CHAPTER 1

TRUSSED BEAMS

9. A trussed beam is often treated as a continuous
girder resting on fixed supports, and sometimes as so
many discontinuous beams as the number of panels into
which the beam is divided. That neither treatment is
correct hardly requires any explanation.

In the trussed beam of Fig. 4, it is evident that for any

" load W, as soon as the pres-

I

. surein the post is made known,

/ stresses in all other members
will at once become determi-

A

il

T 4 nate. Throughout the dis-
cussion of beams the following signs will be used:
Compression —. '
Tension +.

Moment +, when producing compression on the upper
fibres, and vice versi.

Representing by P the unknown pressure in CD we
have the following direct stresses in the several members:

CD = — P,
— Pi
AD=BD = += &
S Pl
AB=—= -

Let 4,, A, A, represent the cross-sectional areas, and .

E, E,, E,, the moduli of elasticity of members 4B, CD,
8
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and 4D respectively. Then referring to Eq. (1) we get
for the work of resistance due to the direct stresses the
following expressions:

Work in CD . 222::12 . (a)
‘ P ,
AD and BD . m . ( )
113 @ P
AB . m . e e s (C)

The beam AB sustains beside the direct stress, the
bending moment which at any point distant x from 4 is

Atoa . . %M—ggfx,
! 2
atoC . .Wa—(i——}—zv;)x,

Wa P
CtoB. (—l———-;>(l—-x),

so that for the internal work due to the same we get by
referring to Eq. (3) the following expressions:

el [ -2 v [P (G2

+j;§@~§)a—x)gzdx]. L@

in which 7 denotes the moment of inertia of the section
of the beam assumed to be uniform throughout.

Summing up the several works, we get for the total in-
ternal work:

0 = (a) + (&) + (&) + ()

" Since the value of P must be such as to make @ a mini-

mum, we get for
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e o
iP
the following expression,
Pp P Pp 1 Wa* (I —a) , Pa®
74, e T EAR T A E] [_ 4 t%

+ gf__W(l—a)E (ls—Sas)_l_W(;B_gas)

2 / 24 24
2 2 2 8
_Wa (P —4ad’) Wa +P_Z=°’
8 24 48
from which
3alP’ — 44
: 48 E, I
P= 5 L w ‘ (3)

h Lt + 2 + 2
B4, T 2iE4, T T6WEA4, T $8EI

To obtain the stress in each member it is simply neces-
sary to substitute this value of P in the expressions for
stresses already given. It is evident that the beam AB is
subjected to bending and direct stress combined.

Differentiating the second member of Eq. (5) with re-
spect to @ and setting the derivative equal to zero, it will
‘be found that P will be maximum for a = é, as might be
-anticipated.

10. For a uniform load w per unit length we have but

to substitute wda for W in Eq. (5)
e and integrate between given limits
7 | of loading for each half span.

Thus for partial uniform load a,w

Fig. 5 (Fig. 5) we get,
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32— z2aqp
06 E,I a;"w
pP= . NG
h Lt + B n 2
EA, " 2iEd, " 16IPEA, T 48 EI
and for full uniform load wi,
5 Mtw
= 334 E1
P== 7 7 =
+ +

54, T owEA, T 16 wEA, T 8 El

ExaMpPLE. — A wooden beam 12 in. X 10in. x 20 feet
long between supports, is reinforced by a steel rod 2 in. in
diameter and a cast iron strut 3 in. sq. and 2 ft. high. To
find the stress in each member due to a full uniform load of
1,200 lbs. per ft. run.

In this case

I = {5 X 10 X 12° = 1440
A, =120 A,=9 Ay=3.14 h=24 1= 240
i =122.4 ®w = 1oo (allinin. and lbs.)

Assuming
E4 = 30,000,000 lbs. per sq. in.
E, = 15,000,000 ¥ “
E, = 1,500,000 “

we get in Eq. (7),

113

5w _ h

B2 B = 2, T, = .00000018,
P I . 3
TWEA, = .000017%, m = ,0000083,
4_8E—1I = .000133,
s0 that : ,
P = 12,610 lbs.
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Denoting by # the moment at any point x of the beam,
we have,

24,000 — 12,610 100 %2
n = x — .

2 2
The maximum moment will be found when%’lﬁ = 0; i.e,
%

for & = 57 in., so that
max. 7 = (5695 — 2850) 57 = 162,165 in. Ibs.
The maximum fibre stress in the beam will therefore be

162,165 12,610 240
—;ZZE—XG—{-—’Q-—— ey ><————=938le per sq. in.

The tension in the tie-rod is equal to,

12,610  122. 1
Ldnlei Ve VL 10,240 1bs. per sq. in.
2 24 3.14

The intensity of compression in the strut CD is simply
12,610 .
—L—— = 1,401 lbs. per sq. in.

The following table shows the comparison of stresses in
the members as calculated above, with those obtained by
assuming the beam first to be continuous over three, fixed
supports and then to consist of two discontinuous beams,

P 1x Lgs. N!Ilzluéef;;’sltggss Dif, T;%rflqgsmpl:: Dif,
per sq. in. sq. in.
Beam contin. on yield| | .
sup. . . . - - 12,610 038 10,240
Contin. on 3 fix. sup.| 15,000 1,062 |+13%| 12,180 |+19%
Discon. at centre . .| 12,000 1,000 |+6%% 9,740 |— 5%

1.1. In the trussed beam of Fig. 6 the central panel,
owing to its lack of diagonal, is incapable of transmitting
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shear except through the beam itself. For this reason, so
long as the relative positions of points C and E are verti-
cally unchanged (which

would practically be the W W,

case when the beam AF A:*—“;I a:_—i e
has sufficient rigidity to
remain nearly straight L..L g
when loaded) the stresses Fi
in BC and DE may be

assumed to be equal. Let P denote the pressure in BC
or DE, then by retaining the notations of the preceding
case, we obtain the following works of resistance due to
any load W, located between 4 and B:

m)
m\u\

Work in BC and DE Ph
: "Ends’
« ik ._EE__ 73 B
AC,CE and EF . 'E3A3h2<¢ + 54)’
143 111 _ﬁ—
AF "8 B A

The bending moment in the beam causes the following
work:

E%J[fu<tz”a‘l'W1—P)ﬂﬂdx-&f%@l.@f_@_?xgﬁdx
+f %Wlal( —-x> % dx—l—f (Wm1 —P) xzdx:l

Summing up these expressions for work and setting the
first derivative of. the sum with respect to P equal to zero,
we get,
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2h 21 B 2 ;
F gEzAg Y Eap T By T S RAR

I _2(—a) a’ i
+2E11[§2P ] ng 3 5 3 \77 a‘s)

_2Wa, (_7_1“_ o n t_Zj) 2 PP Wya P
2

! 162 27 9
2 PP 2 WyalF| _ o
81 8t | 7

from which
(2 — 347 a,
18 B,
2} 24 £ + B 45 I3
E, A,  EdJ® 27 Edsh*  oE AN 81EIT

P =

Wy (8

For any load W, between B and D we obtain in a similar
manner as for W, the following expression for P:

27 az(l—a,z)—lzl
62 B
P 7 e )
B, TV EAR T Bage T 9B AR T BT

12. For full uniform load w per unit length, by substi-
tuting wda for W, and W, and integrating, we get,

11 P
~ W86 ET
P=—3 X PP F - (o)
Tod, T Ed g T 2y Bt T QB4R T Bi BT

ExampLE. — A beam with dimensions, materials and load- '

ing, as in the preceding example, is trussed as in Fig. 6,
with » = 24 in. ¢ = 83.5 in. Then in (10) we have
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11 P 24

486 ET = 3.4765, EAgp 00002145,

2h * :

EgAg = .00000035, m = ,00000022,
—L = .0000148 5P = 6
9 E AN 495 81 E/ +00039500,

so that
P = 4,900 lbs.

Since the moment at any point x between 4 and B is
wl — 2P wx?

=
2
the moment will be maximum for x = 41, and will be equal to
252,150 in.-lbs.
Again, since at x from 4 between B and D the moment is
wl — +_P(x——£>—-gf:
2 3 2

the maximum moment will be found at x = 119 in,, and will
be equal in amount to 87,950 in.-lbs, Taking, then, the first
maximum, we get for the maximum fibre stress the following :

252,150 ¢ ]_x
-——1440 X 6 4 7900 X 3k Az

= 1,270 Ibs. per sq. in.
The tension in tierods AC and EF equals

PRV 8,750 1lbs. per sq. in.
while that in tie-rod CE equals

7goo X 3—3 X 3—}1_; = 8,060 lbs. per sq. in.
13. In the two preceding cases of trussed beams, when
the depth % of the truss is considerable the influence
of the beam will become lost in comparison to the truss,
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and such a structure approximates itself to a King or

Queen post truss whichever it happens to be.
14. A beam reinforced by sloping struts and a strain-
ing beam as shown in Fig. 7, is often met with in wooden
constructions. The

Ro —:E‘amz ] "® case is somewhat
/1 = =5 7" si%'nilar to that of

; ) ~ Fig. 6. The rein-

. forcing frame

-2t Ir ?’D CEFD could retain

its form only when
the forces acting at
E and F are equal; and since the beam 4B will remain
practically straight under all circumstances, the reactions
produced at E and F may be assumed to be equal.
For any load W, between 4 and E, then, since I vert.
forces = o,

Fig. 7

R+ R +2P, —W,=o,

in which P, denotes that part of P due to W.. Takmg
moments successively at B and 4, we get,

RO o= ;VZ]:_(-Z—Z——:a_l) — P1
R =104 p,

It will be seen from these equations that the reactions
at A and B will, according to modes of loading, be + or —,
which latter is to be met by anchoring the beam down to
the supports. |
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The internal work of resistance may now be written,

PE & P —21) + Ymidx
EA R 2 EAR , 2El’

W ==

in which A4 represents the sectional area of individual
members of the frame, I the moment of inertia of the
beam AB, and m the moment at any point x of the beam.
Substituting in this the following expressions for m (the
origin of x being taken at A4),

Atoe, . . gw—l’lgx,
"a,to E . ~W—‘a‘%-:-—@— %
EtoF .@1—(15:—”9;?111,
BtoF . . (W/;lal—Pl>(l—x),

and differentiating « with respect to P, and setting the
differential coefficient equal to zero, we get,

&(311-—311’—03)

P, = w,. . (1
TN =T RN T T L
Ah2

AR? 31

For any load W, between E and F similarly we get

—l—1~ (3 asl — 12 — 387
ST NAEOErDRE
Ah2 An? 3/ .
Tt is evident that in this kind of construction, the beam
AB may be considered to be free of direct stress.

(x2)

P2=
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ExAMPLE. — A wooden beam 12 in. X 8 in. X 30 ft. is re-
"inforced by sloping struts and a straining beam 8 in. X 8 in.,
with / = 10 ft. and 2 = 8 ft. To find the maximum stress
in each member due to a full uniform load of 1800 lbs. per
ft. run. - ,

Substituting in Eqgs. (11)and (12) the following values,

i = 12.8 ft., A = 64 sq. in., I =1152in4
28 120 — 21,) 12(30 — 41,)
;17?=12’ '1—;4‘ha—l‘=3a —1“‘3‘37-—'1—=25°°:‘
61 = 6912,
we get, '
N 2 __ N7 I
2 | a@3ll—312—aYwda 2X —lw
P = 0 . . 324
1 6 = ” ’
9I2 X 2513 6912 X 2515
2l
f LGal —12~3d)wia  —lw
P, =" I3 _ 162
2 6912 X 2515 6912 X 2515
and consequently
4
P—P +Pie (2 X 27,500 + 55,000) 12¢ X 150 — 19,680 Ibs.

6912 X 2515

Comparing the maximwm moments in the side and central
panels, it will be seen that in this case the greatest moment
is found at £ and / and is equal in amount to

o X 1800 — 19,68 2 2
3 0029,6o>< on”;Soo:(xo

= — 16,800 ft.-Ibs.,

so0 that the maximum fibre stress in the beam will be

16,800 X 12

1152 X 6 = Iosolbs. per sq. in.
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Other stresses are as follows :

I

Sloping strut, 19,680 X 128 X 7 =%9° lbs. per sq. in.

8 6

Straining beam, 19,680 X £8? X 6i4 = 345 Ibs. per sq. in.
15. In wooden beam-bridges, the supports, instead of
being of masonry, often consist of pile-works such as

shown in Fig. 8. In

such a construction the ;aVVLW2 )
> A,

struts move laterally, ~crri—bis ST
owing to the bending of E ’;\ S

. . i\_\* \ /s
the piles. It is neces- ¢ D
sary, therefore, in the . [ir 1=alx Ir
summation of internal '
works, to take in the

work in the posts, each ”}’WW cig. 8 e
of which having one

end firmly fixed is simply supported at the other with a
horizontal load of PTZ‘ acting at C and D. Calling the
moment of inertia of the pile I, and neglecting the influ-
ence of direct stress as being inconsiderable when com-
pared with that of moment, we get the following internal
work in the two posts due to %‘; the dotted portion of

the structure not being considered,

T ’fM_]_"'l_lho—l'L>2 fh"(—%--—l’l ho——.x)gd]
ﬁ[£ (E A ho xzdx—}— A ho:\ 1 ho X |,
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in which M represents the moment at the base of the
post, and x the distance from 4 downward. Since the
value of M must be such as to make this work a mini-
mum, setting the first derivative of the above expression
with respect to M equal to zero, we get,
M= ﬁ’io_.__) Pi,.
2 1o

Substituting this value of M in the above expression, the
latter becomes,

Prp §<ho— ) (3 o + 1)
EI, 12 bt

Adding this to the total work of the preceding case (Art.
14), and differentiating with respect to P and setting the
differential coefficient equal to zero, we obtain the follow-
ing equations for loads W, and W, corresponding to
Egs. (11) and (12):

a
6—% @BlLl— 34t —ad

P o ) GIman) e iGhER )
AR Ah? 37 6htly
gl"ll' (30 — I* — 34,
Py =— 2 ) ] 5 W (14)
29 +l1 (I—2ly) + 12(31l—4ly) + L (ho—h)* (3 o+ h)
A AR 31 6 ko',

The actual measure of %, will always be a matter of
judgment according to the nature of the ground into
which the piles are driven. The heads of piles may in
most cases be assumed to be laterally fixed in position.
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When there are several consecutive spans with sloping
struts as shown dotted and in full the thrusts at C or D
due to full uniform load will balance each other, and the
case will be that of Fig. 7, while load on one span only
will produce action intermediate between the cases of
Figs. 7 and 8.

ExampLE. — Using the same dimensions and load as in
the preceding example (Art. 14) and further with

By = 18 ft. Iy = P5 X 158 X 15 = 4220 in.*

to find the stresses in different members of the frame.
Here we have as before,

27 P —21) 12 (31— 4l
T T
L2 (ho — B (3ho + ) _
6hi, = 72, 61 = 6912,
so that

2 X 27,500 4 §5,000
6912 (2515 + #2)
Since the moment at any point «x from the end of the beam
in the side span is, in this case,

P=P+P,= X 12* X 150 = 19,130 lbs.

(:800 X 30

1800 &2
2 2

- 19,130> x —

it will be maximum for ¥ = 4.36 ft., and as it is found to be
greater than the maximum moment in the central span, the
maximum moment in the beam will be

4.36 (7870 — goo X 4.36) = 17,200 ft.-Ibs.
The beam acting as a tie for post-heads will have to resist

a pull of
1;51. <ho ho h _ h (h; ]1,03 ¥ )) = 020 Ibs.
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We now have the following intensities of stress:

17,200 X 12 go20 .
Beam T X 64 6 = 1169 1bs. per sq. in.
. 12.8 I .
Sloping strut . 19,130 X - X §1= 448 lbs. per sq. in.

Straining beam, 19,130 X X é = 343 lbs. per sq. in.

10
8

In the post, comparing the moments at C with M, the
latter is found to be the greater, and we obtain for the maxi-
mum fibre stress,

27,000 n 76,756 X 12

15 X 15 4220 X 6 = 1429 lbs. per sq. in.,

showing that a considerable stress is thrown into the post in
such a construction.



