
 

 
* ** *** **** 

 
* , 581-0019 5-8-30  

**  651-0072 2-11-4  
***  651-0072 2-11-4  

**** , 522-0056 1488-11  
 

L3 × (L − 1)
 

 
 

 

 

1), 2)

 
3)

9 Huber
Fourier

6
4) 

  
 

x y Ex Eyߙ Huber (1)
 

 
 
 
 
 
 
 

(1)
Navier  
 

 
 
 
 
 
 

 

 
 
 
௭ܤ  z ( ଷ݂ , (ଷߠ

(3)  

௫ߪ = ߣ) + ௫ߝ(ߤ2 + ௬ߝߣߙ√ + ௭ , ߬௫௬ߝߣ = ௬ߪ ௫௬ߛߤߙ√ = ௫ߝߣߙ√ + ߣ)ߙ + ௬ߝ(ߤ2 + ௭ߝߣߙ√  , ߬௫௭ = ௭ߪ ௫௭ߛߤ = ௫ߝߣ + ௬ߝߣߙ√ + ߣ) + ௭ , ߬௬௭ߝ(ߤ2 =  Ey / Ex = ߙ : ߤ , ߣ ௬௭ߛߤߙ√

(1) 

൛(ߣ + (ߤ2 ௫߲ଶ + ௬ଶ߲ߤߙ√ + ߤ ௭߲ଶൟݑ + ߣ)ߙ√ + (ߤ ௫߲߲௬ߣ)+                                                      ݒ + (ߤ ௫߲ ௭߲ݓ = ߣ)ߙ√ , ௫ܤ− + (ߤ ௫߲߲௬ݑ + ௫ଶ߲ߤߙ√} + ߣ)ߙ + ௬ଶ߲(ߤ2 + ߤߙ√ ௭߲ଶ}ߣ)ߙ√+                                                ݒ + ௬߲(ߤ ௭߲ݓ = ߣ) , ௬ܤ− + (ߤ ௫߲ ௭߲ݑ + ߣ)ߙ√ + ௬߲(ߤ ௭߲ݒ                     +൛߲ߤ௫ଶ + ௬ଶ߲ߤߙ√ + ߣ) + (ߤ2 ௭߲ଶൟݓ = ,௫ܤ ௭    (2)ܤ− ,௬ܤ ௭ : x, y, zܤ ,ݑ                   ,ݒ x, y, z : ݓ  

��  
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(3) (2)  ଷ݂  ଷߠ
 

 
 
  

1=ߙ(1) (4)  ଷ݂ ଷߠ
Galerkin Boussinesq z

௫ܤ  ௬ܤ x,y( ଵ݂ , (ଵߠ ( ଶ݂ , (ଶߠ
 

 ௫ܤ  
 
 
 
 
 
 
 
௬ܤ    
 
 
 
 
 
 
 
 
 

(2)

 

x y z

1  ଷ݂ ଷߠ
Ey Ex  
 

MODE-M Ey Ex

ଶߛ   = ௠ଶߙ + ௠ߙ              , ௡ଶߚߙ√ = ௡ߚ               ,  ( m = 0 , 1 , 2 , 3 )  ܽ/ߨ݉ = ݖߛch                   ,  ( n = 0 , 1 , 2 , 3 )  ܾ/ߨ݊  = cosh ݖߛ shݖߛ = sinh , ܽ               , ݖߛ ܾ ∶ ,ݔ ,  ݕ   Cଵ~ C଺ ∶
 

 

i ࢄ ࢁ  . u
l  

 
 
 
 
 

ଵଵࢇ    ݀௞௟ k l =1,3  

ݑߤ2       = −߲௫ ௭߲ ଷ݂ + ݒߤଷ  ,       2ߠ௬߲ߙ√ = −߲௬ ௭߲ ଷ݂ − ߲௫ߠଷ  ,       2ݓߤ = ߣ) + ߣ)/(ߤ2 + ](ߤ ௫߲ଶ + ߣ)/ߤ+                                                    ௬ଶ߲ߙ√ + (ߤ2 ௭߲ଶ] ଷ݂   (3)

   ( ௫߲ଶ + ௬ଶ߲ߙ√ + ௭߲ଶ)ଶ ଷ݂ = ߣ)2− + ߣ)/(ߤ +  , ௭ܤ(ߤ2
   ൫ ௫߲ଶ + ௬ଶ߲ߙ√ + ௭߲ଶ൯ ߠଷ = 0                     (4) 

 
1    ଷ݂  = ∑ ∑ 〔Cଵ chݖߛ + Cଶ shݖߛ           + Cଷ ݖߛ chݖߛ + Cସ ݖߛ shݖߛ 〕 sin ௠ߙ ݔ sin ௡ߚ ଷߠ     ݕ  =  ∑ ∑ 〔 Cହ chݖߛ + C଺ shݖߛ 〕  cos ߙ௠ ݔ cos ௡ߚ  (7)  ݕ

        ቄࢁ௨ࢁ௟ ቅ = ቂࢇଵଵ ଶଵࢇଵଶࢇ ଶଶቃࢇ ቄࢄ௨ࢄ௟ ቅ + ቄࢇଵଷࢇଶଷቅ                       (8) ࢁ = ,ݑ} ,ݒ ,୘{ݓ ࢄ ={ ௫ܶ, ௬ܶ , ௭ܶ}୘, 
௜௝ࢇ      3×3 i j 1,2
௜ଷࢇ      3×1 i 1,2

   (߲௫ଶ + ௬ଶ߲ߙ√ + ௭߲ଶ)ଶ ଵ݂ = ߣ)2− + ߣ)/(ߤ +  , ௫ܤ(ߤ2
   ൫ ௫߲ଶ + ௬ଶ߲ߙ√ + ௭߲ଶ൯ ߠଵ = ݑߤ2       , 0 = ߣ) + ߣ)/(ߤ2 + ߣ)/ߤ](ߤ + (ߤ2 ௫߲ଶ                                                                  +√߲ߙ௬ଶ + ௭߲ଶ] ଵ݂  ,       2ݒߤ = −߲௫߲௬ ଵ݂ + ௭߲ߠଵ  ,  2ݓߤ = −߲௫ ௭߲ ଵ݂ −  ଵ                    (5)ߠ௬߲ߙ√

)ߙ√    ௫߲ଶ + ௬ଶ߲ߙ√ + ௭߲ଶ)ଶ ଶ݂                                              = ߣ)2− + ߣ)/(ߤ +  , ௬ܤ(ߤ2
   ൫ ௫߲ଶ + ௬ଶ߲ߙ√ + ௭߲ଶ൯ ߠଶ = ݑߤ2       , 0 = ߙ√− ௫߲߲௬ ଶ݂ + ௭߲ߠଶ ,       2ݒߤ = ߣ) + ߣ)/(ߤ2 + ](ߤ ௫߲ଶ + ߣ)/ߤ + +                                                                            ௬ଶ߲(ߤ2 ௭߲ଶ] ଶ݂  ,  2ݓߤ = ௬߲ߙ√− ௭߲ ଶ݂ + ௫߲ߠଶ                    (6) 

ଵଵ݀ߤ2            = ௠ଶߙଶܦ ଵଶ݀ߤଷ  ,   2ߛ/ = ଵଷ݀ߤଷ           2ߛ/௡ߚ௠ߙଷܦ = ,  ଶߛ/௠ߙଵܦ ଶଵ݀ߤ2   = ଶଶ݀ߤଷ           2ߛ/௡ߚ௠ߙଷܦ = ௠ଶߚଶܦܦ ,ଷߛ/ ଶଷ݀ߤ2  = ଷଵ݀ߤଶ           2ߛ/௡ߚଵܦ = , ଶߛ/௠ߙଵܦ ଷଶ݀ߤ2    = ଷଷ݀ߤଶ,         2ߛ/௠ߚଵܦ =  (9)                                                             ߛ/ସܦ

ଵܦ = (1 − ν)(1/ܦ௠ + ଶܦ           (௣ܦ/1 = (1 − ν)(thζ/ܦ௠ + ctܦ/ߞ௣)                                         −ߚ௡ଶ(thζ + ctߙߙ√/(ߞ௠ଶ        ܦܦଶ = (1 − ν)(thζ/ܦ௠ + ctܦ/ߞ௣)                                         −√ߙߙ௠ଶ (thζ + ctߚ/(ߞ௡ଶ           ܦଷ = (1 − ν)(thζ/ܦ௠ + ctܦ/ߞ௣) + (thζ + ctܦ         (ߞସ = (1 − ν)(ctζ/ܦ௠ + thܦ/ߞ௣)            ܦ௣ = thζ)ߞ − ctߞ) − 1 , ௠ܦ = ctζ)ߞ − thߞ) − 1         thߞ = tanhߞ, ctߞ = cothߞ, ߞ = h/2ߛ
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MODE-D Ey < Ex ଷ݂ ଷߠ (7’)  
 
 
 
 
ଶߛ   = ඥߙߚ௠ଶ +  ௡ଶߚ
 

 
(8) ଶଵିଵࢇ 

(11)  
 
 

 

(12)  

 
 

(10) (13)  
 
 
 

 
(11)~(13)

u i l i+1
i ௜୘{1,ࢄ ,ࢁ}  i+1{1,ࢄ ,ࢁ}௜ାଵ୘ -2  

 

 

 
 
 
 
 
 
 
 
 
 

i+1 i -3  

 
 
 
 
 
 
 
 
 
 

(14)
 

 
 
 

 
1 L+1  

 
 
 
 
 
 

௟ࢁଶଵିଵࢇ                = ௨ࢄ + ௟ࢄଶଶࢇଶଵିଵࢇ + ∴            ଶଷࢇଶଵିଵࢇ ௨ࢄ   = ௟ࢁଶଵିଵࢇ − ௟ࢄଶଶࢇଶଵିଵࢇ −  ଶଷ           (11)ࢇଶଵିଵࢇ 

௟ࢄ                   = ௨ࢁଵଶିଵࢇ − ௨ࢄଵଵࢇଵଶିଵࢇ  ଵଷ          (12)ࢇଵଶିଵࢇ −

     ൝1ࢄࢁൡ௜ = ൥−࢈ଶଵିଵ࢈ଶଶ ଶଵିଵ࢈ ଶଵିଵࢇଶଷ࢈ଶଵିଵ࢈− ଶଶࢇଶଵିଵࢇ− ଶଷ૙ࢇଶଵିଵࢇ− ૙ 1 ൩ ൝1ࢄࢁൡ௜ାଵ  
         = ൥ࢌଵଵ ଵଶࢌ ଶଵࢌଵଷࢌ ଶଶࢌ ଶଷ૙ࢌ ૙ 1 ൩ ൝1ࢄࢁൡ௜ାଵ = [௜ࢌ] ൝1ࢄࢁൡ௜ାଵ         (14) 

2  

௜௝ࢌ  3×3 i j 1,2 ௜ଷࢌ                   ,  3×1 i 1,2 ,
[݅ࢌ]     7×7  

    ൝1ࢄࢁൡ௜ାଵ = ൥−࢈ଵଶିଵ࢈ଵଵ ଵଶିଵ࢈ ଵଶିଵࢇଵଷ࢈ଵଶିଵ࢈− ଵଵࢇଵଶିଵࢇ− ଵଷ૙ࢇଵଶିଵࢇ− ૙ 1 ൩ ൝1ࢄࢁൡ௜  
             = ቈ܏ଵଵ ଵଶ܏ ଶଵ܏ଵଷ܏ ଶଶ܏ ଶଷ૙܏ ૙ 1 ቉ ൝1ࢄࢁൡ௜ = [௅ାଵି௜܏] ൝1ࢄࢁൡ௜    (15) 

௜௝܏ 3×3 i j 1,2 ௜ଷ܏                  , 3×1 i 1,2 ,
[݅−1+ܮ܏]     7×7

              ൝1ࢄࢁൡ1 = 1൧ࢌൣ ൝1ࢄࢁൡ2 = 2൧ࢌ1൧ൣࢌൣ ൝1ࢄࢁൡ3 

                                                 = [ଶࢌ][ଵࢌ] [௅ࢌ] ൝1ࢄࢁൡ௅ାଵ 

 
4 k  

 

3  
 

  ଷ݂  = ∑ ∑ 〔Cଵ chݖߛ + Cଶ shݖߛ           + Cଷ ݖߛ chݖߛ + Cସ ݖߛ shݖߛ 〕 sin ௠ߙ ݔ sin ௡ߚ ଷߠ     ݕ  =  ∑ ∑ 〔 Cହ chݖߛ + C଺ shݖߛ 〕  cos ߙ௠ ݔ cos ௡ߚ  (’7)  ݕ

௨ࢁ = ௟ࢁଶଶ࢈ଶଵିଵ࢈− + − ௟ࢄଶଵିଵ࢈ ௟ࢁ        ,  ଶଷ࢈ଶଵିଵ࢈ = ௨ࢁଵଵ࢈ଵଶିଵ࢈− + ௨ࢄଵଶିଵ࢈ −  ଵଷ          (13)࢈ଵଶିଵ࢈

             ൝1ࢄࢁൡଵ = [ଵࢌ] ൝1ࢄࢁൡଶ , ൝1ࢄࢁൡଶ = [ଶࢌ] ൝1ࢄࢁൡଷ  ,  

        ቄࢄ௨ࢄ௟ ቅ = ൤࢈ଵଵ ଶଵ࢈ଵଶ࢈ ଶଶ൨࢈ ቄࢁ௨ࢁ௟ ቅ + ൜࢈ଵଷ࢈ଶଷൠ                      (10) ࢈௜௝ 3×3 i j 1,2
௜ଷ࢈      3×1 i 1,2
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             ∴          ൝1ࢄࢁൡ1 = ൧݅ࢌൣ∏ ൝1ࢄࢁൡ(16)               1+ܮ 

∏ i L  

 
 
 
 
 

 
 
 
 
 

L+1 ௅ାଵ୘{1,ࢄ ,ࢁ}

(16) (17) k{1,ࢄ ,ࢁ}௞୘ (18) (19)
4  

 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
1 L+1

(18) (19) k
 

 
 
 
 
 
 
 

 
 

(21)  
 
 
  

         ൝1ࢄࢁൡ1 = 1൧−݇ࢌൣ∏ ൝1ࢄࢁൡ݇ = [1−݇ࡲ]  ൝1ࢄࢁൡ݇ 

                                                 =  ቈ࢙11 ࢙12 ࢙13࢙21 ࢙22 ࢙23૙ ૙ 1 ቉ ൝1ࢄࢁൡ݇ (18) 

                                                =  ቈ࢚11 ࢚12 ࢚13࢚21 ࢚22 ࢚23૙ ૙ 1 ቉ ൝ࢄࢁ૚ൡ݇ (19) 

ܭ  = ܮ + 1 − ݇ 

        ൜ ௅ାଵൠࢄ૚ࢄ = ቈ࢙ଶଵ௞ିଵ ࢙ଶଶ௞ିଵ࢚ଶଵ௄ ࢚ଶଶ௄ ቉ ൜ࢁ௞ࢄ௞ൠ + ቊ࢙ଶଷ௞ିଵ࢚ଶଷ௄ ቋ 

           ∴       ൜ࢁ௞ࢄ௞ ൠ = ቈ࢙ଶଵ௞ିଵ ࢙ଶଶ௞ିଵ࢚ଶଵ௄ ࢚ଶଶ௄ ቉ିଵ ቊࢄ૚ ௅ାଵࢄ− ࢙ଶଷ௞ିଵ−࢚ଶଷ௄ ቋ    (20) 

k-1 K 1−݇ࡲ ܭࡳ

                      ൜ࢁ௞ࢄ௞ൠ = ቈ࢙ଶଵ௞ିଵ ࢙ଶଶ௞ିଵ࢚ଵଵ௄ ࢚ଵଶ௄ ቉ିଵ ቊࢄ૚ ௅ାଵࢁ− ࢙ଶଷ௞ିଵ−࢚ଵଷ௄ ቋ     (21) 

1  x/a=y/a=0.5

  α = 1 α = ௬௟ߪ 37.51- 37.51- 37.51- 29.00- 29.01- 29.00- ݍ/௬௨ߪ 21.34 21.34 21.34 28.86 28.86 28.86 ݍ/௫௟ߪ 21.51- 21.51- 21.51- 29.00- 29.01- 29.00- ݍ/௫௨ߪ 31.72 31.72 31.72 45.96 45.95 45.95 ܽݍ/଴ܧ௟ݓ 31.76 31.76 31.76 46.00 46.03 46.00 ܽݍ/଴ܧ௨ݓ  2  37.36 37.36 37.36 28.86 28.86 28.86 ݍ/

 

         ൝1ࢄࢁൡ1+ܮ = ൧݇−1+ܮ܏ൣ∏ ൝1ࢄࢁൡ݇ = [ܭࡳ]  ൝1ࢄࢁൡ݇ 

2 1  2  3  4  5  

hi  /a i =1,5 ଴ܧ/௫ܧ 0.02 0.02 0.02 0.02 0.02  =  ଴ 1.0 1.25 1.5 1.75 2.0ܧ/௬ܧ

             ∴          ൝1ࢄࢁൡ1+ܮ = ૚−ܑ൧+ࡸ܏ൣ∏ ൝1ࢄࢁൡ1           (17) 

3  x/a =0.5

  y/a= 0.5 0.55     
଴ܽଶ/ܲ 1ܧݓ  4.935 4.940 6.552 2.620 2.616 3.589 

3  2.134 2.134 3.478 1.215 1.215 2.083 

5  0.456 0.456 0.894 0.286 0.286 0.561 

௫ܽଶ/ܲ 1ߪ  -62.02 -62.52 -72.45 -28.93 -28.47 -33.61 

3  -13.04 -13.04 -11.34 -6.815 -6.815 -6.056 

5  -8.951 -8.951 -9.320 -6.116 -6.115 -6.521 

௬ܽଶ/ܲ 1ߪ  -61.70 -62.52 -72.45 -24.09 -23.34 -25.27 

3  -13.04 -13.04 -11.34 -13.03 -13.03 -12.34 

5  -8.950 -8.950 -9.320 -10.13 -10.13 -10.12 

߬௬௭ܽଶ/ܲ 1  -- -- -- -- -- -- 

3  -- -- -- -19.39 -19.39 -19.42 

5  -- -- -- -10.39 -10.39 -9.448 
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  α = 1 α = 2 10

q
a = b

h/a=0.1 =0.3 x Ex 
E0 m,n

100  

1
u l  

 

5
0.1a 0.1a

P a = b
h/a=0.1 =0.3 E0

2 m,n
100 0.04a

2.0 1010 
 

y/a=0.55
௫ߪ3 ߬௬௭

5  

 

5  x/a= 0.5

  y/a=0.5 y/a=0.55   ݓ௨ܧ଴ܽ/ܲ 98.12 137.1 93.20 131.1 ݓ௟ܧ଴ܽ/ܲ 93.55 132.5 90.89 128.8 ߪ௫௨ܽଶ/ܲ -189.9 -219.7 -142.7 -171.0 ߪ௫௟ ܽଶ/ܲ 205.6 172.0 184.9 153.7 ߪ௬௨ܽଶ/ܲ -278.2 -219.7 -191.8 -156.8 ߪ௬௟ ܽଶ/ܲ 137.2 172.0 114.2 142.0 ߬௬௭௠௔௫ܽଶ/ܲ ― ― -41.64 -37.10 

 

4

 1  
MODE-M 

2  
MODE-D 

3  
MODE-M 

4  
MODE-D 

Ex / E0  1.0  2.0  1.0  2.0 

Ey / E0  2.0  1.0  2.0  1.0 

) E0  

 

 

6 4  

 

 
5 ௫ߪ ߬௬௭  

 

7 ௫ߪ ௬ߪ  
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ଵ , ଶ  P S  

 
4 6

x y a h =0.1a
0.3 P

0.1a 0.1a 4

100  

5   
u

l 28.4 ௫ߪ29.4% ௬ߪ 13.6% ௫ߪ19.5% ௬ߪ 26.6%
20.0%

 
7 ௫ߪ ௬ߪ
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Huberα=1
Galerkin-vector Boussinesq

  
2)

  
3)

 

 

 

 ଷ݂ ଷߠ
 

 
 
 
 
 
 
 
 
 
 
1=ߙ   
 
 
 
 

 
 

x , y ( ଵ݂ , (ଵߠ ( ଶ݂ , (ଶߠ
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           [{߲௫ଶ + ௬ଶ߲ߙ√ + ௭߲ଶ − ߣ)/ߩ + ×            {௧ଶ߲(ߤ2 (߲௫ଶ + ௬ଶ߲ߙ√ + ௭߲ଶ − =                                                   ௧ଶ)] ଷ݂߲ ߤ/ߩ ߣ)2− + ߣ)/(ߤ +  , ௭ܤ(ߤ2
             ൫߲௫ଶ + ௬ଶ߲ߙ√ + ௭߲ଶ − ଷߠ ௧ଶ൯߲ ߤ/ߩ = ݑߤ2                   , 0 = −߲௫ ௭߲ ଷ݂ + ݒߤଷ  ,                   2ߠ௬߲ߙ√ = −߲௬ ௭߲ ଷ݂ − ௫߲ߠଷ  ,                   2ݓߤ = ߣ) + ߣ)/(ߤ2 + ](ߤ ௫߲ଶ + ߣ)/ߤ+                                ௬ଶ߲ߙ√ + (ߤ2 ௭߲ଶ − ߣ)/ߩ + [௧ଶ߲(ߤ2 ଷ݂ ߩ  

         ଶߠଷ = 0 

                 ଵ ଶ ଷ݂ = ߣ)2− + ߣ)/(ߤ +  , ௭ܤ(ߤ2

- 306 -




