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On the Thickness of a Retaining Wall
under some Particular Conditions.
By S. C. E.

Eleven months ago I wrote a short problem under the same subject which was published in Kdégakukwaishi
N2 17g. I intend here to make some extensions of the problem in the following two cases.
Case I

To find the thickness of a wall retaining the earth under a uniform loading with the free surface in the
same level plane as the top of the wall having uniform batters in its front and back surface.

I have stated in the above mentioned periodical that the true theory of the pressure of the caith is at
present unknown even in its frec state, and the problem becomes much more complicated when it is under an
external loading 1 shall, as is done by some engineers, regard the external load to cause the earth the same
result as if the latter were superposed with the earth whose weight is equal to the external load of any point.

Let ABCD bc a wall retaining the earth under the uniform external load which is equivalent to the
weight of the earth O BK Q superposed upon the fice level surface O B of the earth retained by the wall,
K Q being a level plane. Draw CQ perpendicular to K Q and let G’ be the centre of gravity of the trapezoid
BEKQC, and G that of the wall ABCD. Let

AB=a

Ch=1b
Height of wall = 4
Batter of AD =s:1
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" " BC=r:1,

so that

a =0+ Ak,
where

A =r+s

Let also
Weight of unit volume of the carth = w
woom o o o oy wall=W,

Taking the unit thickness of the wall, we observe that the external forces exerted upon the wall are the
vertical earth pressure equal to the weight of the earth CB K Q and the horizontal earth pressure. The line of
the former passes throngh G/, and that of the latter throngh Y such that 3CY=CQ. Let IJ be the vertical
and X J the horizontal pressure of the earth. The diagonal P J of the parallelogram XJ1P represents the resultant
pressure of the carth both in magnitude and direction. Produce PJ to meet a vertical line through G at H and
take HT = P J. In the prolongation of GH set off HL equal to the wecight of the wall and complete the par-
allelogram 11 L M,F. The diagonal HM represents the resultant force of the pressure of the earth and the weight

of the wall both in magnitude and direction. Let N be the point at which H M meets the base C D of the wall.

Let
BK = g
then we have

3x® + 3zh + B2

GU=21
3 2z 4 h
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G'W = rh  3x+h
3 2x+h

1] = m.%?is

X J nﬁ%@ai:

I P
tg 0 H.v.%. =
where ¢=(1—sin @) / (1+sin @, Fbeing the angle of repose of the earth.
Now it can easily be shewn that
EU = Nmati llw,lzllw
3 (c+7*) (2x+h)
“ RS=z+h—-EU

2 g2
= lmtmnwn_.\ul. Lﬁlw.

3 te+1%) (2e+h)
But
O 8§ = m. wgn_..\,.wlp
3 2a+ih
and GV = 3¢ +30Mh+ TR
3(za+ k)
& GR = GS—-RS
- ah _ cx(2x+h) +ahr?

w,‘bm.*‘.xf 3(c+vYy (2x+h)
and consequently

RE

]

GV+r.GR
_ 3a’+ 3all+ 22+ rdh r cx(2x+h) +xhr?

3(2a+2h) 3 {(c+7) (20+h)
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RH=RFEtgd="RE
c
HS=RS-RH
k1 o3+ 3adh 4 hE 4 rak + 2e’ +(c+r)ha
3 ¢ 3.2a+4h) 3el2x+ by

NS =HSt¥¢,
where

tg € = wel(2x+h)

wr{zz+h)+ (20+20)W.
Again DS = 3a%+ 3dah + 2R+ 3ash + Ash?
3 2a+Ah)

and DN = DS —~ NS.

Various authorities take different values for the ratio CD : D N. Let n denote the ratio for gencralization.

Then we get

CD
—— = DN,
n

iec,

at+ih 3074 3hak+ S+ 3ash 4+ Ash?

w 3{2a+2h)
w(2z+h) hwa; + A’ = 3va’— 3drah —r’ah — vk} 2cx 4 (c+ 1) h u
Twr 22+h) + W 2a+4h, 3(2a+Ah) + 3(2z+h) ’

Transforming this equation we arrive at, after some simple reductions the following result : —
((3n — 6)a® + (3n—9)Aah + (n—3)A%h* + 3nash + nish*)(2a + Ah) W
= (nch(2a 4+ k) —r{(3n—3)a + (2n—3)Ak} (2a+24k) — nshr(2a+AR)) wh
4+ (nch(2a+ k) ~ r{(6n—6)a + (4n—=6)2k} (2a+Ah)— 2nshr(2a + Ah)
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— nhr¥(2a +Ak) — 2nex (20 + Ah ) Jwa.
But
2a + th X o,
Removing, therefore, this common factor from both sides of the equation we obtain :
((3n—6)a® + (3n—9 Aah + (n—3)2W* + 3nash + nish®] W
= (nch—r{(3n—3)a+ (2n—3)Ak} -- nshrwh
+ (nch — r{(6n—~6)a+ (4n—6)h} — 2nshr — nhr* — 2wex) wz.
This is a quadratic equation of a. Hence transposing we have
(3n—6) Wa? + ((3n-9}2h W + 3ush W + (3n—3) rhw + (6n—6)rzwla
= nowh? — (2n—3)Arwh? — arswh’ + ncwhx — (4n—6) Arwhe
— 2nrswha — nr'whe — 2ncwrt — (n—3)wi* h* — nis WA
Put
x = ph.
Then the last equation becomes
(3—6)Wa + 3({(n—3)2 + ns} W+ {(n—1)r+ (20—2)rp}w)a
= ({nc — (2n—3"4r — ars+ncp — (4n—6)Arp — 2ursp — nr'p — 2nep’}w
— {{n—3)4" + nAs} W)L
Put l
da=3n—6
f=(n—3)4+ ns
P = (n=1)r + 2(n—1)rp
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=nc— (2n—3 Ar — ars + ncp — (4n—6)Arp — 2nrsp — nr’p — 2ncp’
e=(n—-3) 4 + nis;
then
d Wa? + 3{W t+yw)ka = (dw—eW)R,

whence

— 3(AW+yrw) + vV g AW + 7)) + 40 W (Juw— ¢W)
24 W )

The upper or lower one of the double signs is to be taken according as dw>> eW or dw<leW,

a ==

k.

Restoring the values of o, f,7, ¢ and ¢, we obtain, after some reductions,

I
ml = Zno2)W _HI:;lmv..+Eslu,.&élgl_v?+u~u rw

H)\_l_. f-(n-3)n+1)r* —6 n~1)rs + (20-3) (2n—1) 8"} W?
3
+ 2 {(142p) —(W*—2n+3 P +3 n—1)rs)+2(n-2)n(c+ep—p’—cp*) } Ww
3
+ {(n—1 r(1+2p)}R0?| ]
Put, for the sake of brevity,

m=L{—(n-3) (n+1)r — 6(n—1rs + (2n-3) (20 - 1'%}
3
p= W {{(1+2p)(— m*—2n+3)r?+ 3(n—1)rs)+2n(n—2) (c+cp—pri—cp®)}
g={(n—1 r(1+2p)}%
then we finally get the following result : —
a 1

7= Mﬂaml {(n-3"r+(2n—3)8} W — (w—1) (1+42p) rot o mW+ pWw + qu* ).
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If, for instance, we take n=3,
then

I

gml 6sW—2 {1+2p) rw £ VMW +p'Ww + gu*)

2=
h
where

m' = — 4rs+0s°

p'=4(1+2p) (=r°+138) + 4 ( c+op—pr*—cp’)

¢ = 4r"(1+2p)".

Case IL

To find the thickness of a wall retaining the earth, under no external loading, with the free surface making
an acute angle with and above the prolongation of the top level sutface of the wall having uniform batters in
its front and back surface.

Iet ABCD be a wall retaining the earth whose free surface is the plane BO making an acute angle A
with AB produced. Diaw CQ perpendicular to CD meeting BO at Q. Taking the unit thickness of the wall
the external forces acting upon the wall are the vertical pressure of the earth equal to the weight of the earth
BCQ and the conjugate carth pressure whose direction is parallel to BO. Let IE denote the former and XE
the latter pressure, both of which acting at a point E such that 3CE=CB. Complete the parallelogram IEXP;
then PE denote the resultant earth pressure both in magnitude and direction. Produce PE to meet at H a vertical
line through G, the centre of gravity of the wall, and take H F=P E. Seting off H L equal to the weight of
the wall in the prolongation of GH, and completing the parallelogram HLMF, we have HM representing the
resultant of the earth pressure and the weight of the wall both in magnitude and direction. Let N be the point at
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which HM cut the base CD.
Let
AB =«
CD=b
Height of wall =%
Batter of AD =3s:1

’ s BC =r:i1,
so that b =a+ih
where

A = r+s.
Let also

Weight of unit volume of carth = w

wall = W.

" " ”» " ”

Then we have
IE = X (147 tgA)rk?

2
EX=" (14nrtgA )%k,

2

where

cos A — vV cos A — cos® @

¢ = cosA\ ,
cos A + v cos? A ~ cos’ @

@ being the angle of repose of the earth.
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Put
I +tg A=T7;
then

IE=Y ol
2

EX = ¥ 22
2

Let 6 be the angle which PE makes with the line EJ perpendicular to IE. Then

EJ =2 t%hicos A
2

X]= ¥ ki A,

2
so that
tg 6 = wN.,*vC _ :w+vc1
EJ EJ
— 7+ resin/\
TeCOS/A\ ’
Now

RE= 3u*+ 3hah+ 220 +rak
i 3(za+4ik)
RIT = REtg 8

RS =1
3

mzuzmﬁmm,

where
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wetr’cosAh
w(rtr+ er’sin A+ W(2a+2h)
Denoting the ratio CD : DN by n we obtai1 the following

tg € =

result: —
Tla+ahy= — 1 (30°+ 30ah+ 2R+ 3ash + Aok
n 3(2a+Ah)
_ werlcos AR MW 30’ + 32ah+ 212 4 rak r+tesinA M
w(r+et’sinas h+W(2a4-4k) U3~ 3(2a + k) TecosA

Transforming the above equation we have after some simple reductions
((3n—6a’+ (3n —9 Aak+ (n—3) 2R + 3nash+ nish?)! 2a + AR)W
=(ncht’cos A" 2a +ih) — (37— 3 arr(2a + Ah) — (2n—3)drch(2a + L)
—nrrsh(2a +2h 4 %in A {3ac(2a+ AR + 3¢hA( 2a + AR)

—3acn(2a+Ak)—2chin(2a+ k) — cnha{ 20+ Ah)} Jwh,

But
20 + 2k o,

Hence removing this common factor from both members of the equation we obtain
( 3n—6)a’+(3n—g)iah+ (n—3)* )2+ 3nash+ nish? )W
=(nchr’cos A\ — (3n—3)arr— ' 2n — 3)Arrh—nresh
+%sinA (3ac + 3¢hd — 3acn— 2¢hd —n —cnhs wh.
This is a quadratic equation of a, and transforming we have
(32—0)Wa'+3({(n—3) 2+ ns) }W + {{n — 1)rr —er%sin A + ent’sin A }wdha
=({ucrcos A ~ (20— 3)Ar— nrs + 3cdrsin A — 2cAnrsin A — enstsin A jrw

—{{n—=3)A+ns}AW )2~

—
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Put
o =3n—6
B=in—3)A+tns
= (n—1)tr—ctlsin A +ent’sinA
= nct’cosh — (2n— 3)Art — nrsr + 3cdr’sin A ~2cAntisin A
— cnsrisin A
€= (n—3)A+nsd.
Then

A WaP+ 3(BW + yw , ha=(dw—eW I3,
whence we get

h .
QHM.&|<<1 (—3(AW+rw + o/ 9(AW +7w)* +4q W dw—eW ) w
The upper or lower one of the double signs 1s to be taken according as dw>eW

or dw<eW,

Restoring the values of o ,8,7,6 and ¢ in the last equation we finally have
1

- 3 (={(n—3;r+{20—3)s}W—(n—1 Lz (rtersina )w

£
h
H)\:l {—(n—=3)(n+1)r"~6n—1)rs+ (2n—3)(2n+1)s} W?
+2{ - (WAt ¥ 3 a1 | 4 (—W =z F5)r — (n=5)5| c%sinA

3
+ 2n(n—2)ercosAI1Ww+ {(n—1)r (r +crsin A2 ).

Put, for the sake of brevity,
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{—{n=3)n+1,°~6(n—1)re+ (2n~3) (20 - 1)s?

— {23k 3(n | + (—Wf= 205, 7 — (n—% s [ et?sin A

=3
i

’ N ap?
+2nln - 23ct’cos A}
¢ = {(n—1 7 (r+ersina 2
Then we have

a I

L m.,»ww.wvé

(—{(n—=3)r+(2n—3)s]W—(u~1.7r+crsinA)aw

+ vmW + pWw + qu’).
Ify for instance, we take n=3, then the above equation becomes
a

= Mmﬂ (= 6sW=2r(r+crsinA Yt Vo' W2+ p' W+ wq'w?),
3

where
m' == — 478+ 5s’
P =41 trs)+ 4 (—s5r+s’er’sinA +4ct%cos A\
3

q' = 47°(r+ ¢t sinA )2
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