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DAMPING CHARACTERISTICS OF CABLE-STAYED BRIDGES
ASSOCIATED WITH ENERGY DISSIPATION
AT MOVABLE SUPPORTS

By Kazuhiko KAWASHIMA* and Shigeki UNJOH**

Damping characteristics are one of the most significant factors for seismic design of
cable-stayed bridges. Among various sources of energy dissipation which results in
damping of cable-stayed bridges, an effect of energy dissipation at movable supports is
studied in this paper, because it can be considered one of the major factors affecting
damping characteristics of cable-stayed bridge in longitudinal vibration,

Three cable-stayed bridges are idealized by discrete analytical models in which friction
force developed at movable supports is modeled by the Coulomb friction, Damping
characteristics are determined by computed decay of free oscillation developed by smooth
release from the original deformation specified.

It is found from the analyses that damping ratio of cable-stayed bridges associated with
energy dissipation at movable supports depends on mode shapes. Therefore, damping
characteristics of cable-stayed bridge should be carefully evaluated considering mode
shape.

Keywords . damping ratio, cable-stayed bridge, dynamic response analysis, Coulomb

Jfriction" force

1. INTRODUCTION

Although cable-stayed bridges have been constructed at various countries, little is known about the
seismic behavior subjected to significant earthquake ground motions?-?, Special interests are extended to
damping characteristics of cable-stayed bridges. It is general in seismic design to assume a damping ratio
of approximately 2-59% of critical for superstructure, while damping ratio estimated from field
observation such as forced vibration tests is generally much smaller than these values®~”., Such
discrepancies of damping ratio between observed in field tests and assumed in seismic design have generally
been regarded as an effect of amplitude of oscillation, i.e., amplitude developed during forced vibration
tests is generally much smaller than that developed during severe earthquake ground motions. It has been
recognized that vibration with larger amplitude may result in larger damping. However, few investigations
have been made for such assumptions on damping characteristics of cable-stayed bridges.

Damping of cable-stayed bridges may be developed by various factors such as hysteretic damping of
materials, energy dissipation at movable supports, radiational damping at foundation, etc., Because energy
dissipation at movable supports can be considered one of the major factors affecting damping
characteristics of cable-stayed bridges, the effect of energy dissipation at movable supports is
investigated in this study. For isolating such effect from other factors, it is assumed that the energy
dissipation occurs only at movable supports, i.e., the structures including girders, towers and cables are
assumed as elastic with no energy dissipation,
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2. ENERGY DISSIPATION AT MOVABLE SUPPORTS

Cable-stayed bridges are generally supported by piers and/or abutments through several bearing
supports. For reducing internal force caused by temperature change and live load, relative movements
between girders and piers are generally released in longitudinal direction with use of movable supports, At
such movable supports, relative movements between girders and piers are developed when the cable-stayed
bridge is subjected to significant earthquake ground motions. It should be noted here that the relative
movements are developed only at movable supports in accordance with seismic response in longitudinal
direction. Friction forces associated with relative displacement between superstructure and substructure
result in energy dissipation,

Friction force developed at movable supports is idealized by the Coulomb friction force, Although actual
friction force developed at movable supports may have complex characteristics such as difference between
static and dynamic friction coefficient, amplitude dependence of friction coefficient, etc., they are
disregarded in this study for simplicity. Friction force is a self-equilibrium force which acts on a contact
plane of bearing supports in proportion to the contact force, Direction of the force developed when the
relative movement at the contact plane occurs
is opposite, as shown in Fig. 1, to the direction
of relative velocity developed at the contact U ‘ u

1
plane, i.e , the friction force F! and FY | | e —Fr

acting on points [ and J, respectively, may be 'I———"'— J g
expressed as® I zw-wu] I F
F;.:—F::.#N s;gn(',") 30 (a) Definition of Coordinate System (b) Force vs.Relative Velocity
—uN<F;=—Fi<uN =0 Fig.1 Coulomb Friction Force.
....................... (1)

in which g and N represent coefficient of Coulomb friction and contact force, respectively, and #
represents relative velocity between I and J.

For determining damping characteristics of cable-stayed bridge associated with friction force developed
at movable supports, the cable-stayed bridges is laterally pulled in longitudinal direction in accordance
with a mode shape considered, and then released smoothly with zero initial velocity to result in a free
vibration. Damping characteristics can be obtained from a decay of free oscillation as

in which § and h represent logarithmic damping ratio and damping ratio of critical, respectively, and a,
and @, represent amplitude of free vibration at m-th and (m +1)-th oscillation, respectively, It should
be noted here that in addition to initial displacements, initial accelerations which were determined by
multiplying the initial displacement by square of the angular natural frequency of the mode specified were
also considered as an initial condition of the free vibration,

For calculating the free oscillation subjected to friction force at movable supports, a cable-stayed bridge
was modeled by a discrete analytical model in which movable supports were idealized by a nonlinear
restoring force vs. relative velocity model represented by Eq. (1). No damping forces excluding the
friction force at movable supports were considered in the analysis to isolate the effect of friction. The
equation of motions including friction force may be formulated in an incremental form, and can be solved for
each time increment according to the standard dynamic analysis procedure”-'V Iteration to approve
equilibrium of equations of motion was made when it was necessary. A computer program NON-BRIDGE
developed at the Public Works Research Institute was used for the nonlinear dynamic response analyses,
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3. CABLE-STAYED BRIDGES STUDIED

Effects of energy dissipation at movable supports were studied for two cable-stayed bridges as shown in

Fig. 2. The two span continuous cable-stayed bridge, which is designated hereinafter as A 1-bridge, has a

deck length of 380 m with single tower. Fourteen cables are placed symmetrically in a form of “fan”, The

girder is rigidly connected with tower, with two ends being supported by movable supports, The weight of
girder, tower and cables is 4 435 tf, 734 tf and 120 tf, respectively. Reaction force at the both end
supports due to dead weight of the superstructure is 563 tf, which is regarded as the contact force N

defined by Eq. (1). Although contact force varies in time due to mode coupling with vertical motion, such

a change of contact force is disregarded in this analysis for simplicity, The three span continuous

cable-stayed bridge, which is desig-
nated here as B-bridge, has a deck
length of 755m with symmetrical
distribution of mass and stiffness.
The girder is connected with two
towers by cable restrainers for aim-
ing to reduce seismic effects. The
girders are supported by cables and
two end movable supports. The
weight of girder, tower and cables is
9630 tf, 1734 tf and 604 tf, respec-
tively. The reaction force at the two
end supports due to dead weight of
the superstructure is 203 tf. It
should be noted here that soil-
foundation interaction is disregarded
in this study for simplicity. The
bottom of towers is assumed rigidly
supported by ground for both cable-
stayed bridges.

Table1 shows natural period,
mode participation factor and effec-
tive mass for the lowest ten modes,
which were computed by disregard-
ing friction force at movable sup-
ports. The results for A 2-bridge,
which will be described later, are
also included in Table 1. It is appa-
rent from Table 1, that the predomi-
nant mode of the superstructure in
longitudinal direction is 5th and 6th
modes in A 1-bridge and 3rd mode in
B-bridge.

Figs.3(a) and (b) represent 5th
and 6th mode shapes of A 1-bridge,
which is the first and second pre-
dominant modes in longitudinal
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(bYThree Span Continuous Cable-Stayed Bridge (B-Bridge)

I;::‘;"Oa(:{ Mode Participation Factor | Effective Mass( tfm/sec® ]

[sec] [Longitudinal| Vertical |Longitudinal| Vertical
1 461 0.0 10.2 0. 103.
2 321 - 88 0.0 77 0.
3 211 314 0.0 983 0.
4 1.93 -00 17.0 0. 288
5 173 2.7 0.0 7. 0.
6 147 0.0 15.5 0. 239
7 111 - 0.6 0.0 0. [¢]
8 097 - 00 0.3 0. 0.
9 0.90 0.2 - 0.0 0. 0.
10 0.84 - 0.0 8.0 0. 64.
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direction, respectively, with natural
period of (.52sec (5th mode) and
Ujro Ujro

0.48 sec (6th mode). Because Al- RO
bridge has two predominant modes with \I/\('

close natural period in longitudinal di- (a) 5th Mode of A1-Bridge

rection, mode coupling between two mod-
es occurs as will be discussed in the
following section. Therefore, another
cable-stayed bridge which has arbitrari-
ly 50 % lower stiffness only at the
tower-pier as compared with the original
bridge (A1l-bridge) was decided to be

analyzed for comparison. This bridge, . Ujro
designated hereinafter as A 2-bridge, \’
has a' predominant mode with natural (¢) Sth Mode of A2-Bridge

period of ). 67 sec as shown in Table 1.

Fig. 3(c) represents 5th mode shape of (5:2ised
A2-bridge. Tt should be noted that ' Uire.

A2-bridge has only one predominant

mode in longitudinal direction and that (d) 3rd Mode of B—Bndge
the vertical amplitude associated with Fig.3 Predominant Modes in Longitudinal Direction.
unit longitudinal motion is much smaller

in A2-bridge than in A 1-bridge.

On the other hand, Fig.3(d) shows Table2 Case of Analysis.

. sy Natural Natural c

3rd mode shape of B-bridge, which is the Case | Model as ura . ,M;’de Period f";f_f'ffe“t

peciiie sec o riction &
most predominant mode in longitudinal T .t 052 o1
. . . . 2 ) i 0.2
direction with natural period of 3 | Al-Bridge . v 01
. . 4 i 0.2
2.11 sec. Other predominant modes in 5 o5
R . . N . 6 A2-Bridge 5 th 0.67 0'2
longitudinal direction having the close s : o
. . B-Bridge 3rd 211 -

natural period with 2.11 sec do not ex- 8 0.2

ist.

For the three models, coefficient of friction y defined by Eq. (1) at the end movable supports is
assumed as (.1 and 0.2. Thus, eight cases are totally analyzed as shown in Table 2. The initial lateral
displacement of the girder at both ends is assumed as 30 cm in all the eight cases,

4. EFFECT OF ENERGY DISSIPATION AT MOVABLE SUPPORTS

Fig. 4 shows decay of free oscillation at the end of girder and modal damping ratio A of critical
determined by Eq. (2). Although the free oscillation seems to decay almost linearly with time, there are
some variation from such linear decay. Therefore, the damping ratio A directly determined by Eq. (2)
based on amplitude of successive peaks shows variation in time. This is particularly significant for 5th and
6th modes of A1-bridge. Therefore, damping ratio  was also determined based on a linear approximation
of the successive peaks of free oscillation as

_Znla = b/
k= Sitn— )/ n (3)

in which %, t,, and n represent the gradient of line least-square-fitted to the peak of free oscillation, time

when successive peak g, occurs, and number of peaks considered, respectively., From the gradient k of
the free oscillation, amplitude q,,, can be estimated as
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Qai1r=Qm— T oo e et e ( 4 )
in which T represents the natural period of the free oscillation. Substituting Eq. (4) into Eq. (2), one

can determine the damping ratio. The damping ratio /4 thus determined is also presented in Fig. 4. These
results agree well with the general trends of the damping ratio determined by Eq, ( 2).

It is interesting to note in Fig.4 that the variation of damping ratio determined by Eq. (2) is
considerably large for 5th and 6th modes of A1-bridge than for other cases, i.e., A2-bridge and
B-bridge. Because both modes have the close natural periods, such variation of the damping ratio may be
attributed to a combination of 5th and 6th modes, i.e., although initial displacements and accelerations
were specified in accordance with mode shape of either 5th mode or 6th mode, composition of two modes has
likely developed due to mode coupling between 5th and 6th modes. This results in variation of the damping
ratio i determined by Eq. (2).

Fig. 5 shows damping ratio vs, displacement amplitude relation determined from Fig. 4. Damping ratio
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Fig.4 Decay of Free Oscillation and Damping Ratio.
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Table3 Damping Ratio Caused by Friction Force at Movable Supports.

Natural Mode Friction Relative Displacement al Movable Support
Model Specified Coefficient 30cm 2 0cem 1 0cm
0.1 00016 00024 00049
Al— 5 th 0.2 00032 00049 00099
Bridge 0.1 00007 00010 00020
6 th 0.2 00013 00020 00039
A2— 0.1 00038 00057 00117
Bridge 5 th 0.2 00077 00117 00242
B— 0.1 00092 00139 00292
Bridge 3 rd 0.2 00186 00288 00640

determined by Eq. (3) is presented here. Predicted damping ratio, which will be described in the
following section, is also included in Fig,5. Of particular importance is the amplitude dependence of
damping ratio, i.e., damping ratio increases as the amplitude of free oscillation decreases. It should be
noted that such a tendency is opposite to that which has been considered for damping characteristics of
cable-stayed bridges. It should be also noted that although the damping ratio tends to increase in
accordance with decrease of amplitude, it has a certain limit because the free oscillation terminates at the
time when force developed at movable support becomes less than the friction force.

It is interesting to note that the damping ratio 4 varies in accordance with mode. For example, the
damping ratio of A1-bridge is larger in 5th mode than 6th mode. The damping rato increases linearly with
an increases of coefficient of friction g

Table 3 summalizes the damping ratio thus obtained from longitudinal free oscillation for the three
cable-stayed bridges. In case of coefficient of friction 4 of 0.1, damping ratio takes a value ranging from
0. 0007 (6th mode) to 0. 0016 (5th mode) for Al-bridge, 0.0038 for A2-bridge and 0. 0092 for B-bridge
for displacement amplitude of 30 cm. These values increase in accordance with decrease of displacement
amplitude and increase of coefficient of friction,

5. ESTIMATION OF DAMPING RATIO FROM MODE SHAPE

Energy dissipation AET associated with friction force during one cycle of the j-th mode between a time
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interval from %, to i,+ T, may be obtained as

tm+ T
AE;!’:[m 7 I PP (5)

in which T, and F, represent natural period of j-th mode and friction force defined by Eq. (1),
respectively, -and r represents relative desplacement between upper and lower contact planes of movable
supports. Because the movable supports at both ends of girder are assumed to be supported by rigid
substructures, displacement of the girder at each end directly represents the relative displacement
between the girder and the pier at the corresponding movable support. Therefore, the energy dissipation
AE? at the ‘movable supports during one cycle may be written as

AE}”=4ZTIF,-u§f‘r ..................................................................................................... (6)

were y, represents the displacement at nodal point 7 in accordance with j-th mode at the time #,. On the
other hand, kinematic energy of the bridge E?7 corresponding to j-th mode can be obtained as

E;":% wﬁ; m'i(u;"i)2 ................................................................................................. ( 7)

where ; and m, represent angular natural frequency of j-th mode and lumped mass at nodal point i,
respectively, Introducing a coefficient I'" defined as

u§"1= 1"3!!. g e e ( 8 )
in which ¢,, represents amplitude of j-th natural mode at nodal point ;, and substituting Eq. (8) into Eqgs.
(6) and (7), one obtains

AE™=4 ]";ﬂ.zr‘l Frpe Qypeeevmeeeeeeee e et (9)
;n:% QR {ITEM v eneeese s e s ettt e (10)

in which M, represents a generalized .mass of j-th mode defined as
R N R R a1

Therefore, through analogy of one-degree-of-freedom system, an equivalent damping ratio 4; may be
obtained for j-th mode as

1_AE?

- 12)
Substituting ‘Eqs. (9) and (10) into Eq. (12), one obtains
-2 eyt h A ettt eh e et e b e eh et ettt ettt e e
M= 5 Fror (13)

It should be noted here that during free oscillation I"™ decreases almost linearly with time as shown in
Fig. 4, which, in turn, results in an increase of damping ratio h in accordance with time increase, This is
the reason why the increase of damping ratio in accordance with the decrease of amplitude takes place
during the free oscillation,

Predicted damping ratio vs. displacement amplitude (at end of girder) relation determined by Eq. (13)
is presented in Fig.5 in comparison with that obtained by nonlinear time response analyses, Good
agreement is observed between the two. Therefore, Eq. (13) may be used to evaluate damping ratio of a
cable-stayed bridge subjected to friction force at movable supports,

6. CONCLUSIONS

For aiming to study damping characteristics of cable-stayed bridges, damping ratio associated with
longitudinal free oscillation subjected to friction force at movable supports was investigated with use of
nonlinear dynamic response analyses for three cable-stayed bridges. An analytical procedure is also
proposed to evaluate damping ratio from mode shape of cable-stayed bridge. From the analyses presented
herein, the following conclusions may be deduced :
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(1) Energy dissipation associated with friction force at movable supports brings an increase of
damping ratio of the bridge in accordance with decrease of amplitude of free oscillation.

(2) Damping ratio varies in accordance with mode shape. Therefore, damping characteristics of
cable-stayed bridges should be determined carefully based on mode shape.

(3) Damping ratio associated with energy dissipation at movable supports increases linearly with
increasing coefficient of friction at the movable supports,

(4) Damping ratio associated with the most predominant mode in longitudinal oscillation is from
0.0007 to 0.0016 for A1-bridge, 0.0038 for A2-bridge and (.0092 for B-bridge for displacement
amplitude of 30 cm,

(5) Damping ratio predicted by Eq. (13) based on mode shape agrees well with that obtained by
nonlinear dynamic response analyses, and hence, the proposed simplified Eq. (13) may be used for
evaluating the damping ratio of cable-stayed bridges subjected to friction at movable supports.
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