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ON THE QUANTITATIVE RELATION BETWEEN EFFECTIVE
FOURIER SPECTRUM OF INPUT EARTHQUAKE MOTIONS AND
ENERGY RESPONSE SPECTRUM OF SDOF STRUCTURES

By Kiyoshi HIRAO*, Yoshifumi NARIYUKI** K Shuji SASADA*** and Junichi MASUI****

The purpose of this study is to investigate a method of quantitative estimate of the elastic
input energy E,. and hysteretic energy E,, of SDOF structures subjected to strong
earthquake motions, In this study, numerical response analyses for bi-linear SDOF
structures were carried out by the use of artificial earthquakes and recorded ones. From
the examination of analytical results, it is found that a good correlation can be seen between
the energy response spectrum E for E;, and E,, and effective Fourier amplitude spectrum
F ;. for each input earthquake, Also the difference in values for the ratio of the square root
of the E; to F.,, at any natural period Ty, is seen to be substantially reduced amongst the
earthquakes. Considering these results, the authors derived regression equations for the
mean value of this ratio, y/E,/Fs., for the artificial earthquakes relating to structural
parameters, i.e., natural period T, damping factor h, yield strength ratio R and
secondary slope p.
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1. INTRODUCTION

Recently, input energy and hysteretic “plastic strain energy of the structures subjected to strong
earthquake motions have attracted special interest because they are amongst the best parameters to
evaluate the damage on structures, and many studies on these energies have been carried out’~'"’, From
these studies, the qualitative and quantitative relation between these input and hysteretic energies and
structural parameters (such as natural period, damping factor, yield strength and characteristics of
restoring force) was made quite clear?”. Also the relationship between these energies and the
characteristics of input earthquake motion, 1i.e., the frequency content, duration, total power, etc., was
examined, and the following matters concerning this relationship were pointed out; 1) for the ratio of the
hysteretic energy E,, to elastic/inelastic input energy E;(E,,/E,;), the effects of the input earthquake
motion on both energies cancel each other out and scattering of this ratio due to the difference of the
earthquakes decreases®”?. 2) The value of the input energy and the cumulative plastic deformation increase
as the duration of the input earthquake motion lengthens®, and the cumulative plastic deformation takes on
similar value irrespective of the difference of the input earthquake motions when the total power of each
earthquake is the same”. 3) In the case that the input earthquake motions are classified into groups by
_means of their maximum acceleration A to maximum velocity V ratio (A/V), the value of the hysteretic
energy for the group bearing the small 4/V becomes larger than that for the group with the large A/ V'®.
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4) A good correlation can be seen between the periodical characteristics for the energy response spectrum
of E; and E,, and those in the Fourier spectrum for each corresponding input earthquake motion”, 5) In
the case of earthquakes with similar Fourier spectrum, there is a near proportional relation between the
value of the elastic input energy E,, and hysteretic energy E,, and total power P, of the input earthquake
motion'’. From these results, the qualitative effect of the characteristics of the input earthquake motions
on elastic/inelastic input energy and hysteretic energy of the structures is gradually being brought out.
However, these studies alone are not enough to develop an actual aseismic design procedure based on the
energy concept, and there are two problems to be solved. One is how to develop a practical way to estimate
the energy absorbing capacity of a structure and the other is how to quantitatively estimate the effect of the
difference in characteristics of the input earthquake motions on the input energy and hysteretic energy of
the structures with different structural parameters,

As this is a fundamental study relating to the latter problem, energy response analysis for wide ranging
bi-linear SDOF structures was carried out by the use of twenty artificial earthquake motions and five
recorded ones, These vary in frequency characteristics and duration. For each input earthquake, effective
Fourier amplitude spectrum F, (described below) was also calculated. Then, referring to our previous
study™, the authors examined the mutual relation between the effective Fourier spectra F,, for the input
earthquakes and the response spectra E, for the elastic input energy E,, and hysteretic energy E,,. Lastly
they derived regression equations for the mean value of the ratio /E,, / Fs. and y/E,, / F. for all artificial
earthquakes. These equations are available to estimate the value of E,, or E,, of the given structures
comparatively accurately when the value of their structural parameters and effective Fourier spectrum F,,

of the input earthquake motion are already known.

2. INPUT EARTHQUAKE MOTION

In order to maintain the generality of the analytical resuits, the artificial earthquakes Nos. 1 to 20 were
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Fig.1 Fourier amplitude spectra for input earthquake motions.
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nergy Response Spectrum of SDOF Structures
generated' such that each of their acceleration response factor spectrum agrees with the target one
shown in the Japanese specifications for road bridges V?. Table 1 shows the magnitude M, epicentral
distance D and ground condition. GC (Group 1 to 4)? for each spectrum targeted in each artificial
earthquake. It also shows the total duration T,, the duration of the strong motion Ts and the power P, for
the duration T. The symbols [A], [B], [C], [D] and [E] in Table 1 find meaning within the scope of
the value for the combination'? of M and D, respectively, as shown at the bottom of the table, The duration
T:and T, was also determined by the method proposed in Ref. 14) . Fourier spectra of these earthquakes,
after having been smoothed by a Parzen window with band width (. 5 Hz, are shown in Figs.1 (a) to (e).
From these figures and Table 1, it is noted that, corresponding to the large or small values of the targeted
spectra and depending on tlie values of the magnitude and epicentral distance (M - D) and ground condition
GC, the value of the power P, and Fourier spectrum for long period range becomes larger with the
increasing number of GC when (M - D) is the same as (M-D)=[A], [B], [C], [D] or [E]. Also these
values increase as the value of (M D) gets larger when GC is the same as GC=1, 2, 3 or 4. From these
facts, it is said that the earthquakes generated in this study differ from one another in frequency
characteristics and power/duration, Moreover, in order to examine the corresponding relation between
the analytical results for these artificial earthquakes and those for recorded ones, the next five recorded
earthquakes were also used as the input earthquake motions; (a) Muroran S-24], N-S, Tokachioki
Earthquake (1968), (b) Hachinohe S-252, N-S, Tokachioki Earthquake (1968), (c ) El-Centro
S 00 E, Imperial Valley Earthquake (1940), (d) Taft S 69 E, Kern Country Earthquake (1952) and (e)
Los Angeles NOO W, San Fernand Earthquake (1971). As shown in Fig.1 (f ), the frequency
characteristics for these five earthquakes are different from one another, as are the artificial
earthquakes,

3. STRUCTURAL PARAMETERS AND ANALYTICAL METHOD

In this study, natural period T, damping factor h, yield strength ratio R and secondary slope p were
adopted as the struetural parameters of SDOF structures with bi-linear restoring force characteristics as
shown in Fig. 2. Then, considering the ordinary values of actual structures, the following three values for
the damping factor 4 were used, 2.5, 5.0 and 7.5 %. For the natural period T, after dividing the range
for T=0.1 to 5sec. into nineteen equal parts on the logarithmic axis, twenty different values were
employed. As for the secondary slope p which is the ratio of plastic stiffness to elastic stiffness (see
Fig.2), the three values, 0.0, 0.25 and 0.5, were selected. Three values of the yield strength ratio R
defined by equation (1), 0.25, 0.5 and (.75, were also selected to correspond to each case where the
inelastic response is strong, intermediate and weak, respectively.

R=Qy/Qemax=Xy/Xemax ............................................................................................ (1)
in which @, and X, are the yield strength and displacement, Q.max and X.max are the maximum restoring
force and displacement obtained from the elastic response analysis, respectively.

The analytical method used in this study is the same as in Ref. 7), so details of explanation are omitted.
For the equation of motion and energy response of an SDOF structure excited by an earthquake motion,
equations (2) and (3), normalized by the mass m and the yield displace-

ment X, of the structure, were also employed. These equations were inte- aoo B
grated numerically by the linear acceleration method and the trapezoidal for- o AT K
mula, respectively. SDOF structures were analyzed over the total duration // /

T:(see Table 1) for each artificial earthquake and over 30 sec. from the be- \\Xv X
ginning of all recorded earthquakes. In the numerical integration, equally J
spaced time intervals of d#=0. (2 sec. were adequately subdivided into smal- . c

ler intervals, according to the values of both the damping factor A and natu- &

ral period T?. Fig.2 Bi-linear model.
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?4_2 th.—FwZ—Q_(X):—Yo ........................................................................................ (2)
ft?'?dt+2 hwft—)?'?dtﬂ-w’fza(i) d}z_ft:x; ._).Zdt ...................................... (3)
0 . .0. 0 0 o

where, X, X and X are the relative displacement, velocity and acceleration normalized by X,,
respectively, h, wand 6 (Y) are.t.he damping factor, natural circular frequency and normalized restoring
force by @,, respectively, and X, is the acceleration of input earthquake motion normalized by X,.

The third term on the left side in Eq. (3) is the hysteretic energy which is absorbed into the structure,
and the right hand side indicates the input energy which applied to the structure by the earthquake motion,
In addition, these are, as is obvious from Eq. (3 ), the energies normalized by the product of the mass m
and the square of the yield displacement X2. Multiplying X by these energies, the energies per unit mass
will be shown in the next section, as the analytical results of the energy responses,

4. ANALYTICAL RESULTS AND REMARKS

In this study, for all combinations of the structural parameters and input earthquakes described in
previous chapters, the numerical energy response analysis was carried out. Effective Fourier spectrum
F,. for each input earthquake motion was also calculated. Then the authors examined the mutual
relationship between the effective spectrum F,. and the response spectra E, of the elastic input
energy E;, and hysteretic energy E,,. In this paper, however, only the results for the structures which
bear the damping factor h=0.5 %, secondary slope p=0. ( and (. 5 and yield strength ratio R=0. 25 and
0.5 are shown. Results both for these structures and for others show a quite similar tendency, although
the value of the energy responses increases and decreases owing to the value of 4, R and p.

(1) Effective Fourier spectrum F, for input earthquake motion

In this study, as was stated previously, attention is focused on the effective Fourier spectrum for the
input earthquake motions. As can be seen from Eq. (4 ), this spectrum for any input earthquake is the one
which modifies the corresponding ordinary Fourier spectrum with the transfer function of SDOF
structures. So it is expected that this effective spectrum shows a closer relation to the energy responses of
the structures than the ordinary Fourier spectrum which was concentrated on our previous study”, Here,
the Fourier amplitude of the effective spectrum F,,, corresponding to the structure with natural circular
frequency wy (Ty) is calculated from the next equation,

Foux(h, wk)=[mF(w)-H(h, W, w)dw/[wH(h, n, @) Qe eeererene e (4)

in which h and w; are the damping factor and natural circular frequency of a structure. F () is the

Fourier amplitude of an input earthquake motion for any circular frequency w. H(h, wx, o) is the
transfer function for the acceleration response of an SDOF structure with ), as is defined by the
following equation,

H(h, ws w)=«/{ 1+4 A2 (w/ )/ T —(w/ wn) P44 B2 (@/ p)t] e (5)
Figs.3 (a) to ( f) show the effective Fourier spectra F, for all artificial earthquakes and recorded

ones used in this study. These spectra are described by the use of each Fourier amplitude F,,, which is
related to each of the twenty different natural periods T, (ws) of the structures with 5 % damping, as was
mentioned previously (section 3). From the comparison of Fig. 3 with Fig. 1, it'is found that the effective
Fourier spectra F,. especially over short period range, are smoothed by the filtering effect of the
transfer function, although the value of the spectra F;, for the artificial earthquakes depends on the value
of the magnitude and epicentral distance (M- D) and ground condition GC in the same manner as that of
ordinal Fourier spectra in Fig. 1.

(2) Energy response spectrum

Response spectra of the elastic input energy E,., obtained from elastic energy response analysis, are
shown in Figs. 4 (a) to ( f ), against every natural period T of the structures with 5 % damping and every

398s



On the Quantitative Relation Between Effective Fourier Spectrum of Input Earthquake Motions and

Energy Response Spectrum of SDOF Structures 229
25 30
o e — o 60-1— G523 330 co-1—ao3| 8 GCn | = G028
220 —— GB=2—-—GC=4 | 20— ——GC-2—-—G0-4 S24 ——GCa2——gGC=3| 224 —+— GOmp e GOx 4
o () | 1 ” ~ ~
u1s w15 o8 o8
= i“10 SN & 2 %12
xi0 T &= Sl ~
s _ S 2N z 3
ws u Sy N < 6 =6 et
w 0 W C \'.7 w a $ o 0 I o 0 j '&’ Vel
W1 .5 1 S .1 .5 1 5 -1 .5 1 S 21 .5 1 5
PERIOD(SEC} PERIOI(SES) PERIDD(SED) PERIOD(SEC)
(a) (M-D)=A (b) (M:D)=B (a) (M-D)=A (b) (M-D)=B
o2 v B o0 he5%] o°0[ b=t
=t ——GO~]——G0=3 | — _|——GO=1 \ S ——G60=1——G0=3| o, |— GC=1 '\
~20 —-— GQ=R——GO=4 | 20|—-—G0=p o24 —-—GO=2——GC=4 | S24{—.—GCmp |
S ;{ o |=—GC=3 A ~ | ~ _|=—GC=3]| I{||
15 AR A 15— 6o-A NI\ 518 | D18 |—— GO 2 A Y
* A | G * w I w "\
o} . I ﬁ\ - @ 7 N
Z10 Z10 N 212 , \ D12 !
3 N \Y S ] A\ = } =
= /‘ ] \ = & L AL o
o s X w s A <6 A =
& PN o T ° AL | 2 li
0 L | ol- | w —— w o N
1 .5 1 5 .1 .5 1 5 .1 .5 1 S 21 .5 1 S
PERIGD(SELD) ~ PERIOGDI(SEC) PERIGD (SEC) PERIOD(SEC)
(¢) (M-D)=C (d) (M:D) =D (c¢) (M-D)=C (d) (4+D)=b
25 A 25 30 30
- T = =5 2 % =g ]
220 ::\ ~20 ——TA  =——=MU ERTY : S2a|TR TITHS
o K o MR ; T |——ge=31{ |jif Z
@15 N\ 1S i";{ I S18|—— 61 = Sis i i
* A ’ * / S | ’,\J L \\ w !
i} 4 N =10 ", A w 4 © ™
xl0 > A S R gant 12 g LNy N2
s syedT n=5% 55/2'}’ L N Se " N ZNNE
o ——Go=1——G0=3 | © “L& ' i IR K ) M~ LD f/ﬁ%
. GO=p—-—GC=4 | * [T m S &g
w1 .5 1 ) .1 .5 1 o1 .5 S 21 .5 1 5
PERIOD(SEC) PERIZD(SEC) PERIOD(SEC) PERIOD(SEC)
(e) (M-D)=E (f) Recorded (e) (M-D)=E (f) Recorded
Fig.3 Effective Fourier amplitude spectra for input Fig.4 Elastic input energy response spectra.

earthquake motions,

input earthquake motion given in this study. Comparing each corresponding figure in Fig. 4 and Fig. 3, a
good correlation can be found between the periodical characteristics in the energy response spectra E,.
(Fig.4) and those in the effective Fourier spectra F,, (Fig.3), for each artificial and recorded
earthquake. Also the large or small values of E,, at any natural period correspond well with the F,,
results.

Against every T, the hysteretic energy response spectra E,, for each earthquake are illustrated in
Figs.5 (a) to (f). These are the results for the damping factor =5 % and four pairs of yield strength
ratios R and secondary slopes p as shown in the upper part of each figure, Comparing the results of E,,, for
R=0.25 and R=0.5, it can be seen that the effect of the yield strength ratio R is significant, i.e., the
value of E,, gets larger as R becomes smaller. Also, the spectra for R=0. 25 become smoother than those
for R=0.5, because of the difference of elongation of the natural period T followed by the degree of
inelastic response of the structures. On the other hand, except for some parts of the short period range,
this E,, value is scarcely affected by the secondary slope p. Next, as well as the elastic input energy E;, in
Fig. 4, the value of the hysteretic energy E,,, for artificial earthquakes becomes larger with the increasing
number of ground conditions GC when the magnitude and epicentral distance (M - D) is the same as (M- D)
=[A], [B], [C], [D]or[E]. This value also increases as the value of (M - D) gets larger when GC is
the same as GC=1, 2, 3 or 4. Moreover, from Figs, 3 and 5, it is noted that there is a good correlation
between the spectra of this E,, and those of the effective Fourier spectra F,, as well as between E;, and
Fe.
(3) Spectrum for the ratio of square root of energy response to effective Fourier amplitude

It was found in the previous section that there is a close connection between the energy response
spectrum and effective Fourier spectrum for each input earthquake motion. In order to make this point
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Fig.5 Hysteretic energy response spectra.

clearer, here, the ratio of the square root of the energy response VE.er and /E, ;. to the effective Fourier
amplitude F,, for every natural period T,(k=1 to 20) is examined. The spectra for the results of this
ratio 4/E ex / Fsex and 4/ Eox / Fser, are shown in Fig, 6 and Fig. 7, respectively. In each figure, the results
for the twenty artificial earthquakes and five recorded ones are separated into figures (a) and (b).
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Fig.7 Ratios of square root of hysteretic energy to effective Fourier amplitude,

Also, figure (¢ ) shows the mean values for each group of four artificial earthquakes which vary in GC
(GC=1,2,3 and 4) and bear the same (M-D) as (M:D)=[A], [B], [C], [D] and [E].
Furthermore, the comparison of the mean value for all artificial earthquakes with that for all recorded
ones is given in figure (d). As can be seen from Fig, 6, the spectra for the ratio /E,, /F,, of each
artificial earthquake coincide very well with one another, having no connection with the difference of
(M - D) and GC values in the earthquakes (see figures (a) and (c)). Comparing figure (b) with figure
(a), itis found that the spectra for the recorded earthquakes in Fig.6 (b ) are almost all the same as the
ones for the artificial earthquakes, although the scattering of the former is a little greater than that of the
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latter, and it is noted from figure (d) that there is little discrepancy between these two mean spectra.
This spectrum, however, depends a little on the natural period T of the structures, i. e, the value of the
spectrum gradually increases as the value of T also increases.

Next, it is found from Fig, 7 that the scattering of the spectra for the ratio /E,, / Fs, amongst both the
artificial earthquakes and recorded ones, as well as that for the ratio y/E,, / F. mentioned above, is very
limited excepting some ranges of the natural period T for several earthquakes (figures (a), (b) and
(c)). Both the results for the artificial earthquakes and recorded ones are quite similar in the forms and
values of their all and mean spectra, bearing no relation with the structural parameters R and p (figures
(2), (b) and (d)). However, as is clear from figure (d), this ratio 4/E,, /F;. depends slightly on
the value of the structural parameters, i. e., for the small value of the yield strength ratio R and secondary
slope p as R=0. 25 and p=0.0, this ratio in the short period range (less than T=0. 4 sec. ) increases as
the period T becomes smaller, owing to the elongation of the natural period T followed with the intensive
inelasticity of these structures. Also, in connection with the aforesaid dependence of E,, on the structural
parameters, the value of the ratio y/E,, / F,, gets slightly larger with decreasing values of R and p. The
dependence of this 4/E,, / Fs. on T, however, is alittle smaller than that of \/E,, / F., i.e., in the case of
R=0. 25, this ratio takes nearly constant value for every natural period T'. Even so the value for R=(.5
has a tendency to become larger as the period T gets larger.

(4) Regression equation

As was just mentioned, the discrepancy amongst the results of the ratio /E,, /Fs. or y/E,, /Fs. for
every input earthquake motion is small enough to be able to be represented by their mean value. Therefore,
if the regression equation for each mean value of these ratios is derived by relating to the structural
parameters, it seems useful to estimate the value of E,, or E,, for a given structure directly from the
effective Fourier spectrum for a selected earthquake, without the energy response analysis of the
structure, From such a viewpoint, using the method of trial and error, the authors tried to derive the
regression equations for each mean value of these ratios /E,, / Fs. and /E,, / F. for the twenty artificial
earthquakes. The results obtained are as follows;

VEie /Foe=CoF CiT /1004 Cy /(100 T) c+revrersrrsmmmmnmimimiiiiiiniii i e (6)
VEus [ Fse=Do+ D1 /(100 T)+ DT /1004 Dy /(1000 T) crevrevvsereremmmenmmmmmmiinenenenieiiiiiines. (7)

where T and p represent the natural period and secondary slope, and C,, C,, C,, Dy, D,, D, and D, are
the coefficients given in Table 2, relating to the values of the damping factor / and yield strength ratio R.
Figs. 8 and 9 show the regression curves for three different values

2.5
of h, together with the mean values, so as to examine the accuracy of w20 h=2A‘§,'§‘;___]REG
. . h=5, 0% i —— |——
Eqs. (6) and (7) and the effect of the value of h on the ratio gl s h=7, 5% -
VEie/Fs. and /E,, /Fs.. As is clear from these figures, the regres- 210
sion curves match the mean values well, and the ratio /E, /F,. is Eo.5
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the ratio /E,, /Fs. is not so small that it may be ignored, and this PERIOD(SED)
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Fig.9 Mean values and regression curves for /E,,, / Fs.. Fig.11 /E.,/E,, for recorded earthquakes.

trated in Figs. 10 and 11, respectively, Here these are the results for the structures with damping fac-
tor h=5% and for the five recorded earthquake motions selected in this study. It can be seen from
these figures that all values of this ratio for every earthquake remain within the range of 0.5 to 1.5.
So it is said that the accuracy of the estimate v/E}, and vE7, is relatively precise.

Consequently, following this study, it would seem to be possible to estimate the value of the elastic input
energy E,. and hysteretic energy E,, of any structure directly from it’s structural parameters and the
effective Fourier spectrum for each input earthquake motion, to a fair degree of accuracy, providing we
can derive a more practical and reliable regression equation for the ratio of /E,, /Fs. and /E,, /Fse.

5. CONCLUSIONS

This is a fundamental study to find out a practical way to estimate the value of the elastic input energy
E,. and hysteretic energy E,, of structures subjected to strong earthquake motions. In this study, twenty
artificial earthquakes, each varying in frequency characteristics and duration, were generated, The
numerical energy response analysis for wide ranging bi-linear SDOF structures was carried out by the use
of these artificial earthquakes and five recorded ones. Then, based on the analytical results, the mutual
relation between the effective Fourier spectra F, for the input earthquakes and response spectra of E,.
and E,, was examined. Finally the regression equations for ,/E,, /F,. and 1/E—M,/F"se were derived, and
the accuracy of these equations was also investigated.

The results obtained in this study are summarized as follows;

(1) There is a good correlation between the response spectrum for the elastic input energy E,. and
hysteretic energy E,,, of the structures and the effective Fourier spectrum F, for the input earthquake
motion, i.e., the large and small values of E,, and E,, at any natural period of the structures correspond
well to the F,, results,

(2) Inconnection with the result (1), the value of y/E,.; / Feex and y/Enpr / Fser, Which is the ratio of
the square root of the energy response /E,., and y/E,,; for the structure with any natural period T, to the
corresponding effective Fourier amplitude F.,, is scarcely affected by the difference of the input
earthquake motions, i.e., the scattering of the spectra for these ratio amongst the input earthquake
motions is small enough for them to be represented by their mean value. Also there is a good functional
relation between the spectrum for each mean value of these ratios and structural parameters, such as
natural period T, damping factor 4, yield strength ratio R and secondary slope p. From these facts, it is
possible to derive the regression equations for these mean values, relating to the structural parameters.

(3) When the values of the structural parameters T, h, R and p of a structure and the effective
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Fourier amplitude spectrum F, for the input earthquake motion are given, the value of the elastic input
energy E,. and hysteretic energy E,, of the structure is estimated using regression Eq. (6) and Eq. (7),
respectively, with relative accuracy.

These results are obtained mainly through the limited numerical analysis for twenty artificial
earthquakes, whose acceleration response factor spectra agree with the target ones shown in the Japanese
specifications for road bridges V. So in order to put the results in this study to practical use, it seems to
be necessary to examine and to verify the corresponding relation between the results of the artificial
earthquakes used in this study and the results of many other actual/recorded ones, and this subject is

worthy of more discussion in the future.
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