Consideration on Covered Reservoir Wall acting as a

Beam subjected to a Load of Uniformly Varying Intensity.

By N. Yoshida

—— I GENERAL CASE —

A). as Beam both ends fixed: —

Let the section of reservoir wall under consideration be shown by the following
figure, in which the "wall is drawn horizontal and the acting forces vertical for the

sake of convenience in discussion.

. ///lA
A= 2 A
- b,V
/ i e
¢ ‘ <
Mq x’ ML
-
X {—a
L
Ro R

Referring to the fig., let

! = span of the beam, or total height of the reservoir wall;

a = length of the unloaded portion of the beam;

P = resultant load due to water or earth pressure according to the condition;
p = max. intensity of the load;

2 = distance from the left end to any point in the beam;

M, =bending moment at the section z;

S, = vertical shear at the section x;
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R = reaction at end of the beam;
%' = intensity of the load at any distance @’ in the beam from the left end, or distance
X from the section z toward the left end;

then we have

2p

_pli—a) _
P = 5 and hence p= U=ay "

Now, the equation to intensity of the load with origin at the left end may be
expressed
¥ =f(X)=g(') =m(z'—a),

2P

. . - P _
in which m=tan a=— T=a)®

2P

y' = (l—(,',)_ﬂ (z/_a), where z/ <t Looerosrsasssrasssesaiorasansasienrosass ( 1 )

s0 that

Hence the bending moment at any point in the beam may be written in the

following forms according as z }« or z < a:
( M, ,=M,+ Rz
lor Mo=My+ B~ [ yaX(-X),

where M, & R, denote the bending moment and reaction at the left end.

Since X=z—=z’' and also d X=—dza’, we have

fzy’dX(—X):fzy’dz’(m-m') :f’(szT)z(a'_a)(x_m')dmf
=fz(l_2__—i‘)§(wz’—wr—m”+ax’)dx’

_2P(z+a) (% 0. 2P f " ,_ﬁfiaif’ 2
_(l——a)z_ 2'dx m x*dx U=y da’;

a a

and performing integrations,
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2%2:)‘1) {%“] - (li)*[‘ﬁ]z - (?E—f)’[ ”JX

_ 2P(:c+a)(:v’—a’)_2P(z‘"’—a’) _ 2Pax(x—a) _ P(x—a)®

- 2l —a)? 3(l—a)’ (@-a)* ~ 3(—a)?
Hencej Mope =Myt Ry coevernnesiniinniiiiiiiinnniinie e RN (2)
lor M, =M+ Rz D=0 e, (2)

Since the equations of bending moment are different on the loaded portion and on

the unloaded portion of the beam, there are two elastic curves which have a common

ordinate and a common tangent at the point where z=a.

Let y = ordinate of the elastic curve of the beam at the point where the abscissa is z,

with origin at the left end;
E= Modulus of Elasticity of the material of bezam;
I = Moment of inertia of the cross section of beam;

2
then from the general differential equation of elastic curve EI Z ;{‘ =M,

usual E & 1 to be constant, we have in the present case,

for 2} a

E I(d—zy) =M°+R0w ...................................................
z=ha

dat

eorati dy \ Rg’
Integrating once, EI( s )z}“_.M,,a:+ o —+ey

for =0, %}Z—:O and hence ¢, =0,

so that EI(%) =M,z + g T rerreeeerrirenenannns
zha

Integrating again, EI (y)., = M,

assuming as
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l for =0, y=0' and hence ¢,=0

l so that EI(y)»u:M#'m,.;_,,%i ..................................... creeneeen (6

Also for z<a

~f P
BI(Gh), . =Mt R g (2= Bela 4 B0 ?) v (7)

Integrating once,

dy ) Rz’ P ( z*  3az® | 3a'rt

EI{ =2 =) e O Y A )

I( p ~ud Pt i Sl Ty Syl W B S ‘”’)“’
_ dy ) _( dy ) ___ Pg

for a=a, (GL) =(GL ), @nd hence a=—jprios,

g 2 3 33 4
so that EI(%) ::Mo.'v-i-&.z"-— ?T(;P_(;ji(_w_—-am’-f- 3a’z _aax-{-i) ........ ( 8)

sda 2 —_ \ 4 2 4
]
Integrating again,
- *  Rp® P z° azt | 3a’s® a7t | o'z
EI Mt Rl P (E- - _)
Wewe =5+ 5~ 37_ay\ 20 ~ 4 G 7 g )t
I)a'.
for @=da, (Y)spa=(4)z4a,» and heace q:W_—a—),—
so that
2 8 u 4 2.3 3.2 4, 5
EI = M &z,__f’,_(f__&z oz’ as ﬁ..i) .....
Wew="3"+"¢ ~37ap\eo "4 2 2 T4 20}

Again for £=1[, we haveﬁ:O and also y=0; hence from (8) and (9)

dx
Rf P N T A
Mo+ = W(T v+ 258 ot )=0
M RE P (ﬁ _d &P al_ e\
‘T2 6 3(7=a)®\20 4 ' 2 2 T_%)“’



Eliminating M, from these equations,

Ro— P ( 3z

4 5
= —ad4al —WJ"%) .................................... (10)
and similarly
P B all a' a®
M"_—“(l—'_“a)’ (1_5_T+T__37+ JOZ’), ....................... (11)
whence we obtain finally
P & o' & o a®
Mure= oy (15~ + 5~ 5+ To5)
P 5
+ =y ( al+a ;P __5‘% )I et ren e er e raaa, (12)
_ P £ ol & & &
Mai= -5~ 6 + 5 5+ 1ar)
P (fslf‘ _
(I-a)* \'10

@V, Plz—ay .
a+ Wf+5l*) 3(l—a)? (13)
(General Equations of Bending ‘Moment)

The point of the max. positive bending moment may be located by putting

aM, . .
d—:r_o in (13) as follows.
P 31’__ 2 (14 a® P 3 2y
T=a A T0 %+ g5 )~ Ty (3~ Sae ) =0
31’ . a{ a5
w20z —(30—al — 5% &)=0

from which we get

a®
r=+a+ _-—nl+a —~—+_w

27 5P

(Point of Max. Positive Bending Moment)
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Since ilmz =8, in general, from (12) and (13) we get

P 372 a®
Sppa = = a)’( —al+a*— 5l‘> ................................ (15)
<« _ P 3 s a @ P{z—a)?
and b"t“'_"(l_—a-)z—\ 10 —al+a’~ oF +_5lT>—(l——a)" ............... (16)

(General Equations of Vertical Shear)

Deduction of M, & R, by Principle of L=ast Work.
(Another proof)
The equations of bending moment in the beam under consideration are found
from (2) & (3)

z}u IVIO-*'IR‘Oz

P(z—a)?

& Mo =My + R~ =2

SRT which is expressed in the

H
For the work of bending we have in general f
°

present case

faEM0+ROw] . +f [M +Roz— %%):_T _2‘2%1,

o

Y 2 2.9 dz fl[ 2 s 2, P(z—a)
_f (MJ+Ry'2?  2MiRwe) g+ || M+ R+ =g 7=

MP{z—a)® 2RPx(z— a)+2MR dx

3(—a) 3(l—ay ‘TET

where EE & I are assumed to be constant.

The values of R, & M, which make the work of bending a mini, are found by
d (work) _ d (work) _
dR, =0 & dM, =0.

( 0

differentiating this with respact to B, & M, and putting

Thus
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d {(work) __ f 9R 9 5 de
dR, (2Re®+ Ml or

2R 2 — _ 3 2.2
+f[ ot d(l (a: 3az®+ 3alzt — az)+2Mo~a}Qﬁ__.

Performing the integrations,
2P [ 2® Baz' 3a%’ a"a?)

3772

[ 2R,z* + 2Mz* ]" 4_[ 2Rz’ 2
2 3(l—a)*\'5 4 3

3 3
N QM@T o
£, MpP P (l5_3al‘ 2p_ @ aﬁ)_ _
3 T2 e\ @ Ty )0 e ()
A(work) _-
Also —op— o

+f [do 3(l e (&= 0a®  Ba'a— a3)+2R0x]i?[ ~o0.

Performing the integrations,

(e s e

2va’1:2 ~a
2} o — T
[2M"”+ B) ,‘,0+[ Mo =gyl T35+t g )
R/ P { sal o
Mgt (O py AL T, OO
J+ 3”_@)2(4 P+ 25T —al+ 4) 0 (8)

Elimirating M, from («) & ‘B), there is found

R 32 , a , o
R°—Wf(w—“’+“ )

and similarly
P B ol & o a®
(5% 55 *100)

M°=’__(z_—‘a)2 6 3 3

the results being just the same as previously obtained.
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B). as Beam both ends supported : —
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Since the beam under consideration is supported at both ends, the equations of
bending moment at any point may be represented in the following forms:

( 1\4'21,,,4_—’ QT eesesesesaasiseiciiiinaniias 1S PN ( 17)

P(z—a)®

] and M, =Rﬂ——m,

e e (18)

which may be obtained by putting M;=0 in the cquations (2) & (3).

Taking moment about the right end,
Roz_ﬂ%—l)_zo,

whence we get

P(l—
R":—%ZL) ................................... o e e e (19)
and R,:.-,E(%;L‘LL ............................................................ (20)

Hence we obtain

( M,,. :,,lﬁ;T“)_” ...... e e (21)
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i P(l—a)x P{z—a)?
& Mage = g g g i e e s (22)

(General Equations of Bending Moment)

dM

Putting the condition E:j =0 in (22), the point of the max. bending moment

may be located;

Pil—a) Plxz—a) -0

thus 37 (I—a)
P—3al—d*
’-— — e e I
2t —2ax 37 0
"’_+“+\/ (l—la)’ .......................................................... (23)
(Point of Max. Bending Moment)
Since c;ij’ =8,, we getfrom (21) & (22)
S PU=a) e,
Sy, = —r . e (24)
~ Pl-a) Ple—a) TR
Vand S, = 37 (U—a) . ~(25)

(General Equations of Vertical Shear)
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——- II. SPECIAL CASE —

(when a=0:

A). as B:am both ends fixed: —

M7 : =
B,
X :S)’
—
Ro 1 iRL
!

3.3
From (3) M,=M,+Ra— Ii ................. e e e
3¢
N 3
From (10) R, :,% e e e s
P
so that R'/ _T()— .............................................................
” "
From (11) M,=-— 5= —.06667 PL-wvevn PP

7 3Pz  Pof

3y Mao_ Pl 3P P&
From (13) » 15 7107 3E

(General Equation of Bending Moment)

From (14) 2=1"31=547721 «--oere e easen eee e teeene e,

{Point of Max. Positive Bending Moment )

Put ©=.54772/ in (30), then

........ (29)
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Mgy == 04288 P euvvoveersnenesmniesibnisssas curissensissienss deveesen(32)

also put =/, then

S - S ETIAL T L L (33)
From (16) Sz:%‘% ............................................................. (34)

(General Equation of Vertical Shear)

Put =0 in (34), then

so=_:;’_011 VU TR U TOUPTRUPIOPIPPPIOUYSSPE SRR PR ('35)

also put =1, then

P
o e 36
S=—0% (36)
dy Pl 3Px P2 .
y) - A S e PP T L L R R P LR T PR PR RE L TR TR AR 7
From (7) FId:cz 15—!—10 3 (37)
By putting ((ii-m'/? =0, the points of inflection of the elastic curve may be located;

thus

Pl , 3Pz _ Po’

~t 0o s
1023 — 982 + 28 =0
Doz 0.240 1 +rvrereereraeriores i einar ittt areas e ae st e nns (38)
from which
Bm0.805 7 wvveuresnaseseasiteesasesese s eas et ebs e e be s en et st (39)

(Points of Inflection)

Pr | 3Pz Pa!

d
8 4y Tl T T
From (8) Elo 55790 TIE
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By putting g.: =0, the points of the max. deflection of the elastic curve may be

located; thus

— 40Pz + 9t — 52 =0
B = 0 cerrereni ettt ereeae e e e s aa e raa et eesnrrreneneararnaereas (41)
O WHICh] @ 2= & cvoer oo s erreeeeeeneeanaas e rere e, (42)
Tz B2AT Leeeeeiieiiiiiiireas e et e s ae e e e et e raaeae e nas (43)

(Points of Max. Deflection)

Plx? Pz* Pa®

From (9)E1y=_W e TROE e (44)
(General Equation of Elastic Curve)
B). as Beam both ends supported : —
\ D — D e 45

From (19 & (20) Ro——3~ ...................... (45)

& R =‘_2_P_ ............................................................ (46)

3

: Pz _ Pz
From (22) M,:Tx_% .............................................................. (47)
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(General Equation of Bending Moment)

{

From (23) 2 = 5 = BTTBE ] eeevererrrrnersrnsrenessnsssareesn sanvessererasansaeecrons (48)

(Point of Max. Bending Moment)

Put ©=.577361 in (47), then

Mgy =128 Pl eerrsereertnseiionmiaensinranensininioneentsnsanssisassnins (49)
From (25) S’=%_ P;' .................. e rereieeieraree e reaseansaareserserasanran (50)

(General Equation of Vertical Shear)

Put 2=0 in (50), then
Sy =L i, eeeereteatevorr e tae—re s toatresaaeaareesnessrnns (61)

also put #={, then

S — e 2B e ertaes Severen erens (52)

3




