
 

 
 

 
Change point detection of dynamic properties using sequential estimation 
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In this study, a change point detection technique of dynamic characteristics for 
time series was proposed with a statistics and informatics viewpoints. Concretely, 
the change point detection technique was formulated by sequentially discounting 
estimation of an AR model and scoring that used Shannon information. Moreover, 
the potency of  proposed technique was verified by the numerical simulation. As 
a result, the change in the mean value was able  to be detected when the amount 
of change was three times or more standard deviation larger. However, the 
detection sensitivity for the change in periodicity was low. 
   Key Words: 24-span railway bridge, passing train load, vibration properties 

24  
 

 

 

1), 2)

3). 4)

5)

6)

7)

8)

AR

9)

AR
 

10) 11)

12)

 
 

AR

― 106 ―



 

AR
 

N

 

)()()()( tttt fKuuCuM  (1) 

M C K
N N u = [ u1, 

u2, , uN ] T f = [ f1, f2, , fN ] T

T
u

 

qu )(t   (2) 

 = [ 1,  2, ,  N ]

q n
M C K  

ij
T M   (3a) 

HC nnij
T 2  (3b) 

K 2
nij

T  (3c) 

n n

n
ij i j

1
(3)

 

)()()()( tttt T fqqHq  (4) 

x = [q  q]T

(2) (4) x
k  

)()()1( kkk BfAxx   (5) 

)()( kk Cxu    (6) 

9) A
B C  

H
I

A
0

 (7a) 

TB
0

  (7a) 

0C   (7a) 

x(k) k t
xcontinuous(k t)
A’ B’ C’  

tAA exp'   (8a) 

BAIAB 1''  (8b) 

CC'    (8c) 
 

 

(5)  

)()()1( kkk BAxx   (9) 

 

12N

o

CA

CA
C

M  (10) 

 

)()( kk oxMx   (11) 

 

)()()1( kkk BxAx   (12) 

)()( kk xCu    (13) 

 

1

12

2

1

10

01
00

a

a
a

N

N

ooAMMA (14a) 

T
No bbb 221 ,,,BMB  (14b) 

0,,0,11
oCMC  (14c) 

(12) (13) 
 

)()()(
2

1

knkk
N

n
nuAu  (15) 

AR 9)

AR u(k)  

― 107 ―



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

(a) (b) (c)  
1  

 

AR An (n=1, , 2N)

 

 

0)det( AI   (16) 

AR  

2
1

22 )Im(ln)Re(ln1
t

 (17) 

2
1

22 )Im(ln)Re(ln

)Re(ln
 (18) 

  

An

12)

1 1(a)
2 1 1 An, 1

2 2 An, 2

ave ave An, ave

(b)

An, =1, 2, 

12)

1 2

An, =1, 2, 

1(c)

1 1 An,1 2 2 An,2

t

u(t)

ave ave An,ave

1 1 An,1 2 2 An,2

t

u(t)

1 1 An, 1
2 2 An, 2

3 3 An, 3

1 1 An,1 2 2 An,2

t

u(t)

1 1 An, 1
2 2 An, 2

3 3 An, 3

t

S(t)

t

S(t)

t

S(t)

― 108 ―



 

 
 

AR

 
u(k)  

uz )()( kk   (19) 

AR  

)()()(
2

1

knkk
N

n
nzAz  (20) 

’ 0
’

AR z(k) (k=1, 2, ,K)
An 2N

 Z=[z(1), ,z(2N)]T h

2N  

ZZAZ TN
nh

2
1exp2,| 2

1
 (21) 

(20) z(k-1), ,z(k-2N)
z(k)  

N

n
n

TN

n
n

n

nkknkk

kg

2

1

1
2

1

2
1

)()()()(exp

2,|)(

zAzzAz

Az
(22) 

(20)
L (21) (22)  

),|)((,|,|)( AzAZAz nnn kghkL (23) 

ln L  

N

n
n

K

Nk

TN

n
n nkknkk

NKhL

2

1

1

12

2

1

2/1

)()()()(
2
1

)2ln()(lnln

zAzzAz
(24) 

 
K N (24) 1

An 

An 0
An (n = 1, , 2N )  

)2,1(
2

1

Nmm

N

n
nmn RRA  (25) 

Rm  

K

Nk

T

K

Nk

T
m

mkk
NK

mkk
NK

12

12

)()(
2

1

)()(
2

1

uu

zzR
 (26) 

(25) Yule-Walker
An

 
K

Nk

k
NK 12

)(
2

1ˆ u  (27) 

K

Nk

TN

n
n

N

n
n nkknkk

NK 12

2

1

2

1

)()()()(
2

1ˆ zAzzAz (28) 

 
 

r
r

(1-r) r 13)

r
AR

r  
0ˆ

nA 0ˆ 0ˆ 0ˆ
mR

 
u(k) kˆ  

1ˆ)1()(ˆ kk rkru  (29) 

k
nˆ

k
mR̂  

Tkkk
m

k
m mkkrr uuRR ˆ)(ˆ)(ˆ)1(ˆ 1 (30) 

AR k
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nÂ kˆ kˆ k 1, 2, , K
AR p pk k 1, 2, , K

 
 

u(k) k 1, 2, , K
pk k

1, 2, , K u(k)
AR (20)

(22)  

An

An

 
111 ˆ,ˆ,ˆ|)(ln)( k

n
k
n

kkpkS Au (34) 

S(k) 1 1
1ˆ k

nA 1ˆ k 1ˆ k

u(k) S(k) 

1ˆ k
nA 1ˆ k 1ˆ k

S(k) 

2) (34)
13)

AR

 
 

AR  

2  

3  

An

An

 
 

An

 

)()()( kkzku   (35) 

)1,0()2(5.0)1(6.0)( Nkzkzkz  (36) 

(k) k 1000
k k-1

(1001)= (1000) 1 (2001)= (2000)
2 (3001)= (4000) 3 (4001)= (5000) 4

K 5500 (36)
N(0, 1) 0 1

z(k) 2
k

 
AR

AR 2
r 0.01 3 3 

-10

-5

0

5

10

0 1000 2000 3000 4000 5000

z(
k)

k

0

5

10

15

20

0 1000 2000 3000 4000 5000

S
(k

)

k

― 110 ―



 

 
 
 
 
 
 
 
 
 
 

4  

5  
 

k 1000 1
k

2000 3000 4000 5000

k
k 2000 7

k 4800 7.5

2
3

 
 

 

)()( kzku   (37) 

))(,0()2(5.0)1(6.0)( kNkzkzkz  (38) 

(k) k 1000
k k-1

 (1001)=  (1000) 1  (2001)=  (2000)
2  (3001)=  (4000) 3  (4001)= (5000) 4

K 5500
z(k) 4 1/2  

 
 
 
 
 
 
 
 
 
 

6  

7  
 

 
3

AR 2 r 0.01
k=1000

(38)
z(k) N(0, (k))

z(k) (k)
z(k)

 
 

An An

 

)()( kzku   (39) 

)1.0,0()2()()1()()( 21 Nkzkkzkkz (40) 

1(k) 2(k) k

0

5

10

15

20

25

0 1000 2000 3000 4000 5000

S
(k

)

k

-50

-30

-10

10

30

50

0 1000 2000 3000 4000 5000

z(
k)

k

-1.5

-1

-0.5

0

0.5

1

1.5

0 1000 2000 3000 4000 5000

z(
k)

k

0

1

2

0 1000 2000 3000 4000 5000

S
(k

)

k

― 111 ―



 

1000 k k-1
(1001)=0.9

(1000) (2001)=0.8 (2000) (3001)=0.7 (3000)
(4001)=0.6 (5000) (5001)=0.5 (5000)

1(k) 2(k) [ 1(1) 2(1)] = [-1.0774, 
0.9968] 1(k) 2(k)

K
5500 z(k) 6

k

 
7

AR 2 r 0.01
k=3000 4000 5000

k=5000 0.2

1

u(k) 1
kn [u(k), u(k+1), 

,u(k+kn)]   
 

AR
AR

An

AR

3

AR
An

 

  
 

1) Walter Zucchini and Iain L. MacDonald: Hidden Markov 
Models for Time Series An Introduction Using R, CRC 
Press, 2009. 

2) 2010. 
3) Fryba, L.: Vibration of Solid and Structures undger Moving 

load, Noordhoff International, 1972.  
4)

256 pp.35--47 1976. 
5)

No.745/I--65
pp.155--169 2003. 

6)

A2 Vol. 67 No. 1 pp. 13-24
2011. 

7) Y. B. Yang, C. W. Ling and J. D. Yau: Extracting birdge 
frequency from the dynamic response of a passing vehicle, 
Journal of Sound and Vibration, Vol.272, pp.471–493, 
2004. 

8) 2002-37070
2002. 

9) AR

A Vol.64 No.2 pp.474--487
2008. 

10)N. G. Mankiw, D. Romer and D. N. Weil: A Contribution to 
the Empirics of Economic Growth, Quarterly Journal of 
Economics, Vol.107, pp.407–437, 1992. 

11)K. Ohtani, S. Kakimoto and K. Abe: A Gradual Switching 
Regression Model with a Flexible Transition Path, 

― 112 ―



 

Economics Letters, Vol.32, pp.43–48,1990. 
12)K. Yamanishi and J. Takeuchi: A unifying framework for 

detecting outliers and change-points from nonstationary 
time series data, Proceeding of the Ninth ACM SIGKDD, 
ACM Press, pp.676–681, 2003. 

13)K. Yamanishi and Y. Murayama: Dynamic model selection 
with with its applications to novelty detection, IEEE 
Transactions on Information Theory, No.53(6), 
pp.2180–2189, 2007. 

 

― 113 ―


