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DIFFERENCE METHOD FOR PARTIAL
DIFFERENTIAL EQUATIONS.

Part I
(Trans. of JSCE Sept. 1952)
Bennssuke_Tanimoto, C.E. Member.*

ALL the derivations in this article are due to the exclusive use of the modified
Bessel interpolation formula for the function ¢(z,y). Similar calculation may be
-performed by interpolation formulas of other types, including mixed ones. In
‘this regard it is noted that Collatz-Hidaka’s method® of differentiation affords
‘the same results as those derived from the interpolation formula of Stirling type.

Three-dimensional problems may also be treated. The work would require a
.considerable amount of efforts, even when systematic procedure of calculation

is adopted.

1. Interpolation formula. The interpolation formula of modified Bessel type for
4he function ¢ (z,y) is written in the form

W)= 3 'F o 1o, - BB+ I DI+ (15 D)
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Interpolation formulas of other types, i. e. those of Newton type, Stirling type,

(r—a+i s=b+p).

Everett type, etc. can be obtained by repeated application of known interpolation
formulas for the function of one variable. Furthermore we can obtain interpolation
formulas for the function ¢(zy,,--xx) by the similar procedure.

2. Differential equation. As an example, we take the harmonic expression in two
dimensions. From the mterpolatlon formula (1), we have, after some amount of calcu-

lation, s
B9, 20) 1R Sy 20422 11
Oa? ayz Z:S 8 rismos @ =r+lsy | 3 5
(2r+ iy J x[- «-—Aggrf:;f,m(rﬂ§>+<r+1 s— 1+ ) +(rs—1))
1 - U B,
SRR e (TS R O D RN CRORN €S V] BEREEY ©))
First approximation Second approximation Third appreximation (n=2)
(»n=0) (n=1)
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In what follows we consider, for convenien- | 5
ce’ sake, the case when h=#k. For successive —-20 160 K24 --0(419)

values of =, the harmonic expression (2)

becomes as above (four approximations in which n=0, 1,2, 3 respectively).

In the last two schemes, figures are given only in the first Quadrant, since others are
written down by symmetry.

It is added that if we refer to the interpolation formula of normal Bessel type,
then an approximation to the harmonic expression becomes as above (the last scheme).
Here the rectangle ] shows that the difference equation is to be considered at this
lattice~point.

It is to be noted here that difference equation of higher accuracy will naturally
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be needed for problems having more complicated boundaries, in which case indepsndent
inner lattice—\points, the unknowns,. reduce in numbser owing to the combination of
boundary criteria, so that reduction of the degree of simultaneous equations to be
solved will result. ‘

3. Boundary condition. Only straight bounding line parallel to a coordinate axis,
y-axis say, will be treated. For more complicated boundary conditions, such as inclined
straight boundaries and curved boundaries, it would seem not so easy to formulate
'gen(—:-ral criteria such as those given below.

i) The case when

(Pu-o=epte13y. (e, ¢; being constants.). «seeseeceereenes TR PR 3
From the interpolation formula (1) we have
o, ()
_ 1 v 1. 41 4/ 1
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To satisfy the boundary condition (3), we may put
—i—AOO'{'_‘_/Ii—“%Am:c()'*‘Cly, 410:0, 40220’ 421:0’ Aoz.—_:o’ .................. (4)
)=
This system of equations will afford the required criterion illustrated thus :
Boundary condition ¢=c,-+ey for General expression of the criterion obtained
straight bounding line. ) above will be

Inner lattice-points  Outer lattice-points

()= —(r—=T8)+2{eo+ei(sk+90)}, -+ (5)
@) [ (3 | € [ed2finciatp] [-G9r2{cnclitn] |-an2fcac b}
aa | o | an -oderfeecibm) |-apajarbmg -aae{ceaaE) where »=1,2,3,+-- and §=0,£1,%2,---++; (#3)
-amfocen]  denoting outer lattice-points, and (»—1s)
@t | eo peosioren] |Goajacs] [eomiccr) ¢ gnner lattice-points. It is noted that, when
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boundary condition is in general of the form

GD | an | en |-eeiesc(abo] RGar{aectzen |- aDe{teciatm)

Straight bgunding line parallel to y-axis (¢)"=°=W§ ocmym,
the resulting critefion would be expected to be
(rs)= —(:i s)+2£'0cm(sk+yo)m.
ii) The case when

<%‘L) =co+cly+czy2+ ......... . veteneseroans tetecstrasisatraestenessatactasaren (6)
Z Ju=0

The required criterion will be written in the form
() =(r—18)+(2r —Dh{eo+er(sh+ o)+ es(sk4-o) 4 ++-Fo serseerecerenravennns )
iii) The case when

(219— =Co+01:1/+02?/2+ FRTTYRT e eeresssss Ceseacreerecneenastatonsraerserrearanes (8)

oz* w=0
The required criterion will be written in the form
(7’3)=(18)'[‘(08)——(7’——18)-!-7’(7’—l)h“’{co-i—c1(3k+y0)+c2(sk+y0)2+...}. -(9)

iv) The case when



P -

DIFFERENCE METHOD FOR PARTIAL DIFFERENTIAL EQUATIONS. Part I. 17
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The required criterion will be written in the form
(#r)=—(r—=18)—(G—D{(r—10)+( O}+s{(r—~1 1)+(» 1)}

2
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v) The case when _
¢ 0 rererereeaerenes ettt bbb e te b s st e st ettt ne
< o >u-o"”' (12)
The required criterion will be written in the form
()= —=18)—(F—1 0)F(# 0) (27 —1)schk. rerteeeersrsarseeieorsersninineniinans as)

vi) As a simple example of combined boundary conditions of tpe above criteria
(11) and (13), we take the case where stress-components are free from traction along
a straight bounding line parallel to the axis of y. In this case we have
§L¢_=0 X, = o6 _

2oy 0 TR Gy =0
¢ denoting Airy’s stress-function. Then from (11) and (13), we obtain the accompanying
scheme. . g o2
Similar calculations due to the interpola- Boundary conditions X =0 an iﬁyﬂ)'

tion formula of Stirling type are now in Inner lattice-points Outer lattice-points

progress, together with their applications to —2(T0)0XaD) | -2010+301) | - 2(c0)+X0) [-XoMe3QI e 3000431200 302

~(20)+2(32) | -(10} +2001) | -(00}+2(00) y-2066)+2(01)+(19) | -20I0)s T 1)+(20)]-2FQ)r A3 (1Y)
technological problems of practical impor- P n o [oen o) [-aonea) |-z a0
tance.
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