.

Not only is there considerable variation in time
of the force on a particle, but there is consid-
erable spatial variation in force due to the rela-
tive position of particles in relation to one an-
other. The force on a particle which is just
downstream of a protrusive particle will be much
less than the force on a particle with no pro-
trusive particle in front of it. The variation
in resisting force due to the pocket geometry
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Figure 2: Histogram of downstream force, Fy, on a
sphere in a gravel bed. The bottom of the sphere is 1.1cm
above a plexiglass bed. The top of the topmost grains on
the gravel bed is about 2.3cm above the plexiglass bed.

in which particles rest has received considerable
attention[18][19][20], but the variation in driving
forces due to variable particle protrusion has not.

The influence of upstream particles on the ve-
locity incident on a bed particle is crucial to de-
termining the force on the particle. However,
previously almost no measurements of velocity
at vertical positions below the top of bedload
grains have been made. A series of experiments
were carried out in a racetrack-type recirculating
water flume using 7.5cm plastic spheres and an
LDV. The measurements of downstream velocity
were taken below the tops of upstream, protrud-
ing grains. Thus, the effect of protruding grains
on the local velocity incident on sediment grains
was directly measured. From this, an entirely em-
pirical relation for the velocity incident on a sed-
iment grain was derived which accounts for the
influence of upstream grains[16].

Uprs = (ﬂ;erf(slep) Fu)-7) 0

where Ug,s; is the reduced downstream velocity
of a vertical slice on a sediment particle, U, is
the time-averaged velocity above all of the sedi-
ment particles, ul is the instantaneous deviation
of the averaged velocity above all of the sediment
particles, l; is the downstream distance from the
protruding particle to the particle of interest, h,
is the vertical height of the top of the protrud-
ing particle above the vertical position of Up,,,
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and erf() is the error function. Equation 3 has
been show to adequately collapse the attenuation
of both the mean and fluctuating downstream ve-
locity incident on a particle.

All of the elements for calculating a spatially-
and temporally-variable incident velocity are con-
tained within Equation 3. Thus the velocity in-
cident on a particle is reduced when the down-
stream distance between a protrusive particle (I4)
is small and when the height of a protrusive par-
ticle (hp) is large. The ratio u,/V, must be sub-
tracted, because if the wake particle is moving
close to that of the fluid, there will be little re-
duction in the velocity downstream of the parti-
cle. The total incident velocity, Uy, is obtained by
integrating Equation 3 over the area of the par-
ticle perpendicular to the downstream direction,
A

The reduced velocity U,, is used to calculate
the instantaneous drag on a particle as:

Fp, = %CDALUzr(UxQT +UZ+UDY? (4)

Where Cp is the drag coefficient. The calculation
of drag using the reduced velocity is the means
by which the spatial- and temporal-variability in
drag force is calculated. Here, it is applied to each
grain making up a simulated three-dimensional
bed. A portion of this bed is shown in Figure
3. Each individual particle has a different drag

Figure 3: Computer generated image of simulated
mixed-grain size bed.

because of the position of upstream grains. The
bed is composed of spheres having a log-normal
distribution of diameters. The mean diameter is
0.5 cm and the standard deviation is 0.2cm. For
mixed grain size beds, smaller particles will tend
to have smaller incident areas and reduced veloc-
ities than larger grains. To illustrate this point
U, is calculated for the top layer of grains of the
simulated bed shown in Figure 3. In these calcu-
lations u!, and V, are set to zero. Figure 4 is a

graph of U, /U, versus relative grain size D /Dsy.
U, is U, if there were no particles upstream of the
grain. Thus, when U, /U, is near 1, the reduction
of mean velocity due to protruding grains is min-
imal, when the ratio is near 0 the reduction of
mean velocity is nearly complete. Figure 4 shows
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Figure 4: Reduction of velocity due to upstream, pro-
truding particles versus relative grain size.

that the reduction in velocity for most small par-
ticles is nearly complete. Whereas larger particles
tend to have an equal distribution of relatively
large and small incident velocities.

Ounly a small portion of particles in the sim-
ulated bed have a significant mean downstream
incident velocity. Therefore, only when the in-
stantaneous velocity is high can any but a few of
the particles move, depending also on the pocket
angles in which the grains rest. At low trans-
port stages these two factors control the number
of particles in motion, and the boundary shear
stress is not reduced to the critical shear stress as
required by the Bagnold boundary condition.

4 Application of
Condition

Boundary

As particles begin to move in the simulated
mixed-grain size bed, the distribution of rela-
tive incident velocities as shown in Figure 4 will
not remain constant. Particles which were pro-
truding relatively high into the flow will be the
most likely candidates to move, and after they
have moved, particles which had significantly re-

— 656 —



duced velocities may become relatively exposed.
This process is, indeed, quite the reverse of the
Bagnold boundary condition; as particles become
entrained other particles then can become en-
trained.

Hence, in order to calculate the number of
grains in motion at a given moment in time, a
full simulation of the motion of all particles is re-
quired. Schmeeckle et al.[16][21] has written such
an algorithm in which the equations of motion
of all particles in a mixed-grain size bed are si-
multaneously integrated through time with the
incident velocity as calculated from Equation 3.
In this manner, no integral boundary constraint
is needed; each individual grain’s motion is di-
rectly calculated. To illustrate the ability of the
simulation to accurately calculate bedload trans-
port, a series of calculations using the simulated
mixed-grain size bed in Figure 3 and a uniform-
grain size bed of D = 2.86cm were performed.
The near-bed velocity above the tops of the grains
imposed on the beds was taken from a measured
time series of velocity a fraction of a diameter
above a gravel bed using an LDV. The turbu-
lent boundary layer in this case was a uniform
boundary so that the results could be compared
to uniform boundary layer data sets and empir-
ical formulas. Figure 3 is a ray-traced image of

Figure 5: Computer generated image of the mixed-
grain size bed in Figure 3 during transport.

the mixed-grain size bed in Figure 3 during an
instant in which there is considerable transport.
Figure 6 is a graph of nondimensional transport,
¢s, as a function of nondimensional shear stress.

In order to illustrate the importance of high in-
stantaneous downstream velocities on the trans-
port rate, a series of simulations were conducted
of a flow having identical mean velocity but a
varying amplitude. A sin wave with a period of
0.5 seconds and an average velocity of 120cm/s
over a uniform grain size bed, D=2.86cm. The
amplitude of the sin wave was varied from 0 to
0.9 times the average velocity. The chosen aver-
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Figure 6: Comparison of calculated transport with
data and empirical formulas. The data is from [22],
D=2.86cm. Calculations were made from the model with
uniform size of D=2.86 and mixed-grain size sediment
mean D=0.5cm and standard deviation of 0.2cm. The em-
pirical equations are from [9], ¢s = 5.7(T — Tuc)¥/? with
Tue = 0.06, and [23],¢5s = 8(r — 0.047)%/2.

age near-bed velocity corresponds approximately
to a transport stage, 7¢/7. = 1.5 if the velocity
structure were uniform. The increase in trans-
port with an increase in amplitude is dramatic
(Figure 7). In fact, there is zero transport below
an amplitude ratio of 0.2.

5 Conclusions

The Bagnold boundary condition, which is a cor-
nerstone for the majority of mechanically based
models of bedload sediment transport, works very
poorly at low transport stages. At higher trans-
port stages, empirical evidence suggests that the
extraction of momentum by moving grains is
significant, but it is not clear that a spatially-
and temporally-averaged boundary condition can
properly predict the entrainment and disentrain-
ment of grains.

The dynamic boundary condition proposed
herein calculates the reduction of velocity due to
both moving and still grains in a spatially- and
temporally-local manner using a function derived
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Figure 7: Non dimensional tranport rate as a function
of amplitude of near-bed velocity fluctuations.

from measurements of velocity in the wakes of
bed grains. Hence, there is no need for an in-
tegral boundary constraint. Because there is no
reliance on a presumed relationship between the
boundary shear stress and the near-bed veloc-
ity structure, this dynamic boundary condition
should work equally well for both uniform and
non-uniform boundary layers. In nature, a uni-
form turbulent boundary layer is the exception
rather than the rule.
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